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Instructions: Print your name and student ID number, print your
section number and TA’s name, write your signature to indicate that
you accept the honor code. During the test, you may not use notes,
books, calculators. Read each question carefully, and show all your
work.

There are nine problems on the pages numbered from 1 to 9, with the
total of 100 points. Point values are given in parentheses. You have 2
hours (until 9PM) to answer all the questions.

In the exam all vectors are columns, but sometimes we use transpose to write them horizon-

tally.
U1
V2

Thus v = , = [v1, v, ..., )T
Vg

Similarly v7 is a row [vy, v, ..., vg).

The dot product of two vectors is denoted as v - w.



Problem 1. (10 pts.)
a

—1 | be the first column of a
1
square matrix B. Find a if you know that B is the inverse of A.

a) Let [1,2,3] be the first row of a square matrix A and

a
—1 | be the second column of a

1

square matrix B. Find a if you know that B is the inverse of A.

b) Let [1,2, 3] be the first row of a square matrix A and

Problem 2. (10 pts.) Find the inverse of the matrix

O =N
o

1
0
0



Problem 3. (10 pts.) Assume that A is an invertible matrix.

a) If Ax =u, what is A~! (2u)?

b) If Ax; = 2u; and Axy = 3uy, what is A™! (3u; — 8uy)?



Problem 4. Let T : R3 — R? be the following linear map:

X1 2X2 — X3
T( X9 ) = 3X1 — 2X2
X3 —2x1 4 2x9 + X3

a) (4 pts.) Write the matrix A of T (in the standard coordinates).

b) (6 pts.) Given that the characteristic polynomial of the above matrix A is

p(t) = (1 =)t =2)(t +4)

(you do not need to verify that), find a basis of eigenvectors of T.



c) (4 pts.) Is T diagonizable? Explain your answer.

Problem 5. (10 pts.) Find a matrix C' such that

4 2]-e3 2)er

or explain why such matrix does not exist.



Problem 6. Let A be the following 3 x 3 matrix:

2 1 -1
A=1| -1 2 1
1 2
with its inverse
-2 =2 3
A7l = 1 1 -1
-4 -3 5

(you do not need to verify that).
a) (4 pts.) Solve the system

b) (4 pts.) Find a matrix M that has eigenvectors v; =

corresponding to the eigenvalue 0, and an eigenvector vy =

eigenvalue 1.

-1
1

1
and vo = | 2 |, both
2

corresponding to the



c) (4 pts.) Find the inverse M ! of the matrix M described in part b) or explain why does
the inverse fail to exist.

d) (4 pts.) Let T : R* — R3 be a linear map whose matrix in standard coordinates is the
matrix M described in part a). Describe the map T in terms of “projections”, “reflections”
and/or “rotations”. Be specific as to which planes, lines or points you are using in the
projection, reflection or rotation.



Problem 7. (10 pts.) Find an equation of the tangent plane to the graph of the function
flz,y) = 22°y* = 3y’ + 3

at the point (1,1,2).

Problem 8. (10 pts.) Let T :R?* — R? be a linear map such that
1 3
T(61+e2):l2] and T(el—ez):[4]

a) Find T (eyq).

b) Find the matrix (in standard basis) of the map T



Problem 9. (10 pts.) Let Q(x,y) = 2% — 2zy + ay?

a) For what values of the parameter a is the quadratic form @ positive definite?
Hint, which you may ignore: write Q(x,y) as (z —y)*+...-y* and use the definition of
being positive definite.

b) For what values of the constant a does the function Q(x, y) satisfy the following expression:

7o _#q
0xdy  Oy?




Page Score Maximum

1 20

2 10

3 10

4 14

5 8

6 8

7 20

8 10
Total 100




