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In the exam all vectors are columns, but sometimes we use transpose to write them horizon-
tally.

Thus v =


v1

v2
...
vk

 = [v1, v2, . . . , vk]
T .

Similarly vT is a row [v1, v2, . . . , vk].

The dot product of two vectors is denoted as v ·w.



Problem 1. (10 pts.) Mark as TRUE/FALSE the following statements. If a statement is
false, give a simple example. If a statement is true, give a justification.

a) The null space of the matrix

[
0 0 0
0 0 0

]
is R2 TRUE FALSE

b) The cross product of two vectors belong to the plane spanned by them. TRUE FALSE

c) Let A be a 2× 4 matrix. Then dim N(A) ≥ 2. TRUE FALSE

d) Null space N(A) of an n× k matrix A is a subspace of Rn. TRUE FALSE

e) Span{v1,v2} is always two dimensional linear subspace. TRUE FALSE
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Problem 2. (12 pts.) Consider the following system of equations:{
x + 3y = 1

2x + a · y = 2

where x and y are unknowns, and a is some real number.
a) For what values of a the above system of equations has exactly one solution?

b) For what values of a the above system of equations has exactly two solutions?

c) For what values of a the above system of equations has more than two solutions?
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Problem 3. (10 pts.) a) For what values of a is the set

Span

([
1
0

]
,

[
1
a

])
a linear subspace?

b) For given number a let Va be the translate of Span

([
2
5

])
by the vector

[
1
a

]
, i.e.

Va =

[
1
a

]
+ Span

([
2
5

])
For what number(s) a is the Va a linear subspace?
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Problem 4. (12 pts.) Consider the following vectors in R3:

v1 =

 1
2
−1

 , v2 =

 2
1
−4

 , v3 =

a
b
c


where a, b, c are real numbers.

1. Give a condition on a, b, c to ensure that v1,v2,v3 are linearly dependent.

2. Give a condition on a, b, c to ensure that v3 is perpendicular to v1 and v2.

3. Use the preceeding question to give an equation of the plane passing through the origin
with directions v1,v2.
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Problem 5. (12 pts.) Let e1 and e2 be the standard basis of R2. Show that

{2e1 + e2, e1 − 3e2}

is also a basis of R2.
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Problem 6. (10 pts.) Let u = [1,−1, 1,−1]T and w = [0, 3, 3, 1]T .
a) Find the cosine of the angle between the vectors u and w.

(It is OK to leave the answer in the form like “
√

12+3456

789
”.)

b) Find the numbers a and b such that the vector [2, 4, a, b]T is in the Span(u,w).
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Problem 7. (12 pts.) Let v = [1, 0,−1]T .
a) Show that the set V = {x ∈ R3|x · v = 0} is a linear subspace.

b) Find a matrix A such that N(A) = V .

c) Find a matrix A such that C(A) = V .
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Problem 8. (12 pts.) For a given matrix

A =


2 4 −1 3 1 −1
−1 −2 3 −3 2 3
1 2 0 −2 1 0
2 4 2 −2 4 2

 with rref (A) =


1 1 0 0 1 0
0 0 1 0 1 1
0 0 0 1 0 0
0 0 0 0 0 0


(you don’t have to verify that rref (A) is equal to the above matrix.)
a) find a basis of N(A).

b)Find all solutions to
Ax = [−1, 3, 0, 2]T

Notice that the right hand side of this equation is equal to one of the columns of A.

c) find a basis of C(A).
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Problem 9. (10 pts.) Let v1 = [1, 1,−1]T and v2 = [3, 2, 1]T .
a)Check if [1, 0, 0]T is in the Span{v1,v2}.

b) Using the fact that the vector w = [0, 1, 0]T is not in the Span{v1,v2}, write all solutions
to the system of equations: 

x + 3y = 0
x + 2y = 1
−x + y = 0
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Question Score Maximum

1 10

2 10

3 12

4 12

5 10

6 12

7 12

8 12

9 10

Total 100


