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There are ten problems on the pages numbered from 1 to 13, with the
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In the exam all vectors are columns, but sometimes we use transpose to write them horizon-
tally.

Thus v =


v1

v2
...
vk

 = [v1, v2, . . . , vk]T .

Similarly vT is a row [v1, v2, . . . , vk].

The dot product of two vectors is denoted as v ·w.



Problem 1. For what values of parameters a and b does the system{
x+ 2y + 3z = 1
2x+ 4y + a · z = b

a) (3 pts.) Has more than one solution?

b) (3 pts.) Has unique solution?

c) (3 pts.) Has no solution?
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Problem 2. (6 pts.) Find detA if

A−1B =

 1 12 34
0 6 13
0 0 23


and detB = 23.

Problem 3. a) (6 pts.) Write an equation of the plane in R3 that is passing through the
points (−1, 1, 0), (2,−3, 1) and (2, 3,−2).
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b) (6 pts.) Let T be the linear transformation given by multiplication by

A =

 3 4 17
0 −3 23
0 0 −1


and let R be a triangle in R3 whose area is 3. Find the area of the region T(R).

Problem 4. Let B = {v1,v2,v3} be a basis of a linear subspace V of Rn.
a) (6 pts.) Show that if x · vi = 0 for each i = 1, 2, 3, then x · v = 0 for any v ∈ V .
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b) (6 pts.) Let V ⊥ be the set of vectors orthogonal to all the vectors of V , i.e.:

V ⊥ = {x ∈ Rn ; x · v = 0 for all v ∈ V }.

Find a matrix A such that N(A) = V ⊥. (Your answer should use the vectors v1,v2,v3.)

c) (6 pts.) Show that the only vector belonging simultaneously to V and V ⊥ is the zero
vector. (Hint: consider v · v for such a vector v).
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Problem 5. Let v =

1
1
1

 ∈ R3 and L = span(v). Let P be the orthogonal projection on

the line L in R3.

a) (8 pts.) If S = {x ∈ R3; x · v = 0}, show that S is a subspace of R3. Check all three
conditions of the linear subspace.

5



b) (8 pts.) Find a basis {v1,v2} of S.

c) (4 pts.) Given that B = {v,v1,v2} is a basis of R3 (v1,v2 are the vectors you found
above), find the matrix of P in B?
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Problem 6. a) (8 pts.) Find the points on the sphere x2 + y2 + z2 = 24 where f(x, y, z) =
2x+ y − z has its minimum and maximum values.

b) (3 pts.) What is the geometric meaning of the minimum and maximum points?
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Problem 7. a) (9 pts.) Find and classify the critical points of the function

f(x, y) = 3y2 − 2y3 − 3x2 + 6xy

b) (4 pts.) Is it possible that f(x, y) has a global minimum or maximum?
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c) (5 pts.) Find an equation of the tangent plane to the graph of f(x, y) at the point
(2, 2, 8). (you do not need to verify that f(2, 2) = 8.)

Problem 8. Let A be the matrix

A =

 7 5 −7
−5 −3 6

1 1 0


a)(5 pts.) Find eigenvectors corresponding to the eigenvalue λ = 1.
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b) (5 pts.) Given that v = [−1, 1, 0] is an eigenvector of A =

 7 5 −7
−5 −3 6

1 1 0

, find the

corresponding eigenvalue.

c) (5 pts.) Given that the characteristic polynomial of the matrix A is

(λ− 2)(λ− 1)2

determine if the matrix A is diagonalizable. Justify your answer.
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d) (4 pts.) Using the same characteristic polynomial (λ−2)(λ−1)2, determine if the matrix
A is invertible. Justify your answer.

Problem 9. Let f be the following function on R3:

f(x, y, z) = (x+ y2, y + z2, z + x2)

and let g(x, y, z) = exp(x+ y + z).

a) (5 pts.) Show that the matrix of the derivative of f is:

D =

 1 2y 0
0 1 2z

2x 0 1

 .
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b) (5 pts.) Starting from the point (0, 0, 0) ∈ R3 in which direction shall one move in
order to increase g(x, y, z) fastest?

c) (7 pts.) Calculate the derivative of g ◦ f .
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Problem 10. Let A be the following matrix:

A =

 1 2 y
2 x 1
1 2 2y

 .
a) (4 pts.) Calculate det(A).

b) (6 pts.) Is the determinant more sensitive to changes in x or y near x = 1 and y = 0?
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Problem Score Maximum

1 9

2 6

3 12

4 18

5 20

6 11

7 18

8abc 15

8d 4

9a 5

9bc 12

10 10

Total 140


