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In the exam all vectors are columns, but sometimes we use transpose to write them horizon-
tally.

Thus
→
v =


v1

v2
...
vk

 = [v1, v2, . . . , vk]
T .

Similarly
→
v

T
is a row [v1, v2, . . . , vk].

The dot product of two vectors is denoted as
→
v ·→w.



Problem 1. (10 pts.) a) Write the definition of when λ is an eigenvalue of A.

b) Let A be the following 3× 3 matrix:

A =

 ? 2 ?
1 −3 0
? −1 ?


Where ? denotes the entries of A that are unknown.

Assuming that the vector
→
v =

 4
4
1

 is an eigenvector of A, find the corresponding eigen-

value.
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Problem 2. (10 pts.) Let A be the following matrix:

A =

 0 −2 −1
2 4 1
−2 −2 1


Find a basis of the eigenspace corresponding to the eigenvalue λ = 2.
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Problem 3. (10 pts.) Find the inverse of the following matrix:

A =

 1 −1 1
−1 0 −1
0 2 1



b) For the same matrix A find all solutions to the equation

A−1→x =

 1
2
−1


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Problem 4. (10 pts.) Let T : R3 → R3 be the linear map:

T

 x
y
z

 =

 x + 2y
−x + y + z
−2x− y + z



a) Find the derivative DT of the map T .

b) Find the inverse of T or show that this inverse does not exist.
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Problem 5. (10 pts.) A 3 × 3 matrix M has two linearly independent eigenvectors
corresponding to eigenvalue λ = 4 and one eigenvector corresponding to eigenvalue λ = −1.

a) Is M diagonalizable? Explain your answer.

b) Find det M .
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Problem 6. Find an equation of the tangent plane to the graph of the function

f(x, y) = x3y2 − y2x + x2 + 1

at the point (1, 1, 2).
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Problem 7. (10 pts.) Let Q(x, y) = x2 − 2axy + y2

a) For what values of the parameter a is the quadratic form Q positive definite?

b) For what values of the constant a does the function Q(x, y) satisfy the following expression:

∂2Q

∂x∂y
=

∂2Q

∂x2
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Problem 8. (10 pts.) Let
→
x : R → R2 be defined by:

→
x(t) =

[
2 cos t
sin t

]

and f : R2 → R be given by f

([
x
y

])
= x2 + y2. Find the derivative of the composition

f
(→

x(t)
)
.
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Problem 9. (10 pts.) Let P be the xz- plane in R3.

a) Let T1 be the linear transformation T1 : R3 → R3 which reflects every vector across the
plane P . What are the eigenvectors and eigenvalues of T1?

b) Let T2 be the linear transformation T2 : R3 → R3 which orthogonally projects every vector
to the plane P . What are the eigenvectors and eigenvalues of T2?
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Problem 10. (10 pts.) Let f : R2 → R be the function defined by

f(x, y) =


(x3y + y3x)

(x4 + y4)
for (x, y) 6= (0, 0)

a for (x, y) = (0, 0)

What, if any, value of a will make f(x, y) a continuous function?
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Question Score Maximum

1 10

2 10

3 10

4 10

5 10

6 10

7 10

8 10

9 10

10 10

Total 100


