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1. Suppose rref(4A)= |0 0 1 1 2| and suppose you knowthat A | 3 | = | 7
00000 4 9
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(a) [5] Write in parametric form all solutions of the system of equations Ax = | 7
9
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4{ and a4y = |—1]. Find A.

(b) [5] Denote the i-th column of A by a;. Suppose ag = {
6

[Hint: Make use of some linear dependence relations between the columns of A.]
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2. For each of the following subsets S of R® determine if S is a subspace of R3. If not, give a
reason. If S is a subspace you don’t need to prove that, but give a basis of S.

(a) [2] 5= { M

Nst a vaspace)‘ O é S bemse 0-a 01t3-0# 3 .
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x 1 0
(b) 4] S = { All {y} orthogonal to both l:Q:I and {—1} }
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3. (a) [4] For which choice(s) of constant k is the matrix {1 2 k
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(b) [3] Let A = [sin@ cosf } Find det(A) and A1,
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4. Let Ry be the linear transformation that rotates R3 about the y-axis by 6 radians in the
direction taking the positive z-axis toward the positive z-axis.

(a) [4] Find the matrix for Ry with respect to the standard basis of R3.
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(b) [6] Compute A% where A= |0 2 0 |.
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[Hint: Think geometrically. Note sin(%) = 1. What is 1 A7]
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5. As a reward for this problem, you will find an ezplicit formula for the Fibonacci sequence ag,
ai, ag, as, ...defined recursively by ap = 0, a1 = 1, ap = apn—1 + an—2 (so the terms go 0, 1,
1,2,3,5,8,13, ...).

(a) [3] Let xp, = [aan ] . Circle a matrix A so that Ax,—_1 = X,.
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(b) [2] Find the eigenvalues of A.
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[Problem 5 continued] To correctly answer the remaining questions it is not necessary that

you have correctly found A and u. You may assume that [ 1 ] is an eigenvector of A with

A

} is an eigenvector for A with eigenvalue y. Note that x; = [Zl} = {(1)} .
0

eigenvalue A, and [__1

(c) [3] Use the diagonalization idea to solve for x, and circle the correct answer.
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i x, = A"1 (1) =cpnict é
iv. x, = A" (1) =Cpric! é

(A=c0c"_) so AT CDMC')

(d) [2] Find the inverse of C and circle the correct answer.
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The punch line of this problem, obtained by combining parts (a)-(d), is the formula:
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6. Let T1 and Ty be the linear transformations that are reflections in R3 across the planes V1
and V3 respectively, where V7 is given by the equation z + y — z = 0 and V3 is given by the
equation 2z —y + z = 0.

(a) [1] Find normal vectors n; to Vi and nz to V5. (They do not need to be unit vectors.)
Y
n=(1,1-1)

ﬂz = [;2)—,)‘) *

(b) [1] Verify that n; € V5 and ny € V4.

Check meV, o Zx~ytz = Q-]+(~1) = O v

Chek  TeV, ' Xty-Z = Rif)-| = 0 o~

{c) [1] Two planes are said to be orthogonal if their normal vectors are orthogonal. Verify
that V1 and V5, are orthogonal.
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[Problem 6 continued]

(d) [3] Find a nonzero vector nz € V; N Va.
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(e) [2] Find one basis B of R? consisting of three vectors that are simultaneously eigenvec-
tors of both T; and T9. (Remember T; and Ts are the reflections across Vi and Vs
respectively.)
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7. Let B be the orthonormal basis of R3 given in standard coordinates by

1/3 2/3 2/3
V] = !:2/3] Vo = [1/3:l V] = |>-—2/3] .
2/3 —2/3 1/3

Let V = span{vy,va} and let P : R® — R3 be the orthogonal projection onto the plane V.

(a) [3] Write down the matrix B for P with respect to the orthonormal basis B = {v1, v, v3}.

Since P()=V Ar VeV, we know P(3) =7 ad P(T) =7, .
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(b) [3] Write down the change of basis matrix C with C'e; = v; where

N

is the standard basis of R3. Write down C~1. [Hint: no computation needed]
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(c) [4] Find the matrix A for the projection P with respect to the standard basis of R3.
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8. (a) [3] Let V C R™ be a subspace and let P : R® — V be the orthogonal projection. Regard
P as a linear transformation R™ — R™. What real numbers are possible eigenvalues of

P?
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(b) [3]If T: R™ — R" is a linear transformation that satisfies T = T, what real numbers
are possible eigenvalues of T?
VAT | bot elso

Sippose | has e"jemfee A, with e/jenvem‘or V. Then TO=A7 )
N=T0= TV =T(T) = TT03) = T(3) = XTo= 427
(AW =0, Swce 323 by debibion o ergervector, we mst hove

So [A70, [=1] ave e only possibilties fo A
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/\3—-/\=O) so A(A»/)(,\ﬂ):a

(c) [4] Show that any orthonormal set of vectors {vy, vs,.
independent. [Recall that orthonormal means v; - v; =1 and v; - v; = 0if ¢ 5 5]
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- Y
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= Y, ) =
AR SR
= ¢ WV =G shree %‘vfi:o wherenr [
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9. Let f: R? — R be a differentiable function satisfying:

F(5,6) =5 £(5,6.2) =6
£(5.1,6) = 6.05 £(5,6.1) = 5.5
£(5.01,6) = 5.1005 £(5,5.99) = 4.95

£(5.001,6) = 5.010005

(a) [2] Use all of the above data to give the best value of the partial derivative f,(z,y) at
the point (z,y) = (5, 6).

Si'nce ﬁ(S}G ) = h!;”; Fl5+,6) ’WS/QJ L we consicler +he wailvesoT Fhe
-
Aiffrence quetient for snoll b | wleen)-H50)
ob | 10-(60s-5) = 0.5

0-01 100+ (s.1005-5) = 10.05
...So e valves appear-te be 0.00i ioao«(s.oiooo5)-5)= fo.005
’I’end’mj ’l“evvaro( appmijfe/y I 0

(b) [2] Use all of the above data to give the best value of the partial derivative f,(z,y) at
the point (z,y) = (5, 6).

SI’V)CQ ‘@(516') = h“M ‘p(zé}l")-ﬂ(\(g’g) ;W ansider the oll"mﬂmhce ?Uo?tiem%s
-0 i
B small b h| (tem-trse)
0| 5(6-5)=
So the valves ave very kg)/ O | i0-(65-5) =5
ﬁ’mo?mj +owarel é . ~001 { -ito-(445-5)= 5

(c) [6] Give a linear approximation of the function f. Use your approximation to estimate
f(6,4).
ftsy) A 460) +4(56) (-5) + £(50) - (¢ )
= 5+ 10-5) +5[},,.é~) '

So HeDA 5+10(c-5)+ S(4-¢) = 5+I0-10 :@‘
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10. (a) [5] Let f(z,y,2) = ax? + by? + cz? where a, b, and ¢ are constants. Suppose at the
point (—3,1,13) f(x,y,2) decreases most rapidly in the direction (6,—7,5). What are
the possible values of a, b, and ¢?

_ > N
The gven iro el vsthet H(31,08) = (-67-5)  sinee T points

in Hhe direchon of wost rapid increase of (ond ~ 7 thos poids in he Aiechon
OJP wmsf m/)ba( ME)‘

New) Siree ’axz—réytﬂtc{‘) we also have % = (&AX) Qby) QCZ) 5
ond 4hus ;Vi‘(ﬂg) |),13) = (—6‘4) 2 QCc) )

by (0= (7,5), e £ ool 0-F e ]

(b) [5] Suppose f : R* — R and g : R?> — R are differentiable with f(2,3) = 6 and
V£(2,3) = (—1,4), and with ¢(2,3) = 10 and Vg(2,3) = (3,9). In what direction at
(2,3) does the product fg increase most rapidly?

We need V{Pa}) at Ahe point (23) . One version of the preduct e in multiple

Variables  sfat V)= o 7 ' \
wiables States /) = g + 4. Vg, <o ﬁ(ﬁ%)(&}) = a(23) W(23)+ f23) 'Vz[ﬁz)

= 10:(14)+6:(3,9)

= (io40) + (13,59) = [(5,94) .
(AH””“]L;W& yve sek 5 {R) and é’j—(*%) at (23) e

s Ify fhe. product rufe 53—»(1(‘){23) = £ 3) fj(QZ)-(—‘p(Q) 3(33) =~[-fp+6-3 = -3

while %)[33) £33)-4(2 %) 1123)+9,[33) = {194 g7 = 9‘/)
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ILIfF: R® — R" is a vector function and you wish to find solutions of F(v) = 0, Newton’s
method begins with a first approximation vo € R"”, then produces a (hopefully) more accurate
approximation vi € R" given by

Vi =Vg— (DFVO)_IF(V())

2 -
where DF,, is the n x n derivative matrix of F at vg. Suppose F <[§]) = [m ;gny 1 2J
and suppose vy = BO] = [—ﬂ is a first approximation to a solution of the simultaneous

0 —
equations 2%+ 2y — 2 =0 and 23y — 1 = 0.
(a) [3] Find DFy,.
Bl Fhy | [ 2 | -2 R
DF =14, i |’ A\ s DRy~
- [
L /), l/éy 3><17 X -3 )
(b) [3] Find (DF,,)"L.
DF -l T2 [ “1 -2 | -1 -z
o) < | = = 5 ,
> C)-(s) | 3~ 3 -z

S _ 2 I - -2 (e
v =V, - (DF@O) A7) = [_,Z« ;';*L ,J LU%)":(

g e R B N ER W R R
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12. (a) [5] Recall that in R2, the relation between polar coordinates (r,8) and rectangular
coordmates (z,y) is given by = rcosf and y = rsind. If f(z,y) = 23y +y>x?, express

( 3 30) as a product of two matrices with entries expressed in terms of r and 6. (A
“matrix” is allowed to have only one row or column.)

jj‘p 3" Rz"‘) Ez is M’ﬂméﬁew Je’(:nea( Ly 3(',9): [PCOSQ rs'mf)) {= (x,y))) then we_
Seek the Ponrhal derivatves (| wiresp. o < 57) of +he Lorction ‘FOj TR, P

By fhe. chain wle., [ 357 Dlog)c0) = DRy)- Dy(re) = DRsy)- Dg(),

We h D [ /3¢ 33'/‘39—' Cosf “twa@ o
" 37 Y2/3r Y92/ SO reosd /Dt = J‘éx 6)/ 3"}”‘9‘/" **9)’%:])§

8 T fara s 0]
* [ar MJ [3‘)'*‘%’* ’g*‘:z/xz][gmg) m,sg]
- [396"5295'—”9 *2r5in 0B 1sd *rl;?rzs;n&as@j ng ”rsmgf .
A " ’C‘GS@_»

(b) [5] Suppose f : R? — R? and g : R2 — R? are differentiable and let h = g o f be the
composition function. Suppose

f(57 8) = (6’ 7) g(67 7) = (57 8) f(67 7) = (5> 8) g(5’ 8) = (6a 7)

Dg(&?)———[g ﬂ Deg(5,8) = E fj
Dh(5,8) = B ﬂ Dh(6,7) = B g]

Find Df(5,8). (WARNING: h is the composition, not f.)

See :35?) +he chain rile implies Hat
Dh(5,8)= D(q+f)(5,3) Dﬁ(l‘(s;?s)) - Df(53)
= en) DR,

o OfED= Dyfs7) - Dh(s3) = iﬂ_' K ﬂ

= 1 ' -2 o ‘fO
5—& 3 7
[2 10

7 -

1l
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13. Let f : R? — R be a differentiable function, and assume that the picture below shows for
c= -2, —1, 0, 1, 2 the entire level curves f(z,y) = ¢ in the region depicted. Each axis is
drawn to the same scale and the positive « and y directions are as usual.

(a) [2] Circle all possible values of the directional derivative Dy f at the point 4 = (a, —a)

in the direction v = (%, =)

27 el

@ 1 -1 (1,-1) (=L,1)

(b) [2] Circle all possible values of the gradient V f of f at the point (0,0).

(1,1) (1,-1) (-1,1) (-1,-1)

(c) [3] Circle all possible values of the gradient V£ of f at the point B = (0, b) pictured.

(d) [3] Circle all possible values of the partial derivative f, at the point D = (d,0) pictured.

Pt (a): Dimc(’iomi o’era’v. inthe. dwection o A level corve must be zero @\ is Cﬁﬁ%f . a/ow.j bie| ng-)
Parf‘(la)i @[0)0) most be or‘ﬂmjam( 4o level set ot Hhis poin f,) bot ‘B_m ceafour C’I'fE’C?i'éVLS Lorce ﬁza)
Po.v‘HC): ﬂ(o)l,) is off%c‘joml to Hhe level set qud poudts in dwection of imweas’hj ‘l('\j So onﬁl one choice

Part(d)* 4 = Dot is pesitie at (d0), sirce woving i e ps. x-diection Jods do incvease i
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14. Let f(z,y) =e® ¥
(a) [5] Evaluate the Hessian of f at (1,1).
X
"; = e /)
/

2
_8’(“)/

'Ex = o exly + 4 xzexz‘-/
¥

"‘/: e’ = @X
fy= e
T B0 (¢ -a
= HJ?(I !) = [
{7/' L0072 0]

(b) [5] Find the second-order Taylor polynomial of f at (1,1).
p(,1) = R+ A1) 1) L0410
'?L xx )I) (’(") + JP (C’)”[#l)’;ﬂ) + é_‘ﬂcy},{l)l}[y»/)z

A C0h-0+ 360 - 2ty + Ly)°
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15. (a) [4] Find all critical points of the function f(z,y) = z? — y® — 22y + 12y, that is find all
points where V f = (0, 0).

‘E 252x—'5?><)/ ,
‘ny-' ‘Byz—*xz—t I;L . MUS“F 59{ ‘PX:‘F; cO‘

Set ’Q{’"O = ax(f’"y):O = x=O or y::( .
Case x=0 ¢ Then ‘F;;=Q <> "5):21'/&'20 = y2~‘f=’O 2 y=£ R,
Cose Z':{ Y Then 4;:*0 = -x°+ Q:Q) > xzf-q:a D =23

Thos, e cribeal poits ae L[OJ 2) (0-2),(31),63,1).

(b) The origin is a critical point of each of the following functions. Classify it as a local
max, & local min, or neither.

i. [3] g(z,y) = 22 + 4oy + 3y°
HQV& 3,(—’-5&'?-47 R %Y: [-fxd-Cy) S axx:?_) (3)(7:: H :3)’7‘ ) %77: Q
Thos Hessian ot (O)O) is [j H] o

€

We have J&[f{g - 12-16 = ~4<0)

50 ‘Hie HeSSMW\ cr"%’eriox/\ i,mf),iés '/Aﬂl 3 /'»ors we'rf[oramq{ ner o mjn m‘ (0)0) (f.e.a &/ﬁg

Pos'»t—f-)
ii. [3] h(z,y,2) = 32% + 2zy + z2 + 22
o he= 1 dy+2, A/”ﬁ W&, b7 x| S0 hex= 6, L"‘}’GQ ) L’)'x s b= 1= hax 5
hyy=0 hye=0=hyy | by = 2.
6 2 |7
Th s 00903 [5 2 1T
L1 0 &

Since L‘ix(o>g9:€>0 while. d'e’f‘[hl""‘{o)@ I‘*y(%@ = Jd[g Z(: ~Y N
<y (059 ﬁy/(o,-(}d, o L/\O/' we e alr?m#/
1es ‘wa’ h Las Vl'EI_TLLﬁel- o mad vor o win qu (/0_)0)0) .
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16. (a) [5] Maximize the function zy?23 on the part of the plane z+y+2 = 6 with z > 0, y > 0,
and z > 0. Explain your reasoning.

/ﬂ&/ﬁ/ﬂc'ho"\ ‘F[x) )3)=xy253 WDM/YL dike on a waimopnn  when x:o) o when y=0,

or when 7= O) sinee ‘('\ com be pos;"ﬁl}\e os (ewqj s x>0, y20 250, A Jot?

restoet ar oMonbon 4o this Mjiom ond ijnom the and’my .
Tle wethool of [Ajvrah?e Mokh llérs @n be used Ao /c/errfns/ E’Xﬁt’lf‘m m[\ —ﬂf\ SOAJ,Q(‘lL o

e constraint 3(%}/,%) Ky12-C =0 : we most solve fhe < ysfew\ gv‘p ’;Vg §

We hae 72 = F) L) = (y RITIEES ana’\}g (L1,1) | s0 we hae
ye =

Zxyz® = ) S V. Y2d 2 > ‘
=> either /\ =0 i: = _L Z - - )/_ - =
Zaytit= )\ o 3 Zx7£3 3!)’2;?-2 7151 = eifher A2 0 o | =)

echrieal Eom'@ L“jm”je p;’so mrowﬁs‘ us 7
~

Xty+2 :Q . . -
Y SO el‘ﬂwr /\—O or 6« >(+y+z = x+ Zx13x =€x . [40 look at case % o bt Hhis Cg”'f‘ oCED

Bo’f /\ QHMPINS *fhmi OVe or M o{: X) { is Zero wi'nc‘\ WE oan ,jvwe, ’ﬁ;\r Mommo\ 30 e lmv& €x36

Wﬂnlnj X"‘ and /V 2dx = mw{ 7=3x=3. /Eewfwo—p{ which muet laeammt' 15 | ; -

(b) [5] Find the maximum and minimum values of the function e®"~¥ on the unit circle
2?4+ y? =1

Let ‘p[i}') @ 7 ovd 3(;( y)= )<+y ~ .
Us;hiﬁl{ wethed £ Lﬂa‘ranj{ Mu nerj) we ol the S)gfem W%:i?{%
We have VP:(*{;,%):(QX@?*/“)»@F“V) avol %:(ZX)ZVJ) So e have

a)(?,x‘z‘y: QA)(
e’ Y 2 %
XZ s o = - -, — ';?5 4 =3 ':\ = oF u:,;-—'/:
- ) = ;{Ay = —e* =y 2)7 = =1 y - QX}M c =X 0:7 7L
x2+yz—-( -0 [/Uofe/lfo)

:Ep szJ we [/?QVE Cawpl;ja{g ’pOm‘{S (01’) nna( /Q»”) onﬂgc,'“,/é}
rp Y:‘"i/ Wwe l’?ﬂw Cﬂud/)d/é'le pe,m-ég (’\E: ‘é-) ij [_,g) —EL_) on #‘( (’.l‘cvé",

%K:{M] 15\0& mr[w ap‘ﬂzasc )OoamS We‘gna( 4‘/00'/. _{\(0 A,) R 4\(5’,;) sty ‘p )

/[WJ 'fl‘g Fainimym vafm IS/ / ()MD( ‘/Aé Wd)dmam iS. (ifw{‘ /ﬁy?awjp a/sa /‘f7gz},~6 us

fo check pts on cirele where 3= 0 o, bot Hhere e o poits whee His is e




