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1. Consider the function
f(x, y) = x4y3

and the point P = (1, 1, 1) on its graph.

(a) Write down the equation of the tangent plane at the graph of the function at
the point P .

Solution:

The tangent plane has equation, in general,〈
∂f

∂x
,
∂f

∂y
,−1

〉 ∣∣∣∣
P

· (x− P ) = 0

In this case, ∂f
∂x

= 4x3y3 which is 4 at (1,1). ∂f
∂y

= 3x4y2 which is 3 at (1,1).

So the normal vector to the plane is 〈4, 3,−1〉 and the tangent plane has
equation:

4(x− 1) + 3(y − 1)− (z − 1) = 0

(b) Using your answer from (a), write down an expression for the change, ∆z, in
z = f(x, y) depending on ∆x and ∆y, the change in x and y, respectively,
near the point P = (1, 1, 1). Is the function f(x, y) more sensitive to a change
in x or to a change in y? Explain.

Solution:

Near the point P = (1, 1, 1) the tangent plane is a good approximation to the
function. Thus

∆z = 4∆x + 3∆y

hence the function is more sensitive to changes in x. That is, small changes
in x result in larger differences in the resulting z than small changes in y.

(c) Using your answer to (b), find the approximate value of f(1.01, 1.02).

Solution:

Using the tangent plane approximation at (1,1), we find

f(1.01, 1.02) = f(1, 1) + .01(4) + .02(3) = 1 + .04 + .06 = 1.1

since we know using any linear approximation in two variables, this is just the
value of the tangent plane at this point.
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2. (a) The steady state temperature function T (x, y) for a thin flat plate satisfies
the equation

Txx + Tyy = 0.

Does the function
T (x, y) = ln(x2 + y2)

satisfy the equation above? Show your work.

Solution:

Txx denotes the second partial derivative with respect to x.

Tx =
∂T

∂x
=

2x

x2 + y2

using the chain rule. Then using the quotient rule,

Txx =
2(x2 + y2)− 2x(2x)

(x2 + y2)2
=

2y2 − 2x2

(x2 + y2)2

The function is symmetric in x and y so the derivatives in y will be the same
with the roles reversed. Substituting, we see that the function does indeed
satisfy the above partial differential equation.
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(b) Given

f(x, y, z) = z sin x +
cos y ln(z + y)

z
,

compute the partial derivative
∂

∂x

(
∂f

∂z

)
.

Solution:

One can take this in the order suggested, but then it is a bit messy to take
the first partial derivative with respect to z. Instead, it’s better to remember
that the mixed partial derivatives of a function are equal wherever the mixed
partials exist and are continuous. Then taking the partial derivative with
respect to x first, we have

∂f

∂x
= z cos x

so that
∂2f

∂z ∂x
= cos x
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3. (a) Compute the determinant of the matrix(
5 11
−2 3

)
.

Solution:

The determinant is 5 · 3− (−2) · 11 = 37.

(b) What are the values of the parameter a for which the matrix

M =

 1 1 1
0 1 a + 2
1 4− a 5


is invertible?

Solution:

The determinant is a2− a− 2 = (a + 1)(a− 2). Therefore, the matrix is invertible
for all a ∈ R except {2,−1}.
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4. Find the inverse of the matrix

A =

 1 −1 1
−1 1 1

3 3 3

 .

Solution:

We use the augmented matrix with the identity and do Gaussian elimination: 1 −1 1 | 1 0 0
−1 1 1 | 0 1 0
3 3 3 | 0 0 1


1 −1 1 | 1 0 0

0 0 2 | 1 1 0
0 6 0 | −3 0 1


1 −1 1 | 1 0 0

0 6 0 | −3 0 1
0 0 2 | 1 1 0


1 −1 1 | 1 0 0

0 1 0 | −1/2 0 1/6
0 0 1 | 1/2 1/2 0


1 0 1 | 1/2 0 1/6

0 1 0 | −1/2 0 1/6
0 0 1 | 1/2 1/2 0


1 0 0 | 0 −1/2 1/6

0 1 0 | −1/2 0 1/6
0 0 1 | 1/2 1/2 0



A−1 =

 0 −1/2 1/6
−1/2 0 1/6
1/2 1/2 0


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5. (a) The linear operator T : R2 → R2 is defined by

T (x1, x2) = (3x1 + 4x2, x1 + 3x2).

Find a basis of R2 such that the matrix of T with respect to that basis is
diagonal.

Solution:

The matrix A of T with respect to the standard basis and its characteristic
polynomial pA are:

A =

[
3 4
1 3

]
, pA(λ) = det(A− λI) = λ2 − 6λ + 5 = (λ− 1)(λ− 5).

There are two eigenvalues λ1 = 1 and λ2 = 5. Let us find the corresponding
eigenvectors.

λ1 = 1 : we need to find the solutions of the homogeneous linear system cor-
responding to the matrix A− I.

A− I =

[
2 4
1 2

]
,

[
1 2
0 0

]
, x1 = −2x2.

The eigenvectors are span{v1}, where v1 =

[
−2
1

]
.

λ2 = 5 : we need to find the solutions of the homogeneous linear system cor-
responding to the matrix A− 5 I.

A− 5 I =

[
−2 4
1 −2

]
,

[
1 −2
0 0

]
, x1 = 2x2.

The eigenvectors are span{v2}, where v2 =

[
2
1

]
.

The matrix of T with respect to the basis {v1, v2} is

[
1 0
0 5

]
.
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(b) Are there real numbers a and b such that the matrices

A =

0 0 a
1 0 b
0 1 0

 and B =

1 0 0
0 1 0
0 0 −2


are similar (i.e. A = CBC−1)? If yes, find a and b. If no, explain why not.

Solution:

If A and B were similar then the matrix A should have two linearly independent
eigenvectors with eigenvalue 1 and one eigenvector with eigenvalue −2.

det(A− λ I) = det

−λ 0 a
1 −λ b
0 1 −λ

 = −λ3 + bλ + a.

Since 1 and −2 are eigenvalues we get{
b + a = 1

−2b + a = −8
, 3b = 9, b = 3 and a = −2.

Let us find the eigenvectors with eigenvalue 1:

A−I =

−1 0 −2
1 −1 3
0 1 −1

 ,

1 0 2
0 −1 1
0 1 −1

 ,

1 0 2
0 1 −1
0 0 0

 ⇒ x1 = −2x3, x2 = x3

We get that the space of eigenvectors with eigenvalue 1 is span{v}, where v =−2
1
1

 , it is 1 (not 2) dimensional, thus the answer to the question is no.
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6. Determine the definiteness (positive/negative definite or semidefinite, indefinite)
of the following quadratic forms. Explain your answers.

(a) The quadratic form in two variables,

Q(x.y) = x2 + 6xy + 2y2.

Solution:

The quadratic form is positive definite, since the determinant and the trace
are both positive numbers.

(b) The quadratic form associated to the matrix 1 0 2
0 1 0
2 0 1

 .

Solution:

The characteristic polynomial is (λ−1)(λ+1)(λ−3). The matrix has three distinct
eigenvalues and therefore is diagonalizable. Since not all eigenvalues are positive
numbers or negative numbers, the associated quadratic form is indefinite.
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7. Determine the matrix associated to the following linear transformations. Express
your answers in terms of the standard basis.

(a) The transformation T (x1, x2) = (7x1 − x2, 8x1 + 3x2) where (x1, x2) ∈ R2.

Solution:

The matrix associated to a linear transformation with respect to the standard
basis has columns T (e1) and T (e2). Now T (e1) = (7, 8) and T (e2) = (−1, 3).
So writing these in a matrix we have:

T ↔ A =

(
7 −1
8 3

)

(b) Rotation in R2 by an angle of π/3 radians.

Solution:

Again, the matrix is determined by its action on basis vectors. For the rota-
tion,

T (e1) =

(
cos π/3
sin π/3

)
, T (e2) =

(
− sin π/3
cos π/3

)
so the associated matrix in the standard basis is:(

cos π/3 − sin π/3
sin π/3 cos π/3

)
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(c) Projection of vectors in R3 onto the line L given by the points
 3t
−2t
t

 ∣∣∣∣ t ∈ R

 .

Solution:

Projection of vectors onto a line, in any number of dimensions, is given by
the formula

Proju(v) =
u · v
||v||

u

since in any number of dimensions, e.g. 3, the projection is given by forming
the right triangle with hypotenuse v and angle θ, the angle between u and v
in the plane where they both lie. The direction vector for the line, scaled to
be a unit vector, is

u =
1√
14

 3
−2
1


Again we look at the action of the projection on the standard basis. These
vectors form the columns of the associated matrix for the transformation.

T (e1) =

 9/14
−6/14
3/14

 T (e2) =

−6/14
4/14
−2/14

 T (e3) =

 3/14
−2/14
1/14


with associated matrix: 9/14 −3/7 3/14

−3/7 2/7 −1/7
3/14 −1/7 1/14

 .
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(d) Reflection in R3 in the plane given by

3y − z = 0.

Solution:

This transformation is hard to describe in terms of the standard basis, which is
ill-suited for describing reflections. A better approach is to choose a nice basis for
the reflection and then change back to the standard basis. For the reflection, we
choose two vectors in the plane of reflection, which will stay fixed, and the normal
vector for the plane, which will go to the negative of itself. That is, choose basis
{v1, v2, v3} with

v1 =

1
0
0

 , v2 =

0
1
3

 , v3 =

 0
3
−1


Then T (v1) = v1, T (v2) = v2 and T (v3) = −v3 so the matrix corresponding to this
transformation in the basis made of vi is

B =

1 0 0
0 1 0
0 0 −1


The change of basis matrix is

C =

1 0 0
0 1 3
0 3 −1


The inverse of this change of basis matrix is:

C−1 =

1 0 0
0 1/10 3/10
0 3/10 −1/10


which can be computed immediately from the 2× 2 formula since the matrix has
first row and first column as in the identity matrix. Finally, the transformation is
given by

CBC−1 =

1 0 0
0 −4/5 3/5
0 3/5 4/5

 .
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8. Let V be the 2-dimensional subspace of R3 with basis

B =


 3
−5
1

 ,

 2
0
9

 .

(a) Given the vector in B-coordinates

v =

[
4
2

]
B

,

express v in standard coordinates.

Solution:

To change from B coordinates to standard coordinates, we simply multiply
by the change of basis matrix: 3 2

−5 0
1 9

 [
4
2

]
B

=

 16
−20
22



(b) Express the vector

v =

 1
−1
2


written in standard coordinates in terms of the B-coordinates.

Solution:

We can’t invert the change of basis matrix as it isn’t square, for one. Instead we
go back to the definition of coordinates, realizing we have to write 1

−1
2

 = c1

 3
−5
1

 + c2

 2
0
9


From the second row, −5c1 = −1 so c1 = 1/5. Then from the first row,

1 = 3c1 + 2c2 = 3/5 + 2c2

and c2 = 1/5, so

v =

[
1/5
1/5

]
B
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9. Let A and B be two invertible n × n matrices. Show that AB and BA have the
same characteristic polynomial.

Solution:

Recall that any two SIMILAR matrices have the same characteristic polynomial.
So we will prove the claim if we can exhibit an invertible matrix C such that
CABC−1 = BA. Choosing C = A−1, which is valid since A is invertible, gives the
desired equality.


