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1. Find all critical points of the function f(z,y) = 3zy — 2%y — 2zy>. Determine the
nature of the critical points (i.e. local min/local max/neither max nor min).

we'll need frstf second oroler Pﬂfﬁa/s:
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)

2. Compute the determinant

-2 1 1 -1
1 -2 -1 1
1 -1 -2 1

-1 1 1 =2
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3. Consider the function f(z,y) = %

(a) Draw three different level sets of f. Briefly describe the shape of the resulting
curves you find. Y

Level corve at fr;eijﬁ c* ?[x‘,y): W= C%

S‘:‘f C:O . %Qj' [’-/—LQ y:o [e)(duc’mjcrij‘h/!>

Set e=|: c‘je‘\ P;allﬁ_wlz\ y: o &?Xc((}c{ljor} frz)

| | / \ .
Set c=-1: rj.d P/n:n_biia yﬁ”%z &K(\Cf;jl.n) ; \ Y !

(b) Fix an arbitrary level set. Using your knowledge of one variable calculus,

determine the slope of the tangent line at a point P = (zg,y0) on the level
set.

}/~(‘>\ ‘Qr come Fixed C} ® (%, Ya) Q(X°ch§)‘

— j’é&: X , = sk’pe oJD ﬂlfw]mf //ne at /)Q;)}/a)

Gpuals  LCX, .

(c) Compute the gradient of the function f at P = (zq,v0). Check that the

gradient of f at P is always “normal to the level set” (that is, normal to the
tangent vector for the level set).

BH=8)= (-2 L), o Ty)- (-2 ,>

X2 J Xt 3/&;‘

At o bl set of l«etjlﬂ‘ o A point P= g0 )= (%,0%7) (= (1)),

,5/7 +nm€m-f— ‘/P;f-'y» lnpw_ l’\ﬁb (Om’mm’m'f““ (ruy‘ f‘lS’@) (I o("%)

.—-3 -
O,ij W = (" L “'“Xo - !
xo > - = 7(7)
X, O ’
= Check 45 sep ﬂc it Proof’oc‘f (S Zero -
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4. Consider the function f(z,y,z2) = 2%y + zyz + 32z~

(a) Determine the equation of the tangent plane to the surface f(z,y,z) = 3 at
the point (1,1,1).

The sur*@ace ‘Pﬁsy)%):g is a level séf m(\ 1[: <o ﬁ?ﬂ)‘) ,) wil be
l’f(—?fﬂ/m! ’Fo "H~z Sw‘@ce/ ool ’f‘lu/s Mt?r'rm/ ’/D ‘f%& ’f;(a¢<~~gy\~f ’o/mw{ %m»g
(provm’ch #5 pt Ahe zere vetor , o COUVSQ)‘

W= (84 6)= (39mp, doerdye? wyel?)

> W)= (345). % tasent pleve b opn. /3(x»:)+’1(y~f)+5(%~0:0

(b) Find the approximate value of z when z = 1.02 and y = 1.01.

We bove. x~1=(.03~(=0.0Z |

mﬂf y“l = [0}~ = O 0l )

Se 3(0.0&)’" 4lo.01) +561) =3 = 5(-1)=-0.10

T #| = —002

= 7= -0 0z :/:)jéy_
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(c) At the point (1,1,1), find a unit vector which points in the direction of
steepest increase for the function f(z,y, 2).

“——) 5
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(d) Estimate the value f((1,1,1) 4+ .01u) for the unit direction u you found in
part (c) above.
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5. Find the global maximum and the global minimum of the function
flz,y) =2*+9* ~ 22— 2y +4

on the closed disc D = {(z,y) | z2 +y? < 9}.

WQ,LGU&/G/ (//0 a //S% o\o Coma/ 0/0(726 /QGMZL S (U(‘rf /'m,{ P())}/ﬂ{_? /h ‘/éé ?n“/er}‘ar)
od ,0 ssible extemn on The éowﬂ"“y (v l&jrange_m///,o//pr_s).

(Y j(\ k-3, bt o
= x__ -
X p % = (ny) ::[/) /) , which /08;; fre i X?-t'yl\‘f?
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( 2) M@;/t’)o/ n{\ /,ngm;ﬁde, =2 St j(w y) < x+}/ 7 Saf,kfe 5 V‘P ”'/\ 3 %
Cobedete VP =(4,8) = (%-2,3,-2 ), (@), A
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Ly=a= /\'&)f B = (-2 =h-Dxy=x(3-3) = Ax-y)=O

2 x=y.
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Wb hew 4\( )= % ~E-L 4y = 3-6T ) and

?, ,é = So e max is (136 (=

—‘f/w Min )5 @.
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(a) The plane in R® given by the equation 2z+3y+42z = 29 does not pass through
origin. Find the point on the plane that is closest to the origin.

We wost minimize ‘P/’Q)’ﬁ) = x?"“)’z‘f‘*zl (e sguare & Hee ‘ohstee 4o oNSb«v” ‘f;ﬁ/@) |

6.
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Salu’bém ;’V 4r an uwl’érc&'#@rmfwap Slysfem A? :i s ‘ﬂ.{ Un?fz/e 3‘(,(;14 gaiu‘i,‘ﬁm
4 can be ’Q/uo( Ly +G’<'“'j N
(/ Rvp 176 m levwdo:ky)

’H‘wf} [l.QS n ‘ﬂ‘( row SPI(‘Q (4’) A) a %"rn.ﬁ'flirely)

pm\hcufqr 5@’04’1514 f>°<f anol cwpcrﬁhj P‘mj o A‘f)&f )
Sim“w: A\ c }:2 E ")’J R am)? we Can *fé%kﬂ )?P“ (%?-)C))()) , we L\gvg ‘Hm‘!‘,‘”ze m#ﬁ'x o‘p Pr(\)k(ﬂ)

s A(ra) iy - A4 = A= g [3fesar- Al ﬁ’if)
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(b) The equations z+3y = 3 and 2+ 3y? = 1 describe a line and an ellipse in R?
which do not intersect. Find the pairs of points (P, P») lying on the line and
on the ellipse, respectively, such that the distance dist(P;, P») is minimal.

“The Square of —the distance formula between fmin‘l’s (a,b) X (e,d) is ’p@J!’,C,t’)’(a» C)’ﬂ_ (b~ d)z
We wish o minimize SUbj'fC{‘ to fhe two constraints et (a8) hes on the line given anol
(c,d) e on the circle; e, Sul’f\)jed fo

SQ(Q,L)C)J) 2 q+3b-320 and 32/‘%90’) = cu3A=1=0.

"",_ﬂ - PN
we'll vse Lnjravﬁe mu”/’,o/n"d with —fwo constraints i we must solve W = /‘i%a*"zvﬁz
3=0 j
9=

where ﬁf(%f)% )%12 ’(%F) = (62(::1—%)j &(L»{i))‘a@wc))"él(b—d))) aval
N N -
7, = (1 4 éa.%}): (1,3,0,0) , ond Ty (0,02, 6L).

dn ) B T Y
(lechnical point : we must also check poinits where 9,24, =O and Vg,&x%f’: are. bivecly deperdot,
bhot +his aannst  happen b/ virfue of the a b componsits of ?i £ VEZ .)

Thus we have : a-c)= Al 2 L,
alb-d)= 4,3 7t Sere)= bool
Rac)= ) [ = a-c=9,c > ecl-d) =
~Ab-d) = A,-6d | b-d| ="3AL€X : /\" o
at3b =3 =2 ,|Z=:0 or C‘:of,
%t 30'1,':' [ -
Case A,=O & Hhivdl £foorth s ’”’P{V that a=c Ké—'»‘ol; 50 The fast Fwo become g a:?,lo =3 %
. Q +géL:’ N

kas has no So[(ff'ien) acmvzi% +o ju?en /lo‘pm Ton,
Case Cﬁd : I—[avg 2+ 3c = /) .50 c=d= i&—,* . f C"‘J"é")‘%@lx\ hath g Bﬁ‘eu%):g-z‘-‘; ,
! . N _ a+3b=3
ool Sélv'l»j Hhis yw’f{f @,-@-‘ﬁ (f:’;‘) g‘“ . I e=d= "fé) +then AMA;%“%):MJZ_
and solving Fhis yleds (4,8)=(o,1). at3h=3 )’
Testing fwe canddat : _
les thg TWo crndidates @/61‘1)69 = [%/j—é).‘é} on (33' -5‘4) éﬁé) :
ALY A - ’
Tnthe first case P= (2)%(2)°. and in the second, - (L)% %)Z‘ which is miniwsa.
. , 1 ' . ! ,
“Thos ‘ﬁé pmn‘f‘; (*51 5 nm{ z)i{' are 'f/'( P, £ f.’l /}zmj c/oseﬂé To mem#en
A%nq‘({soidi')’on D The -‘-“éjmen‘f J oining Hhe fwe ofn‘imqf Poém"s ﬁr{a)é) 2 Qz(c)d) most b 57',;40/76;@95%/
Normal 4o bath comves, Since otherwise (soe leff ') we coold mare ome or bath
| points Qi&‘nj the curves fo focate two closer /Jij'i)Sz Thos, if w‘ewv‘rj each as
3; ‘He eve( cunre 0‘9 D\'PMM '#u‘fbvo 3"“4’9"‘6‘ MU$+ BQ PN‘Q”eI‘; '#W#’ is
- S 2 4,
V(%g}._g)@)l,) = A V[x%fgy?—_.[)(c)ae) , 50 we need (/)3)ﬁ/!(th‘:J6}J()& T Follow s
Hhat c=d | and since. cZ+3{*=| as before | the rest of the sofution is as above,
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7. Define the following two functions:

f(z,y,2) = (2> + 3zy, zcos z, zIny)

h(a,b,c) = ab(c+ 1) sinec.

Compute a(};; 7) at the point (z,y,2) = (-2,1,1).

Sim‘e (\5 mg"’ {k3

andd L,¢R3.,_.,[R) have L’{\ E —R. S D(""’p)ls "‘3 Wes‘eelim"/}' / col t’u‘/r/

By Chain Ribe ) Dhef)(-21,1) = DM (R0 - DF L2 1))

ond  whe tht £L201) = (-2, csR, 0),

w - dh b
We have  Di [ . b el ” [ beti)sinc alci)sine GB{SM(‘#[(—H)CO_,(ﬂ
so  Dh(fez,0,1)) = Dk (i.z)mz} 0) = [O 0 __&ma;{]

J

[ "' ) . r 1 3 C ]
while  Df= | 2 3’?%27 a3y (k) ()
%%_ % % = | ~Esix (de)  (ek) ,
¥ W
[% 3% & | | 0 () ()]
) = (et) (ef’t)-’ \
% DP(—th) ') = | ne‘fe we cmn‘f
sind (k) (etc) < @Wj‘f"“eeol,ali
o
L O () (%) ] e
-1
Thor, ol ey & 240 s 100 0 7] -

0
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8. Consider the system of equations given by

3z+2y—z=a
z+T7y—52=1>
oz + 16y — 11z =¢

where a, b, and ¢ are constants.

(a) Suppose that for a given choice of a, b, and ¢, the system has a particular
solution z = 1, y = 2, and z = —5. Describe the set of all solutions.

Set of solvhions T A= (s o Hanslatron of N(A) by a particolar solihien S;Q.:[ {I
-5
Nd//s/mce Via row nec(ucfrow £A4:

3 2 - { 7 -G 7 -5 17 -5 I 7 -5 I 0 |
(7 5|3 2 - [0 -4 Ml—=to -1 K=o | -ty | -
5 16 -p S e -~ 0 -19 14 © 0 o o o 0o oﬁq

!

&

Thes Nf&)= \ (*
]

X3 {

~Ya % Fia . ~3hq N -0 »
1 -”5 i '

(b) For which values of a, b, and ¢ does this system of equations have solutions?

, e . eyesT) qr /
Row reduee anMenfe(f matrix ! (S”"‘f"”es it paysto doport b of o estion 6 g(‘)
3:2"7“7 i 7 -S L;’ i 7 -5 h i 7 =S4
7 515|953 2 ~ =210 ~19 14 |a-3 >0 -1 M |a-3i

511 - le -l ¢
6 -l | e S K- O ~19 M |c-~5b 0 0 0 |c-5b-{a-3L)

But we mn mffua”y dop lwvse) Siwe we buow +het on//v the Hhird vous is 30} :7 45

@MOQUP W#A he Piva’tsj -ﬂ“’s) we 0"”/)’ have one eondbion on aj!:))c. norel,
? )

we most have ¢-56-0+3b=0 e, {WQA—C=O ’ (Any e saf)s)(;:;:zj
reld

Hhis condr%m will ¥
A S,S{'{M ‘{’Zlo‘f L&s Sois‘)
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9. (a) Show that
2 —1 0
B={’01= I:—l} , Vg = [:2:l , V3 = |:—1}}
0 —2 1
is a basis of R3.
B

S)'nce, 'nge linearl}/ inalé/)émjevff veetars Aaﬁamahm/ﬁz span RB) we reeo|
owl}/ check +),5t gv;)\’/;)‘\%\& is e lin. ind. se‘f‘ Sivce. e colvmnc
6€m ma{‘r}x are lin. d. hL\CW[ 6’"// iff\ fhe matrin’s RREE has
a PiVG‘+ in emj, QJumm) we neea( onﬁ' comfw‘fe, ‘f&c rawavaea( echolen -/o)rm

o [é«“]

oo

_ (:} |- O -
) ; ] o ? ={ ) aM we cay y;o') P'r‘c’)m’e%uve/y

since we by At Boe wil b Fhe pivck (cickd)

( AH’irm.fie MeHvoOff Hhe C@/"'W’S ot i:zi Z 3] are [in, imae h(' mwo( on/é/

o ~2 |

"‘P ‘fItL M&‘FNX (s I'nwr‘;‘iy;e_ ie. fF D:Mal ovl/)/ F'P ‘ﬁi@ Jf{él‘”ﬂinﬁﬁf Is vonzero .
Se you coulol Compeffe the a(e‘férm)manf/ wheh is —[ #0, )
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(b) Let T': R® — R3 be the linear transformation defined by
T(’Ul) = €1, T(’Uz) = €9, T(’Ug) = €3,

where {e1, e, €3} is the standard basis of R®. Find the matrix of T with
respect to:

i. the standard basis;
ii. the basis B from part (a).

for part (i) we need fhe colowns [’T(’é’,) T(L;) T(,g;) =A .

f [
L «
[ﬁ(‘;’/)—]ﬁ [T(?ﬂﬁ [7(’V;)]ﬁJ =B, By e ibrnation 31’1/8:4)

eolv 6{\ HL;;’ ave ol ool 4 = ! I f
Ao cloas o ot ) e obo ol 4o 8 [[éﬁp 2], [e:},g]
/ f |

‘ a-lo ]
Te dmjﬁo‘p basis wtrix C’[;i 'Zi “‘l] angl s iaverse will help vs Aere) Since CW]}{’V

OHA Cm"v" = [{?}
R I o . F
/ﬂ,‘b) Since [éi' ]§—~C e = it cofumm 6‘P C} we Sep ‘fﬁod' y fmrf (}/) moihriy B we. gyl is
E‘lil/a, 1o C ( Cue we have e miafriv B} the matsix A Lor part(i) con be ‘F(\)cmex
USimj the %MSQ—G'P*L%?S ngquf- A :CEC&!: C‘CE{CW‘ = f‘Cﬁ' = C‘-'
1, .
So Hhe answer o fr;f'h Pm’fs‘ (i) auol (n} is A=F= C’,) which we cozwpcf{? the vsval way <
F ~{ o loo] ™~z —
~tz ~iloio|—]z~1 0
Lo -2 |

01 ¢ I =2 1o~ o =2 1jo -l o

IGO]’%[O 3-2{:20 o I~y a0
00 |{ .0 -2 1100 i 0 -2 {00 i_ O -z 10 o i
_)J—z(o-lo i-z oj2 3 = 0o o~ ~7 -
o;-(;z(—-?ogo~i-2—2”o:o~l—:;(~a
O 0 ~Ilz 4 3 2 -3 0C I -2 ~4-3 ’

go |
Nete : Thoe also at lost one way s reason Aimcf/y Hhat the mafore of part (i) is e?wi fo '
S e s f 03, T(3),T9) Honsins forn g b B 2 e by At T
koth oute and cne-fo-one  which means et T is invedible | aml so TY(E)= T, arl o forth.
/n;ug the matrix o T~ witl resp. to the standard bosis s [‘7: 7 V:j—‘- C’/ he cl«arje-o&
basis witrix; it Rllows Hhat the et of T wresp. 4o he standond basis is .

’Q’r parf {";)) e neeo’
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10. In each of the following questions, determine if the matrix is diagonalizable. Briefly

explain why or why not.

(a)
31
(64
avacteristic al = A3 -]
Chevackerist Pa‘ymmi [ A\’i [ e }"‘J z 0‘311"/)‘(—1)66')
= A=The2-6 = N-TA4 6
< (/5‘5)()”/)}
0 eij-mva/mes ave /‘5 £ J’ . S}nce‘(‘heﬂa €fj’€nVa’V€S ave a’:‘s‘/’t’ncf} Hhove wr'//

be @nwjl« llmemf/ in/epmaf’w# eljenve&ors ﬂ.e, +Wo) 4o make on e/jenbasis)

so marix will be 0’:@3@%’1’@@/{2_‘

(b) (cos r/7 — sin?T/7>

sinw/7  cosw/7

Will net be Av'ajamhza‘)fe (over ffi)) becowse this webvix has pp peal eijmvaliueg:

dd.[ /\»cas%r sin%; '
1_"3”}1 A-msi

o)~ g Y
= /\A «2@5"’/‘ T @5 J_T.,,S, = de
which has o ﬁ‘hi S @(’mu\e, s afwcmmsna,ﬁf b~ Yac.= Y . L( 0 [( 37);“/)
= Heos? L < cos' 2 <
la w | | 7 7 .
Method Q) - Note Hhe matriy (all #4) is the malyix fw/reglo b e <t Miq)

- L ’ 2 f
of rotution in R b/ h Mﬂk A 7 7 Modians, New soppose AV AT e some A
and some nonzero V Hhis  weudol w,o/y that 7 and e rotabion by W mdians ave.
seolar poffiples of eorln ofher, “This can’t hapoen fo 743 ! Thos, Ahere ave no

n

M\!‘,’Lﬂi [: Cﬂmmc‘('érfs'f ic Foiynam)q(

3]

S0 A eiaemboqsi;,/ cmo( S8 fie m’ e emva/ues.

t’lﬁewvecforr in R® >
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()
3 3 5
4 7 10| =A
-2 -3 —4

Characterishe. polynomial = M{ 23
- A7 -lo
A 3 /\‘fﬁi

}]

( )\~3)¥ A7 —io
3 Ay

" 000-05) 3 o8- 5 1)

= (A 7=30+2) + 3(-4 “4) = 5(-20+2)
= BN AN -C 124412 + 10X =i0

= Nogliaq)-y
>che;f< fr s bor. .
Iviseors o [omg-diyisio; o
= -49)(F-24+1) P o frg s e

:(/\"’)(2‘“’)1 , 50 @!'3€m/a/l/9$ are A= LY
Checkinﬂ o"fmnsion OJ? E—;I = /\/(/»1‘3,,4) ~ N({:z :?é :E;I)
. 2 3

5

Usma row Mﬂ?ua‘@;’on )
-2 ~3 -5 -2 ~3 ~6 i % S/z
H -C -0 2|92 ¢ o |[—slo o o N ':}_W_O‘p/eeco{umwﬁ
72 3 5 o 0 o _ o o o | 4
Mf’amwki(e; since s o/f’{:m%?/f o C’-il?ﬁﬂw/w , we émw ﬂ(iME z/ s = ‘f/m‘e W’//

be emajff\ /Me@r/y /"Mepenc/emf“ v?r’j‘emvec‘fors Fo nmbe an E‘ijenéasifj ; and A i<

dmjowq’izable, (Im Lict ﬂ("m@ 2 | stwce thove can be af mﬁoﬂ‘ 3 lin.ind. eijwvecf'arg,)
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11. Let
-9 1 0
vy = 1 o —2 vs 1
0| 1| -2
1 0 1

be 3 vectors in R*. Find all vectors in the plane {z, = 2, = 0} in R*, which belong
to span{vy, ve, vs}.

| -2 t o 0
Let A= J:-I)é@ N N ¥ bz| O lies ; YRR
\;/' f\{s o 1 ol ﬂumfp E- by lieg n SP‘M;V!)‘{')‘Q§:C/A}
p)

I o6 B:,
we know thet e S}rs’fem A?;g Ins a solvfion
We row-redue Hhe aoan%@af.} witrix [A f Z: ] .

0 I -2 1 {07} 2 (|0 I -2 1[0
;-;-z!f’__,iioo 6 3 2lof o 1t -2]¢
(e }Z b S B o § -2 ks 0 -3 2|0
) 4 o by 2 b
1 oz ol 0 a 0|,
I ~2 1[0 -2 i 07]
o i -~z | by —s |2 1 -2 b
0 0 -4 |3p, O O 4|34
0 .
0 q bl'zé 0 8] 0 'A’+A_2

oud we can s‘(‘fof)) becavse we kvow  rows (-3 will have pivots avol ool
J
we can avoid ow jpconsistost systam i ool m/}, A byrb,=0,

Thus Hhe sot of I; [
ba

X

with by=-h, , e e set o ﬁ:{ 7& 2ho| O] s Hhe gd Span |
-+

( Hhat e i ,Paw§v i/ (/1§ ave ogcmé«/ thoce




Name:

Question 12 of 12, Page 17 of 17

pr False: if A is diagonalizable and A% = J then A = I. Explain your
answer. (Here I denotes the identity matrix of size corresponding to the size of

A)

12.
Since A is ﬂ(d'aﬂonaii@u{)- there is some Mf"ﬁx C
SOOL\ ‘(’é\a‘f- C-%C. = D is o(’l‘agowa1 ) WUS

! ~| 2005

2005 <l ~i -

s
3
“n
1]

» 5 ze0s
ST  NS e RE

We'ﬂ ossume Hhat his fmUem interdled 4o Say As ”}”ajﬁﬂtﬁ/’Z‘?Lé ot /:

which mans that eoch o A,) 2 /‘ ave ml me'?fs se erch cn omy

LCPUQ( ’{;o /
D=1, ad A=CDC=Ct=claT

ﬁ

Thos,




