SOLUTIONS TO MATH 51 MIDTERM 1
January 29, 2004

1. Find all solutions of the following system:

T, — X9 + x3 + 224 = 3
o + x3 + x4 = 3
1 + x99 + 3x3 4+ 4dxy = 9

Solution. Write the augmented matrix and then use Gaussian elimination:

1 -1 1 2 3 1 -1 1 2 3 1 0 2 3 6
o 1 11 3|—1]0 1 1 1 3|—10 1 1 1 3
1 1 3 4 9 0O 2 2 2 6 0O 0 00 O
So
T + 223 + 34 = 6
To + T3 + Ty = 3
The free variables are x3 and x4, so the solutions are:
x1 =6 — 223 — 314, To =3 — T3 — T4, (r3 € R, 24 € R)

2. Let L be the intersection of the two planes
r+y+z=4 and 20+ 3y + 2z = 9.

Find a parametric equation for L.

Solution. Write the augmented matrix and use Gaussian elimination:

2 319

1 11 4
01 -1 1 0 1 -1 1|

‘ ‘1114‘ ‘1023‘

— —

so z+2z =3 and y — z = 1, or (moving the free variable z to the right hand side)
xr =3 — 2z and y = 1+ 2. Thus the intersection is given by

T 3—2z 3 —2

z z 0 1
3(a). Suppose u, v, and w are points in R" such that ||Jul| = ||v]| = ||w| = 1 and
such that w = —u. Suppose also that v is not equal to u or to w. Prove that the

triangle Auvw has a right angle at v.
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Solution. The vector from u to v is v — u. The vector from w to v is v — w.
We want to show that these two vectors are orthogonal, so we calculate the dot
product:

(v—u)-(v—w) = (v—u)-(v+u) = v.-vivu—u-v—uu = ||[v]?—|ul|* = 12°~12 =0
3(b). Suppose x, y, and z are vectors in R™ whose norms are 1, 2, and 3, respec-

tively. Suppose each vector is orthogonal (i.e., perpendicular) to each of the other
two. Find a scalar ¢ such that the vector

X+cy —Z
is orthogonal to the vector x + y + z.

Solution The vectors x +y + z and x + cy — z vectors will be orthogonal provided
their dot product is 0. When we multiply it out (i.e., use the distributive property),
all the “mixed” terms (x -y, x -z, etc.) are 0 by orthogonality. So

0 = (x+y+2z)-(x+cy—z) = x-x+cy-y—2zz = ||x||*+c||y|*—||z|* = 1+4c—9 = 4c—8.
Thus 0 = 4¢ — 8, which means ¢ = 2.

4. Consider the points A = (1,1,1,1), B = (1,2,0,—1) and C = (1,0,—1,1) in
R*.

4(a) Find the cosine of the angle at B of the triangle ABC.
Solution: BA=A—B = (1,1,1,1)—(1,2,0,~1) = (0,~1,1,2) and BC = C—B =
(0,—-2,-1,2), so
|BA| = VO + (-1 + 12+ 22 = V6
IBC| =0+ (22 + (-1)2+22 = VA+1+4=v9=3
—_— =
BA-BC=0+2-1+4=5
—_— —
_ BA-BC
e ——
IBA| [|BC|

5 56
36 18

cos 6

4(b) Find a parametric equation for the plane through the points A, B, and C
from part (a).
Answer: B+ s(A— B) +t(C — B), or

(1,2,0,—1) + s(0, —1,1,2) + £(0, -2, —1,2)

5. Are the following three vectors in R linearly independent or linearly dependent?
Show your work and explain your answer.

1 -2 -1

3 -1 7



Solution: Solving zu + yv + zw = 0 by Gaussian elimination gives x = —3z and
y = —2z, with z free. Thus for example we can let z = 1, which gives

—3u—2v+w=0

so the vectors are dependent.

6. Let

I L
— W N
LW N =

—1
What condition(s) must b satisfy to be in the column space of A?

(Your answer should be one or more equations of the form 7 b1+ ?by+ 7 b3+ 7by =

7.)

Solution: We solve Ax = b by Gaussian elimination, using augmented matrices:

1 2 1 b 1 2 1 by
2 4 2 by . 0 0 0 by —2by
1 3 3 b3 0 1 2 bs — by
L1 1 -1 by 0 —1 =2 by—0b
1 2 1 b1 1 2 1 b1
. 0 0 O by — 2bq 0 1 2 bs — by
0 1 2 bs — by 0 0 O by — 2bq
LO 0 O (b4—bl)+(b3—bl) 0 0 0 bg+bs—2b

(This last matrix is in row echelon form, not reduced row echelon form. To get rref,
we should subtract 2 times row 2 from row 1, but that won’t affect the conditions
on b.) The conditions that b must satisfy to be in the column space are given by
rows 2 and 3:

by — 2by
bs + b3 — 2b;

=0
=0

7(a) Suppose vi,Va,..., Vv are linearly dependent vectors in R™. Show that if
A is an m X n matrix, then the vectors Avy, Avy,..., Aviy must also be linearly
dependent.

Solution. Since vy, ..., vy are linearly dependent, there are coefficients cq, . ..

not all zero, such that

» Cley

c1vVi+cove + ... e v = 0.

Switching the right and left sides of the equation, and then multiplying both sides
by A gives:

A0 = A(c1vy + cava + ... cp Vi)
= A(c1vy) + A(cava) + - + A(cxvi)

c1(Avy) + co(Avy) + - - - + cp(Avy)
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Since A0 = 0, this means
0=c1(Avy1) + c2(Ava) + - - - + ci(Avy).

Not all of the ¢;s are 0. Thus Avy, Avs, ..., Avy are linearly dependent.

Another solution. Since the v;s are dependent, one, say vy, is a linear combina-
tion of the others:
Vi = d1V1 + ... dk_lvk_l.

Multiply both sides by A:

Avp = A(divi + -+ dg—1VE—_1)
= dl(Avl) + .. .dkfl(Akal).

Thus Avy, is a linear combination of Avy, ..., Av,_1. Thus the vectors Avq,..., Avy,
are linearly dependent.

7(b) Suppose x, y, and z are linearly independent vectors in R"™. Prove that x,
X +y, and x +y + z are also linearly independent.

Solution Suppose a linear combination of the vectors in question adds up to 0:
(%) ax+b(x+y) +c(x+y +2) = 0.

We must show that this can happen only when a = b = ¢ = 0. Multiplying (*) out
(using the distributive property) and combining like terms, we get

(a+b+c)x+ (b+c)y +cz=0.
Since x, y, and z are independent, the three coefficients must be 0:
a+b+c=b+c=c=0.

Since ¢ = 0 and b+ ¢ = 0, b must also be 0. Sincea+b+c=0and b=c=0, a
must also be 0.

8. Let A be the matrix

1 11 0 3

1 1 2 1 3
A= 00 0 2 -2

1 1 1 1 2

The reduced echelon form for A is

1 1 0 0 2

0 01 0 1
k= 0 00 1 -1

0 000 O

(You do not need to check this.)

8(a) Find a basis for the column space C'(A) of A.
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Solution. The pivots in rref(A) are in columns 1, 3, and 4, so the first, third, and
fourth columns of A form a basis for C(A):

N = O

1
2
O )
1

—_ O =

8(b) Find a basis for the nullspace N(A) of A.

Solution. The nullspace of A contains all solutions x of Ax = 0. This system of
equations is equivalent to Rx = 0. From R we see that the free variables are x5 and
x5, and that x1 = —x9 — 225, x3 = —x5, and x4 = x5. Thus x is in the nullspace
if and only if

I —To — 2$5 —1 -2
T2 T2 1 0
x=|x3| = —s5 =10 |ax2+ | —1] x5
T4 x5 0 1
T5 Ty 0 1
—1 -2
1 0
Thus | 0 | and| —1 | are a basis for N(A).
0 1
0 1
; 7
8(c) If v= | 1], then Av = 120 . (You do not need to check this.) Find all
2
1 8
solutions x of .
10
Ax = 9
8

1 -1 -2
2 1 0
x=|1|4+s| 0 |+t]-1
2 0 1
1 0 1
9. Let
1 2 2 3
x= |1 y=| 2 A:H f _ﬂ B=|1 1
2 -3 -1 2



Compute each the following:

(a) 3x — by
1 2 3 10 —7
Solution. 3 (1| -5 2 | = (3| —-| 10 | = | -7
2 -3 6 —15 21
(b) x- (y +x)
1 3
Solution. |1|-| 3 | =3+3—-2=4.
2 -1
(c) x—yl?
-1
Solution. x —y = | —1 |, so the square of the length of this vector is (—1)? +
5

(-1)2+5%=1+1+25=2T.
(d) Ay. Solution:

2 3010 2 ]|t 203 To] 2] L[4
A s F e K B R B )
-1 2 2 -1 2
2 3], —4 30 26
=1 1 10}: 2+ |10|=]8
-1 2 2 20 22

10(a,b,c). Suppose V is a set of vectors in R™. What three properties must V'
have in order to be a linear subspace of R™?

Solution. (1) V must contain the 0 vector, (2) V must be closed under addition,
and (3) V must be closed under scalar multiplication.

10(d,e). State whether each of the following sets is a linear subspace of R2. If it
is not, explain why not.

(d). The set W of vectors [z} such that z > 0.

Solution. Not a subspace because it is not closed under scalar multiplication. For

11 is in W, but (—1) {1} is not in W.

example, { 9 9



e). The set U of vectors r such that z is a whole number.
(©) ’

Solution. Not a subspace because it is not closed under scalar multiplication. For

example, [” is in W, but (1/2) [” is not in W.



