FINAL EXAM
Math 51, Spring 2004.

You have 3 hours.

No notes, no books, no calculators.

YOU MUST SHOW ALL WORK AND EXPLAIN ALL REASONING
TO RECEIVE CREDIT

Good luck!

Name gﬁ" [ \Ji; (A5

ID number
1. (/30 points)
2. (/30 points)
3. (/30 points)
4. (/30 points)
5. (/40 points)
6. (/40 points)
Bonus (/20 points)
Total (/200 points)

“On my honor, I have neither given nor
received any aid on this examination. I
have furthermore abided by all other
aspects of the honor code with respect to
this examination.”

Signature:

Circle your TA’s name:

Brett Parker (2 and 6)
Chad Groft (3 and 7)
Joe Blitzstein (4 and 8)

Ryan Vinroot (ACE)

Circle your section meeting time:

11:00am 1:15pm Tpm



1. Compute the following partial derivatives:
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2. The function f : R? — R! is defined to be zero at the origin; and for all other points, f

is defined with the formula
f ([ﬂ) = rsin(30)

where r and ¢ are defined in the usual manner (r is the length of the vector [;J, and ¢

is the angle, going counterclockwise from the positive part of the z-axis, to the vector [Z] J)

(a) Compute (directly from the definition) an expression for

D+ f(0)
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(b) Compute the specific vector derivatives

D2, f(0) and D%‘e‘wﬂz@a £(0)

(c) Using these results, explain how you know that the function f cannot be differen-

tiable at the origin.
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3. Consider the function g given by

(-

(a) Find a general expression for the Jacobian matrix of g in terms of z, y, and z.
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(b) Suppose we are at the point |2 | in the domain, and that we are moving with velocity
1
-2
vector [ 1 . What is the velocity vector of our image by the function g above?
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4. (a) Find all of the critical points of the function
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(b) Bob is hiking up a mountain whose shape is given by the graph of the function from
part (a). At the moment when Bob is at the point on the mountain corresponding

to the point [g] in the domain, how steep is the slope of the mountain side there?
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5. Use Lagrange multipliers to find the point(s) in the domain that achieve the absolute
maximum value of the function

()=

subject to the restriction that z? + y? < 25 .
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6. Suppose that

(1))

1s the composition of the differentiable functions f, g, h, and k, composed as below:
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(a) Write an expression for dQ3/8s in terms of other partial derivatives.
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(b) Suppose that at the point f(@) we know the following relationship between the
partial derivative vectors of g:

dg .0g _0g
B 3o

Show that the vectors
VQ1(@),VQs(a),VQs(a)

are linearly dependent.

Hints:

What do the partial derivative vectors of g have to do with the matriz J, ) ¢

What does the given relationship between these partial derivative vectors of g say
about the determinant of J, gz ¢

What does the matriz J, ;) have to do with the matriz Joz ?
What does this then say about the determinant of Jg -z ?

What do the gradients of the components of Q have to do with the matriz Jg» ?
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Bonus Question:

Use the definition of differentiability to prove that for any linear transformation 7" : R* — R™,

and any point @ € R", the derivative transformation Dy is the same as the transformation
T itself. In other words, for any vector v,

Drz(7)=T(7)
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