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a=(13)

Is A invertible? If so, find A=!. If not, why not?

1. (a) Let

Solution:
det(A) = 7(=3) — 5(—4) = —1 # 0. Hence A is invertible.

L (3 —4
A _(57 |

(b) Let B be the matrix

B =

w O =
O = O
N o3

For what values of p in R is this matrix invertible?

Solution:

10
0 p
Since B is invertible whenver det(B) # 0, B is invertible for p # 0.

det(B)_1’ ’—l—p‘g O’—p—Bp-—Zp.
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2.

(a)

For each of the following transformations, determine whether 7' IS a linear
transformation. For this part only, you do not need to show your work; simply
circle “YES” (if it is a linear transformation) or “NO” (if it is not).

T ( ) YES NO
y |:c|
Y ( YES NO
z
. r+y
3. T ( ) T+ 2y YES NO
y —3x
2y
4. T ( ) z+1 YES NO
r+vy

Solution:
Only transformation #3 is linear.

For each of the transformations you identified in part (a) as a linear trans-
formation, determine the associated matrix (with respect to the standard
basis).

Solution:
For transformation #3:

1 1

()-(4) ()= (;

-3 0

Hence the matrix of T" with respect to the standard basis is

1 1
T=( 1 2
—3 0
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3. Let T be a linear transformation from R3 to R3 so that

1 2 1 3 1 4
TIO0]|=(0}|, T|{1|=3], T|1]=]|4
0 0 0 0 1 4

(a) What is the matrix A of T relative to the standard basis?

Solution:
1 2
T 0 ||={|01],
0 0
Using the linearity of 7"
0 1 1 3 2 1
Tl 1 |=T|1]|-T10]=3]-101]=
0 0 0 0 0 0
Similarly:
0 1 1 4 3 1
Tl o0 |=T|1]|-T|{1]=4]-13]|=|1
1 1 0 4 0 4

Hence the matrix of 7" with respect to the standard basis is

1
7] = 1
4

S O N
O W =

(b) Is the matrix A diagonalizable? Why or why not?

Solution:

Yes. It is upper triangular. Hence its eigenvalues are the main diagonal
entries, which in this case are 2,3,4. Since the eigenvalues of A are distinct
it is diagonalizable.
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4. You are standing at the point with coordinates (z,y) = (100,100) on a hillside
whose height (in feet above sea level) is given by

1
iwx,y)::10004—166(x2-3xy—k2y%

with the positive z-axis pointing to the east and the positive y-axis pointing to
the north.

(a)

If you are heading due east, will you initially be ascending or descending? At
what angle (in degrees) from the horizontal?

Solution:

Heading east is moving in the positive z-direction. Hence all that we have
to do is to compute the partial derivative of h(x,y) with respect to x and
evaluate it at (100, 100).

oh 1
or 100

Hence h,(100,100) = (200 — 300)/100 = —1 and you are descending. The
angle is 45°.

(2x — 3y).

If you head due south, will you initially be ascending or descending?

Solution:

Heading south is walking in the negative y-direction. We therefore have to
find the sign of —h, (100, 100.

oh 1

O (3r+4y).
oy~ 1000 orTA)

Hence —h,(100,100) = —1 and you will be descending.
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5.

(a)

Find the matrix A corresponding to the linear transformation that reflects
vectors in R? across the line y = —x.

Solution:

Let {e1, e5} denote the standard basis of R%. For this transformation T'(e;) =
—ey and T'(ey) = —ey. Hence

[T]:<01 _01>‘

Find the matrix B corresponding to the linear transformation that reflects
vectors in R? across the line y = —x and then rotates them by 90° counter-
clockwise.

Solution:

In this case T'(e;) = e; and T'(e3) = —eq so that

[T]:<(1) 01)'

Determine the single geometric transformation represented by B. (A reflec-
tion? Then across what line? A rotation? Then by what angle? A projection?
Then onto which line?)

Solution:

There are several possible solutions one of which is a reflection about the
ZT-axis.
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6. A baseball fan is hurrying up a stadium ramp with hot dog in hand, trying to
make it to his seat. His position (in feet) at time ¢ (in minutes) on the ramp is
given by

3 3 .
r(t) = (— cos(27t), — sin(27t), 8t) :

™ ™

(a) Find his walking speed at time ¢ = 1.

Solution:

Denote by v(t) the velocity vector at time ¢. Then
v'(t) = (—6sin(27t), 6 cos(27t), 8) .

Hence v(1) = (0,6, 8) and the walking speed

|v]| = V62 + 82 = /36 + 64 = 10.

(b) Show that for any time ¢, his acceleration is perpendicular to his velocity.

Solution:

The acceleration at time t is given by
a'(t) = (=127 cos(2mt), —127 sin(27t), 0) .
Hence
a-v = (—12rcos(2nt))(—6sin(27t)) + (—127 sin(27t) (6 cos(27t) = 0,

and the velocity and acceleration are perpendicular to each other.
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7. If T is a linear transformation given by

T(er, 79, 23) = (3951, %(@ — za), %(m + xg))

and S is a sphere such that 7'(S) is a sphere of radius 6, find the radius of S.

Solution:

Writing down the matrix A corresponding to the linear transformation 7', we have

3 0 0

3 3

A=V 5 -7
0 3
V2 V2

We find det(A) = 27. This is the scaling factor for volume, so

Volume(7T'(S)) = 27 - Volume(S).
The formula for the volume of a sphere of radius r is given by Volume = %7‘("/“3. So
Volume(T'(S)) = 476, Solving for the radius of S using the above relationship,
we find the radius of the original sphere S is 2.

Alternately, one could note that this transformation is the composition of a scaling
transformation and a rotation about the z-axis by 45°. The rotation preserves
volume while the scaling transformation scales each component of vectors in R3
by a factor of 3, thereby scaling volume by 3% = 27. Hence, this transformation
takes spheres to spheres and a radius of length 6 under the transformation must
have come from an original radius for S of length 2.



