EXAM II SOLUTIONS
Math 51, Spring 2001.
You have 2 hours.

No notes, no books.

YOU MUST SHOW ALL WORK AND EXPLAIN ALL REASONING
TO RECEIVE CREDIT

Good luck!
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1.

(a)

Use determinants to find the area of the triangle in R? with vertices located at

ERERN

Solution: The triangle determined by those three points is exactly half of the par-
allelogram that is determined by any two sides. These sides can be represented as
vectors, with tails on one of the given vectors and heads on the other two. For

-1 [

The area of the parallelogram is then

det [‘23 :g} _ (—3)(=2) — (—6)(2) = 18

So, the area of the triangle is then 9.

Use the cross product to determine the area of the triangle in R? with vertices located
at

1 2 0
2(,15(,|—4
4 3 2
Solution: As above, the triangle here is exactly half of the parallelogram determined
by
1 0 1 2 0 2
U= 2| = |-4| = |6 V= |5] — |—4| = |9
4 2 2 3 2 1

This parallelogram has area equal to the length of the cross product of these two
vectors.

— — —

€1 € 2 €3 —12
V1 X Uy =det 1 6 2 =13

2 9 1 -3

So |’y x Uy = V122 4 32 + 32 = /162 = 9v/2, and thus we conclude that the area
of the triangle is half of that, or 9/ V2



(¢) Noticing that for vectors @', W, and @', we have

Iy T2 T3
— =\ —
(v xw)-a =det | vy vy w3
wr w2 wWs

use the properties of the determinant to show that the cross product of two vectors
is always perpendicular to each of those two vectors.

Solution: To show that the cross product is perpendicular to ', we simply compute
the dot product of those two vectors, using the observed formula above.

U1 Vg Vs
— = =
(U xw)-v=det | vy vy w3
w; w2 W3

Since two of the rows of this matrix are identical, we immediately conclude that this
determinant is zero, and so the dot product in question is zero. So, the cross product
is perpendicular to v'.

A similar calculation shows that the cross product is perpendicular to w.



2. Let the basis B be given by the vectors {v;, v3, v3 }, with

—2/7 6/7 3/7
oils = | 3/7 |, [wls=|-2/7|, [u]ls=|6/7
6/7 3/7 —2/7

(Note that the vectors in B are all orthogonal, and are all unit vectors.)

(a) Find the matrix C' which converts from B coordinates to S (standard basis) coordi-
nates.

Solution: As was shown in class, the matrix C' referred to here has columns which
are just the S representations of the vectors in B. So, the matrix is just

—2/7 6/7 3/7
c=| 37 —2/71 67
6/7 3/7 —2/7

(b) Let T be the linear transformation which rotates vectors in R? by an angle of /6
radians around vy, in the direction from v3 toward v;. What is the matrix M for T
with respect to the basis B?

Solution: The description of T" above tells us the following:

V3 1 -1
T(v7) =f T(v3) = TU—z) + §U_3> T(v3) = —v3 + —-03

Converting each of these vectors into B coordinates, we get

[T(U_:;)]B = [_111_2> + —U3]
B B

So the matrix M is



(c) Let A be the matrix for 7' (the transformation from part (b)) with respect to the
standard basis S. Express A in terms of M and C. (You do not need to explicitly
compute A.) Explain.

Solution: We have the diagram below:

s L e,
crlct CtrlCct
s = o),

From this diagram we see that the matrix A can be reproduced by first applying
C~1, then M, and then C. So,

A=CMC™!

(d) Let F be the composition transformation defined by F© = R o T, where R is the
transformation which rotates a vector by an angle of 7/6 radians around ey, in the
direction from e; toward e;. What is the matrix B for the transformation F with
respect to the standard basis §7 (Express your answer in terms of M and C.)

Solution: We already have the matrix for T" with respect to the standard basis; so,
we just need to find the matrix for the rotation R; we will call it D. In fact, this com-
putation is almost identical to the one in part (b), and in fact yields the same answer.

The description above tells us the following:

V3 1 —1 3
R(e—f) = el R<€—2>) = 76_5 + §G_3> R(_i;) = e + 7€_3>

Converting each of these vectors into S coordinates, we get

V3 1 -1 V3
[R(e_f)]s = [e—f]s [R(e_g)]s = [76_2> + 56_3> [R(e_g)]s = 76_5 + 76_?:
S S
1 1 0 0 0 0
D[e_f]s:D 0] =10 D[e—ﬁ]S:D 1| = \/Tg D[e_g]s:D 0 = _71
1 E]
0 0 0 : 1 -

ot



So the matrix D is

o
MI»—AMl% o
Sl ©

which of course is equal to M.

So, since ' = Ro T, and T has matrix A = C' M C~! in standard coordinates, we
conclude that the matrix for I’ in standard coordinates is

B=DA=DCMC '=MCMC™!



3. (a) Compute the matrix product AB where

4 5 2
1 3 4
A_<6 5y 0) B= 3—21

20 11 9
AB = (18 34 10)

Solution:

(b) Let A be given by the 2 x 3 matrix below, and let B be the 3 x n matrix with rows
— — —
U1, V2, U3:

S RCARd)

a1 as a
A= 3 B =
a4 Qs QAg

Write the row vectors of the product AB as linear combinations of the vectors

— = —
U1, V2, U3.

Solution: Let’s write the product AB as

- (=)

The first component of w; is the dot product of the top row of A with the first
column of B; in other words, it is a linear combination of the numbers in the first
column of B, with coefficients given by aq, as, as.

A similar statement is true of all of the components of w; — the ith component of
w7 is a linear combination of the numbers in the ith column of B , with coefficients
given by ai, as, as.

—_ . . . . .
So each of the components of wj is a linear combination of the corresponding com-
_— — . . .
ponents of vy, v, v3, with coefficients given by ay, as, as.

So, the whole vector wy is in fact just a linear combination of the vectors vy, vy, v3,
with coefficients given by a4, as, as.

— — — —
Wy = a1V + asVy +(13’03

Similarly,

— — —
= a4v1 + azv2 + agv3

5l



4. Let the linear transformations below have matrices A, B, L, M, with domains and ranges
as described in the diagram below:

For the following problems, you might want to consider using the Rank-Nullity Theorem:

(a)

Find the largest possible dimension for C'(A)

Solution: C(A) must be a subspace of R?, so its dimension can be at most 2. For
example, A could be the matrix

1 000
A= (0 10 0>
Find the smallest possible dimension for N(BA)

Solution: We know that N(BA) D N(A) (since A7 = 0 = BAZ = 0). And
the dimension of N(A) must be at least 2, since from part (a) we know that the
dimension of C'(A) can be at most 2.

So, N(BA) has dimension at least 2. For example, using the same matrix A as in
part (a), we could have

10 1 000
B=101 = BA={0 10 0
0 0 0000

Find the smallest possible dimension for N(M LB)

Solution: We know that C(MLB) C C(M); and by the Rank-Nullity Theorem,
the dimension of C'(M) is at most 1. So, the dimension of C'(M LB) is at most one.
Again applying the Rank-Nullity Theorem, we conclude that N(M LB) must have
dimension at least 1.



(d) Suppose that N(B) has dimension 1; what are the possible dimensions of C(M LBA)?
Explain.

Solution: From part (c), we know that the dimension of N(MLB) is at least 1;
so, we conclude that the dimension of C'(MLB) is at most 1. Since C(MLBA) C
C(MLB), we know that C(MLBA) is also at most 1.

So the only possible dimensions of C(MLBA) are 0 or 1. We need at this point to
check only that these are not inconsistent with the given condition that the dimen-
sion of N(B) is 1. We see this by merely providing examples of matrices A, B, L, M
that meet the desired criteria:

Case 1:
1 0 1
A:<(1)$88) B=[oo| L= 00 Mm=]|o0
0 0 0
1 0 0 0
= MLBA=10 00 0 =  dim(C(MLBA)) =1
00 0O
Case 2:

0100
0000

= MLBA=[00 0 0 =  dim(C(MLBA)) =0
0000

So, 0 and 1 are the possible values for the dimension of C(MLBA).



5. Prove that a linear transformation 7 : R? — R2 with matrix

(0}

is invertible if and only if the determinant ad — be is not equal to zero.

Solution:

(<):

If the determinant ad — bc is nonzero, then we easily check that

1 d —=b
ad —bc \—c a

is the inverse of A. So, A is invertible.

: We will prove the contrapositive; in particular, we will assume that ad — bc = 0,

and then show that in that case, A is not invertible. We will accomplish this by
demonstrating that the columns of A are dependent.

First, we consider the case where a and b are both zero. Clearly the rref(A) has only
one pivot, so it is not invertible.

Now we proceed assuming that at least one of @ and b is nonzero.
Given that ad — bec = 0, we observe that of course ad = be. Then

| =] = el =<1

So, we see that at least one of the column vectors is a multiple of the other one. So,
the column vectors of A are dependent, so A must not be invertible, as desired.

10



Bonus Question— Prove or find a counterexample to the following statement:

Proposition: If an n x n matrix A has the property that

A% =0,

(where 0,, is the n X n matrix whose entries are all zero), then the matrix A must equal 0,,.

Solution: The proposition above is FALSE. An easy counterexample is the matrix

00
=(10)
It is easy to check that A% = 0,, but of course A itself is clearly not equal to 0!

In general, any n x n matrix A with C'(A) C N(A) will be a counterexample.
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