MATH 51 FINAL EXAM SOLUTIONS (AUTUMN 2001)

1. Compute the following.

-1

1 21
(a) 12 1 0
100
0 0 1
Solution. |0 1 -2
1 -2 3
-1 2
(b) The angle between | 4 | and |—2].
1 1
Solution.
0 VW -9 V2 . 0 3
cosf = = == _ 20
Ivilllw]  3v18 2 4

(c) The area of the triangle with vertices (0,0,0), (—1,4,1) and (2, -2, 1).

Solution. The area of this triangle is half the area of the parallelogram gen-

—1l 2 6
erated by v= | 4 | and w = |—2]|. Since vx w = | 3 |, the area of the
1 1 —6
triangle is 1||v x w|| = 3. Equivalently, using the result from part (b), the
triangle has a base of |w|| = 3 and a height of ||v|sinf = 3, so the area is
1 _9
5:3:3=3.
2. Let
1 2 1 2
A=11 3 2 4
7 18 11 22
by
(a) For which vectors b = [by| does the equation Ax = b have a solution? Express
bs

your answer as one or more equations of the form 7b;+7by+7b3 =7.



3.

Solution. Reducing the augmented matrix for the system Ax = b gives

1 2 1 2 | 1 21 2 by
1 3 2 4 bg — (0 1 1 2 bg—bl
7 18 11 22 | by 0 4 4 8 |b3—Th
1 2 1 2 by
— 1o 1 1 2 by — by
0 0 0 0| by—7h —4(by—by)

The system is therefore consistent (i.e. b is in C(A)) if and only if —3b; —
4by 4 b3 = 0.

(b) Find a basis for the null space of A.

Solution. Continuing with the elimination from part (a) gives

10 -1 -2
rref(A) =10 1 1 2
00 0 O
so a basis for N(A) is
1 2
—1 —7
11710
0 1

(c) Find a basis for the column space of A.

Solution. Since the pivots of rref(A) are in the first two columns, the first
two columns of A

1 2
11,13
7 18
form a basis for C(A).
(d) What is the rank of A?
Solution. 2
(a) Let
1 1 3 1
2 3 5 0
b=13 V], = 0 Vo = 2 V3 = 4
4 1 1 3
5 2 4 4




Express b as a linear combination of vq, v, and vs.

Solution. Since
1311 100 3
350 2 010 —3
ref |0 2 4 3| =10 0 1 1|,
1 13 4 000 O
2 4 4 5 000 O
it follows thatb:%vl—%vz—i-vg.
; 2 1 00 5
(b) Assume A 5l = 0 | and rref(4A) = |0 0 1 —7{. Find all solutions of
—1 0 0 0
4
2
Ax= 10
—1
0] [-5
Solution. From rref(A), we know that N(A) = span é ) g . Thus
0 1
the solutions are
1 0 —5
% n 1 4t 0
3177 |0 7
4 0 1

where s and t are any real numbers.

4. (a) Suppose v is a unit vector in R™. Show that, for any vector w € R", the vector
w— (W-Vv)v

is orthogonal to v.

Solution. Taking their dot product and using the fact that v-v = |[v||? =1
gives

(W—(w-v)v): v=w-v—(W-V)(V-V)=w-v—w v =0,

so they are orthogonal.

(b) Let T : R® — R™ be a linear transformation and let V' = {x € R" | T(x) = 5x}.
Show that V' is a linear subspace of R".

3




d.

Solution 1. Verify the three subspace properties directly.
(i) T(0) =0=50,s00isin V.
(ii) Suppose x and y are in V. Then T(x+y) = T(x) + T(y) = bx + by =
5(x+y),sox+yisin V.

(iii) Suppose x is in V and ¢ € R. Then T(cx) = ¢T(x) = ¢(5x) = 5(cx), so
cx isin V.

Solution 2. Let A denote the matrix for T. Then

V={xeR"|Ax=50x}={xeR"| (A—-5],)x =0} = N(A—5],),

and the null space of any n x n matrix is a subspace of R".

(a) Suppose T : R?® — R? is a linear transformation such that

T(e;) = T(e; +e;) = T(e; + ey +e3) =

B~ W ot N
W O = =N
o DN W Ot

Find the matrix A such that T(x) = Ax for all x € R3.

Solution. The columns of A are T(e;), T(ey) and T(e3). We are given T'(ey),

1
=1l
T(eg) = T(61 + 82) — T(el) = |-1 9
2
— 1l
and
3
2
T(eg) = T(e1 + ey + 83) — T(e1 + 82) = [-2
=1l
-2
SO
1 1 3
2 =l %
A=1|5 -1 -2
5z =l
4 -1 -2




(b) The matrix for rotation by 45° about the x-axis in R? is

1 0 0
1 1
A=1075 =5
0o L L
V2 V2

and the matrix for rotation by 45° about the z-axis in R? is

1 _1 9

v
B = VARG 0

0 0 1

(You need not verify these results.) Let T be the linear transformation obtained
by first rotating by 45° about the z-axis and then rotating by 45° about the z-axis.
Find the matrix for T.

Solution. BA =

Y

%l»—twp—x |
[V} N[ =
|
S it

6. Consider the ellipse 222 + 22y + y* = 1, and let T : R?2 — R? be the linear transfor-

mation with matrix A = B ﬂ )

(a) Show that points (u,v) = T(z,y) in the image of the ellipse under T lie on the
circle u? + v? = 5.

Solution. u = x + 2y and v = 3z + ¥, so

u? 4+ v = (z+2y)* + (3 + y)°
= 2° + 4zy + 4° + 92 + 62y + 3
= 1022 + 102y + 59>
= 5(22% + 2zy + y*)
=35

(b) Use the result of part (a) to find the area enclosed by the ellipse.

Solution. Since det(A) = —5, the area of the circle is 5 times the area of the
ellipse. Since the area of the circle is 57, the area of the ellipse is 7.

(c) Parametrize the ellipse. Hint: Parametrize the circle first and use A~



Solution. The circle is parametrized by (u,v) = (v/5cost,/5sint) for 0 <

: N o
tﬁ?ﬂ.SlDC@AlZE[S e

(—u + 2v,3u — v)

U] =

(z,y) =

(—cost + 2sint,3cost —sint).

Sl

7. In each part determine which figure below represents the level curves of the given
function.

(a) f(z,y) = 2*+ 3zy + 3

Solution. Figure 4.

(b) f(z,y) = e

Solution. Figure 5.

(©) fla.) = 57

Solution. Figure 1.

(d) f(x,y) = 4a® + bay + 4y

Solution. Figure 3.

() flz,y)=x—y

Solution. Figure 9.




Figure 1

Figure 4

Figure 7

NN

o

Figure 2

\/

0
= 0
Figure 5
1
0
= 0
Figure 8
1
0
= 0

Figure 3

-1,

= 0 1
Figure 6
| - .
| . .
= 0 1
Figure 9
1
0
= 0 1

. Answer each question True or False. No explanation is necessary. Each correct answer

is worth 1 point.

(a) There exists a number ¢ for which the function g(z,y) =

is continuous at (0,0).

Solution. False.

(b) There exists a number ¢ for which the function g(z,y) =

is continuous at (0, 0).




Solution. True.

(¢) On the domain D = {(z,y) | 2%+ y* < 1} the function f(z,y) = e*"~2% cos(zy)
attains a maximum value.

Solution. True.

(d) On the domain D = {(z,y) | #* + y* < 1} the function f(z,y) = = + y attains a
maximum value.

Solution. False.

(e) On the domain D = {(z,y) | #* + y*> < 1} the function f(x,y) = 5 attains a
maximum value.

Solution. True.

(f) Suppose f(z,y) is differentiable and Vf(1,2) = (3,—7). Then there exists a
direction u in which D, f(1,2) = 8.

Solution. False.

(g) If f is differentiable at a, then D_, f(a) = —D, f(a) for every unit vector u.

Solution. True.

(h) If f(x,y) has a local minimum at (0, 0) along every line through (0, 0), then f has
a local minimum at (0, 0).

Solution. False.

(i) There exists a function f(z,y) such that V f(z,y) = (2zy, z?).

Solution. True.

(j) There exists a function f(z,y) such that Vf(z,y) = (22, 2xy).

Solution. False.

9. Find the maximum and minimum values of f(z,y) = 2® + 32% — 9z + y? — 2y on the
square domain D = {(z,y) | 0 <z < 2,0 <y < 2} and all points at which they are
attained.



Solution. Vf(z,y) = (322 + 6x — 9,2y — 2) = (3(z — 1)(z + 3),2(y — 1)), so
the critical points of f are (1,1) and (—3,1), but (—3,1) is not in D.

On the boundary we must consider the vertices (0,0), (2,0), (0,2), (2,2), and
the critical points (1,0), (1,2), (0,1) and (2,1). Evaluating f at all of these
points, we have

f(lv 1) =—6
£(0,0) = 0, £(2,0) = 2, £(0,2) = 0, £(2,2) = 2
f(1,0)=-5,f(1,2) = -5, f(0,1) = -1, f(2,1) =1

Thus the maximum of 2 is attained at (2,0) and (2, 2), while the minimum of
—6 is attained at (1,1).

10. Let £ : R*> — R3 be given by f(s,t) = (%, st,e®) and suppose g : R* — R? is
differentiable with Jacobian matrix

Jg(z,y, 2) = {”’ Y z].

z Yy x

(a) Compute Jf(1,2).

0 2t 0 4
Solution. Jf(s,t) = [t s |,so Jf(1,2)= (2 1|.
e’ 0 e 0

(b) Compute J(gof)(1,2).

Solution. By the Chain Rule, since f(1,2) = (4,2, ¢),

J(gof)(1,2) = Jg(f(1,2))JE(1,2)

e 2 4
- 4 + 2 18
|4+ 4e 4de+2

11. Consider the surface defined by the equation
4 ayz+ 25 =3,

(a) Find the equation of the tangent plane to the surface at the point (1,1, 1).



Solution. Let f(z,y,2) = 23+xyz+23. Then Vf(z,vy, 2) = (32°+yz, zz, zy+
32%), s0 V(f(1,1,1) = (4,1,4) is a vector normal to the tangent plane to the
level surface f(z,y,z) =3 at (1,1,1). Thus the equation of the tangent plane
isdz—1)+1(y—1)+4(z—1)=0.

(b) Regarding z = z(z,y) as a function of x and y near the point (1,1, 1), compute

0z
8_1:(1’ 1).

Solution 1. Differentiate with respect to = to get

0 0
322 4+ yz + Ty + 32220 =0,
ox ox

At (z,y,2z) = (1,1,1) this gives g—i =—1.
Solution 2. Rewrite the equation of the tangent plane from part (a) as
z=1—1(x — 1) — 1(y — 1) and recall that the equation of the tangent plane

to the graph of z = f(z,y) at (a,b, f(a,b)) is given by

z = f(a,b) + %(a,b)(m— a) + g—JyC(y— b)

Sl0) g—; is just the coefficient if the (r — 1) term, —1.

12. Let f: R?® — R be a differentiable function and suppose that

of of of

%(anyOWZO) =4 a_y(x07y072:0) =9 %(-TO,ZUO,ZO) =38
1/3
(a) Let u be the unit vector [2/3|. Compute Dy f(xo, Yo, 20)-
2/3
Solution.

Duf (20,90, 20) = V[ (20, %0, 20) - w = (4,5,8) - (1/3,2/3,2/3) = 10.

(b) Find a vector which points in the direction in which f is decreasing most rapidly
at (o, Yo, 20)-

Solution. Any positive scalar multiple of —V f(zo, yo, 20) = (—4, —5, —8).

(c) Suppose we know that f(xo,o,20) = 5. Determine the gradient of the function
g9(w,y.2) = (f(2,9,2))* at (2o, Yo, 20)-

Solution. Vg(zo,v0,20) = 2f (20, Y0, 20)V f (20, Y0, 20) = (40, 50, 80).

10



13. Let f(x,y) = 2% —xIny.

14.

(a) Find Jf(2,1).

Solution. Jf(z,y) = [2z —Iny —ﬂ, so Jf(2,1)=1[4 —2].

(b) Find the linear approximation of f at (2, 1) and use it to approximate f(1.99,1.02).

Solution. f(2,1) = 4, so f(z,y) ~ 4+ 4(x — 2) — 2(y — 1), and thus
£(1.99,1.02) ~ 3.92.

(¢) Find Hf(2,1).

(d) Find the second degree Taylor Polynomial of f at (2,1).

1

Solution. H f(z,y) = [ : ], so Hf(2,1) = {_21 _21}

y
1 =
y o y?

Solution. 4 +4(z —2) —2(y—1)+3 [2(z —2)* = 2(z — 2)(y — 1) + 2(y — 1)?]

(e) Near (2, 1) does the graph of f lie above its tangent plane, below its tangent plane,

or neither? Explain.

Solution. H f(2,1) is positive definite since AC' — B? > 0 and A > 0. Thus
the graph of f lies above its tangent plane near (2,1).

(a) Find all the critical points of the function f(x,y) = 12zy — 2% — 9y*.

Solution. Vf(z,y) = (12y — 4z,12z — 36y®). At a critical point therefore
r = 3y, and thus 36y(1 — y?) = 0. The critical points are therefore (0,0),
(3,1) and (—3,—1).

(b) At each critical point, determine whether f has a local maximum, local minimum,

or saddle point.

. —4 12
Solution. H f(z,y) = {12 —108y2}
At the first critical point H f(0,0) = I;l 102] is indefinite since AC' — B% =

—144 < 0 and therefore f has a saddle at (0,0).

At the other two critical points H f(3,1) = Hf(-3,—1) = l;;l —11%)8] is
negative definite since AC' — B? = 432 — 144 > 0 and A < 0. Thus f has local

maxima at (3,1) and (=3, —1).

11



15.

(a) Find the point on the ellipse defined by
P ray+yt =7

at which the function f(z,y) = 4x + 5y is maximized.

Solution. Let g(z,y) = 2% + zy + y*. Then Vf(z,y) = AVg(z,y) leads to

4= \2x +y)
5= Az + 2y)

Therefore 2z 4+ y = %(x + 2y) which implies y = 2x. Using the constraint this
implies 72? = 7, so x = £1. Therefore the candidates are (1,2) and (—1, —2).
Clearly the maximum is f(1,2) = 14.

(b) Find the point on the ellipse defined by
227 + 2y + 2y* = 30

which is closest to the line z = 20.

Solution. Let f(z,y) = 222 + 2y + 2y?. The closest point will be a point at
which the tangent line to the ellipse is vertical, so V f(z, y) is horizontal. That
is g—i(x, y) = z+4y = 0, so x = —4y. Using the equation, this gives 30y* = 30,
so y = £1. Thus the candidates are (—4, 1) and (4, —1), and clearly (4,—1) is
closer to the line x = 20.
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