MATH 51 MIDTERM 1 SOLUTIONS

1. Find all solutions of the following system:

Ty + T2 + xy = 7
1 + Xy + T3 + Ty = 10
I + T3 + 14 = 9
Solution. The augmented matrix for this system is
1101 7
1111 10
1011 9
Its reduced row echelon form is
1 001 6
0100 1
0 010 3
so the reduced form of the system is
Ty + x4 = 6
T =1
I3 = 3
Solving for the pivot variables x1, x5, x3 we find
1 6 — Ty 6 -1
X — To| 1 o 1 +x 0
Tz | 3 | |3 1o
T4 T4 0 1

Let L be the intersection of the two
x4+ 2y + 32 =10

Find a parametric equation for L.

planes

and 4x + by + 6z = 28.

Solution. The augmented matrix for this system of equations is

1
4

|

Its reduced row echelon form is

2 3 10
5 6 28
0 -1 2
1 2 4



so the system reduces to
T -z = 2
y + 2z = 4

Solving for the pivot variables x and y gives

T 2+ 2z 2 1
z z 0 1

3. (a) Suppose u and v are vectors in R™ such that u+ v and u — v are orthogonal (i.e.,
perpendicular) to each other. Show that [[u| = ||v||.

Solution. T'wo vectors are orthogonal if and only if their dot product is zero. So
(u+v)-(u—v)=0
The left hand side expands to
u-u—u-v+v-u—v-v=u-u—Vv-Vv
= [ull* = [[v|*
Thus [ufl* = [[v]]?, so [lu] = [}v].
(b) Suppose u, v, and w are unit vectors in R". (Recall that a unit vector is a vector

whose length is 1.) Suppose each vector is orthogonal (i.e., perpendicular) to each
of the other two. Show that the two vectors

u—3v+ 2w and utv+w

are orthogonal to each other.

Solution. Since u, v and w are unit vectors, their lengths (and hence their lengths

squared) are all equal to 1. Sou-u=v-v =w-w = 1. Since each vector is

perpendicular to the others, u-v=v-u=0,uw=w-u=0andv-w =w-v =0.

So the dot product of the two vectors given is

(u—3v+2w)-(u+v+w)=u-ut+u-v+u-w

—3v-u—3v-v—-3v-w
+2w-u+2w-v+2w-w
=1-34+2=0

so they are orthogonal.
4. Consider the points A = (1,1,1), B=(1,3,1) and C = (1,1,4) in R?.

(a) Find the cosine of the angle at B of the triangle ABC.
Solution. The vector from B to A is



and the vector from B to C'is

0
v=|-2
3
The angle at B is the angle 6 between u and v. Since u - v = ||ul|||v|| cos(8) it
follows that
u-v 4 2

cos(0)

~ulllivl T 2v13 | VI3

(b) Find a parametric equation for the plane through the points A, B, and C.

Solution. The vectors u and v found in part (a) are parallel to the plane, and

1
Xo = 1
1
is in the plane, so
1 0 0
x=|1|+s|-2|+t]|-2
1 0 3

is a parametric representation of the plane. There are many others.

5. Are the following three vectors in R* linearly independent or linearly dependent? Show
your work and explain your answer.

1 1 3
|2 2 2
U=l V=9 V=S
1 4 9

Solution. The vectors will be dependent if and only if there exist nonzero solutions
1,9, c3 of cyu+ cov + c3w = 0. This vector equation is equivalent to the system

C1 — Co + 303 =0
201 + 202 + 303 = 0
301 — 202 + 803 =0
—Cc1 + 462 -+ 263 =0
The coefficient matrix of this system is
1 -1 3
2 2 2
A= 3 -2 8
-1 4 2



The reduced row echelon form of A is

100

010

0 01

0 00

so the system reduces to

C1 = 0
Co = 0
C3 = 0

Thus only the trivial combination of u, v and w equals the zero vector, so these vectors
are linearly independent.

6. Let

A:

—_ 0 =
W = N
ENIEGUINTN

2 2 2

What condition(s) must b satisfy to be in the column space of A? (Your answer should
be one or more equations of the form 7 b1+ ?by+ 7 b3+ 7by =7.)

Solution. The augmented matrix for the system Ax = b is

1 2 4 by
013 by
1 37 b3
2 2 2 by

Putting the left hand side of the matrix in reduced row echelon form, we get

1 2 4 by 1 0 -2 by — 2bs

0 1 3 by _ 01 3 by

0 1 3 bs — by 00 O bs — by — by
0 -2 —6 by — 20y 00 O by — 2by + 2by

For a solution to exist, the terms on the right in the last two rows must equal zero. So
b mus satisfy

~b — by + by =0
—2b1 —f- 2b2 + b4 = 0

to be in the column space of A.

7. (a) Suppose u is a vector in R* Let V be the set of all vectors in R* which are
orthogonal (i.e. perpendicular) to u. That is,

V={xeR' | x u=0}

Show that V is a subspace of R?.



Solution. Since 0-u =0, 0isin V, so V is nonempty. Now we need to verify the
two subspace properties.

1. Let x,y be vectors in V. Then x-u=0 and y -u=0. So

which means x +y is in V. So V is closed under addition.
2. Let x be a vector in V' and ¢ any scalar. Since x-u = 0,

(ex)-u=c(x-u)=c0=0

so c¢x is in V. Thus V is closed under scalar multiplication.

Suppose the vector u in part (a) is

1
" 2
|3
4
Find a basis for V.
Solution. A vector
Z1
T2
X =
X3
Ty

isin V if x-u = 0. That is,
$1+2$2+3$3+4$4:0

This system of one equation is in reduced row echelon form. Solving for the pivot
variable x; we get

T —2$2 - 3$3 - 4.%'4 —2 -3 —4
X = 2 = 2 = T2 1 + x3 0 —+ x4 0
x3 I3 0 1 0
Ty Ty 0 0 1
So
—2 -3 —4
1 0 0
O1’(1]17]10
0 0 1

is a basis for V.

What is the dimension of the subspace V in part (b)?
Solution. The basis for V' found in part (b) had 3 elements, so the dimension of

V is .



8. Parts (a), (b) and (c) of this question all refer to the matrix

1 2 -3 1 =3
2 4 1 -3 5

12 2 1 12
-3 -6 -2 -1 -20

A:

The reduced echelon form for A is (you do not need to check this)

1200 4
0010 3
E=10 001 2
00000

(a) Find a basis for the column space C(A) of A.

Solution. The pivots of R are in columns 1, 3, and 4. The corresonding column
vectors

1
2 1 -3
1

-3 -3 -1

of A form a basis for C'(A).

(b) Find a basis for the null space N(A) of A.
Solution. The system Rx = 0 takes the form

x| + 21’2 + 41’5 =0

I3 + 31’5 =0

Ty + 21’5 =0

Solving for the pivot variables x, z3, x4 gives

1 —2x9 — 4ux5 -2 —4
To To 1 0
X=|T3| = —3$5 = T2 0 + x5 -3
Ty —2$5 0 -2
Zs Ts 0 1

Since N(A) = N(R), the vectors

21 [-4
1 0
01,3
0l [-2
0 1

form a basis for N(A)



2

9
—1
(c) f v=|—4| then Av = 411 . (You do not need to check this.)
0 —12
1
Find all solutions of 0
1
Ax = 4
—12

Solution. Since the vector v is one solution, every solution takes the form v + x,
where x,, is in N(A). Thus the solutions are

2 —2 —4
—1 1 0
—4 + 0 + C -3

0 0 —2

1 0 1

where c¢; and ¢y are arbitrary real numbers.

9. Let

1 2 7
1 1 2

Compute each the following, if possible.

(a) 3x + 2y
3 4 7
Solution. (6| + [—-2] =| | 4
9 8 17
(b) x-y
Solution. 1(2) +2(—1) + 3(4) =
(c) Ax+y)
Solution.

>1<1> +4<>7>] N Bﬂ

(d) y + Ax Since

11 2
Ax:{o -1 4]



2

y+Ax = |-1| + {190}
4
is [ undefined |
(e) B(Ax)
Solution. First, as in part (d),
9
Ax = {10}

SO

707 7(9) + 0(10)

B(Ax) = [4 1 {10} = | 49)+1(10) | =
2 —4 2(9) + (—4)(10)

Note: This question did not involve matrix multiplication!

10. Circle T or F to mark each of the following true or false.
(
(

)
b) The dot product of two vectors in R? is a vector in R3.
(c) Any three vectors in R?® span R3.

)

(d) The columns of a matrix are linearly independent if and only if its rank

equals the number of columns.

(e) For all matrices A, the column space of A equals the column space of

the reduced row echelon form of A.

(f) For all matrices A, the null space of A equals the null space of the reduced

row echelon form of A.
(g) If V = span(vy, vy, ... ,vg), then dim(V) < k.

(h) If vq,va, ..., vy are linearly independent vectors in V', then dim(V') > k.

(i) A system of three equations in four unknowns cannot have a unique

solution.

(j) A system of four equations in three unknowns cannot have more than

one solution.

63
46
—22

a) If v.w < 0 then the angle between v and w is less than 90°.
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