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1. (15 points)

(a) Let Ry be the region in the zy-plane bounded by the curve y = the z-axis, and the

1
/25 — 22’
lines z = 3 and = = 4. Set up, but do not evaluate, an integral representing the volume of the
solid generated by revolving R; about the z-axis. Justify your answer (by citing the method

used and labeling a corresponding sketch).
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and £ = 6. Set up, but do not evaluate, an integral representing the volume of the solid generated
by revolving Ry about the y-axis. Again, justify your answer.

(b) Let Ry be the region bounded by the curve y = the z-axis, and the lines £ = 5
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(¢) Choose one of the integrals from parts (a) and (b), and evaluate it, showing your steps.

Pom"(a) in‘fogm(f RO?UWS ch’i’ia( '{r\qrf?nw Jf@m'oagi‘bom. (/%é‘ﬂte wpearf{,j /I'near ‘[;(!‘0.,- % / )
SG‘(‘UF'. /‘—— = _’-—[-\-—-——- = A+ ,.%g + ,.Q, -+ ,1_3_,
X(as2) XA (5x)(5m ) X xE B 54y

ot b = — 2 . 2
(g[é&é—)B = | = Ax(&x)(&x) + B(E’XXEN) + Cx (5+x)+ Dy (5«)
= Ax(ISE) 4 BIS) 4 C(50453) + D (50
MX:S/’MOH%M I’CGLIO o C’glo‘ |
[et x=-5 - weo obfon 1= D-.QS-[O/ so D= Z’: .
SO

Lef x=0; we ebtoin 17835 o B= L
We <Hll o't heve A, se phgin B.CD 4 abwe 4o Hind
[= Ax(as~<) + i(as»{‘)+ — 5 2]+ —~(5> —x*)
= M2 + - X2, mxz
= Axfas~e)+ |

= Ax(o??{*):(} . s we wost hae A= 0.

S

b 4 /i oo | - y
ﬂvusl 11'5 fﬁfasqf)(h = ’ﬂ‘:ﬁ (;—;-r E:f + a-;)p&p Tf[ los ZEI;’£“!5AX'+Z;I;)JH(51X']3

‘Wz‘i(%‘:’) to= (b e dea-Ao1) ( ‘

Pm«f(l:) (mﬁ»jm{i Roc]umqg the g shetidbion | x= Tecl) => p- =arcsec(% )
K= GsecObnddd

We hove g’()'(%';z)?,g = S % w Lfseré)ﬁ,,@(/@ sec®df
(/C"t’(‘l@ lg) (/(—foné’ )3/2 = Q(‘/‘fqngg = /g{m’?@‘ =

/cos‘e) - / cosh .
3 gg;g mg 5;7?9”79 o ow ket dﬁjﬁ:ﬁjggl So e previas infogral is

é’c,wn, ’Ylo ,-L 8 MAZOI ~ -t f
lc " T3 C = T °m§ + C= ,’é‘CScQ +(C = "I’é:CS‘C(mcgec(%)) + C

+
¢
/]IWS/ 97"\5 &.2%1@?& = [ C’C(mf‘“ X))] ) 1‘; Csc mcse((fg )>~CSC m(sec(g-T)]‘




Math 42, Winter 2010 Final Exam — March 15, 2010 Page 3 of 18

2. (8 points) One end of an 18-foot rope weighing 0.4 1b per foot is fixed atop a high cliff. The other end of
the rope hangs below the top of the cliff, and at the bottom end there is attached a bag of sand originally
weighing 100 Ib. The rope and sandbag are hoisted up to the top of the cliff at a constant rate, and as the
bag rises, sand leaks out at a constant rate. The sandbag weighs exactly 10 1b when it reaches the top of
the cliff.

Note that the bag loses 5 pounds for every foot hoisted; thus, the weight of the bag after it has been hoisted z
feet upwards is Fi,ag(2) = 100 — 5z pounds.

(a) How much work is done to hoist the rope and sandbag up the first 9 feet?

We can approach the problem in the most unified way (sandbag and rope together) by thinking of the task as
exerting a variable force (i.e., the load’s weight) along a line. Suppose x (0 < z < 18) is the number of feet of rope
already hoisted; then if the remaining weight of the load, F'(x), is hoisted a tiny amount Az, this requires work
AW =~ F(x)Az. Thus, in the limit Az — 0, the total work for the task approaches the integral W = f; F(z)dx
where a and b are the starting and ending values for z. (In part (a), we have 0 < x < 9, and for part (b),
9<z<18)

It remains to express the weight of the load F'(z) (in pounds) as a function of the amount x (in feet) already
hoisted. But F(z) = Fiag(x) + Frope(T), where Fiag(z) was found above, and where Fiope(z) = (0.4)(18 — ) 1b.
Thus, for part (a),

9

W= /Q(Fbag(x) + Fropo(z)) dz = /(107.2 _ 5.4z)dz = (107.2)z — (2.7)22| =[(107.2)(9) — (2.7)(81)] ft-Ib
0 0 0

(This simplifies to 746.1 ft-1b.)
(b) How much work is subsequently done to hoist the rope and sandbag up the remaining 9 feet?

Based on the approach of part (a), the quick answer is

18 18 18
W:/ (Fbag(:z:)+Fmpe(x))dx:/ (107.2—5.4z) dx = (107.2)z—(2.7)2> L= (107.2)(9) — (2.7)(18% — 9%) | ft-1b
9 9

(This simplifies to 308.7 ft-Ib.) But to showcase an alternative approach, let’s compute the work to hoist the
rope portion in a different way; this can then be added to the work to hoist the sandbag, which remains Wh,e =

918 Foag () dz.

Suppose we introduce a y-axis oriented vertically along the 9-foot-long hanging portion of rope, with y = 0 at the
top edge and y = 9 (feet) at the bottom end of the hanging rope.

Now break the rope into tiny segments of length Ay feet; notice that each segment weights (0.4)Ay pounds, and
that the segment located at coordinate y (for 0 < y < 9) is lifted an approximately uniform distance of y feet.
Hence, the work to lift the small segment at coordinate y satisfies AW = 0.4yAy. It follows that in the limit
Ay — 0, the total work to hoist all the rope (without sandbag) approaches the integral Wiope = fog 0.4y dy.

Thus, with this approach, the total work to lift both sandbag and rope is

18 9 18 9
W = Whag + Weope = / (100 — 5z) dz + / 0.4y dy = (100z — (2.5)2%) ’9 + (0.2)y2’0
9 0

=(100)(9) — (2.5)(18% — 92) + (0.2)(81) | ft-1b

which simplifies to 308.7 ft-Ib, as before.
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3. (11 points) Determine whether each of the following improper integrals converges. Explain your
reasoning completely.
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4. (10 points) For this problem, use the following information:

e If f is a normal (“bell-shaped” or “Gaussian”) probability density function,
1
then f has the general form f(z) = _ = e (@-w?/20?

oV 27

P(0.5) ~0.69  P(L.1) ~0.86
e A partial list of approximate values of the function | P(0.6) ~0.72  P(1.2) ~ 0.88
4
1 e P0.7) ~0.76  P(1.3) ~ 0.90
= — f :

Pl)= | J5ge " dtis as follows P(0.8) ~079  P(1.4) ~ 0.92
P(0.9)~ 082  P(1.5) ~ 0.93

P(1.0) ~ 0.84

Suppose that the hitting distances of baseball player Joe Slugger (that is, the distances traveled by
each baseball Joe hits) are normally distributed, with mean 347 feet and standard deviation 20 feet.
For the purposes of this problem, we define a homer to be any ball traveling 375 feet or more.

(a) What is the probability that a baseball hit by Joe is a homer? Justify your answer by writing
an integral expression that represents this probability and showing how to find its value.

for =347 and ©=20 , the probabiliy is

375
ProL;( Xz375) = éq@(x)cﬂx [~ g J_ ‘(""ﬂ)/zi& ‘e 1;4 - x;zw
OQ_ Jet- { H =Lolx
S = (MLt ey

= - P4) = 1-092<[008]
(of‘%%}

(b) Suppose Joe adjusts his swing so that the mean changes, but the standard deviation remains 20
feet; he now finds that 14 percent of the baseballs he hits are homers. What is Joe’s new mean
hitting distance? (Again use an integral expression as part of your justification.)

Weth urknown owd, @=20 we have  Prob(x2375) = I~Frob(X$375) = O.14
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an ol % ¢ 1/:1 _L
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5. (10 points) In each of the problems below, determine whether the series converges or diverges. Indicate
clearly what facts you use and how you apply them.
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() 3
n=1
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6. (10 points) Suppose we know that the power series

oo

> calz+3)"

n=0
converges if z = —7 and diverges if x = 2. We are given no other information about this series.

For each of the following statements, circle

o T if the statement must be true,
o F if the statement must be false, and

o X if the statement could be either true or false.
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©0 2n
7. (10 points) In this problem, we make use of the fact that for all z, cos(z) = Z(—l)"é—n?, which
n=0 ’

you do not have to prove. 9

T .
(a) Find, with complete justification, a range of values of z for which cosz ~ 1 — 5 with an error
of no more than +0.01. N
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Final Exam — March 15, 2010

Math 42, Winter 2010

8. (15 points) Match the direction fields below with their differential equations. Also indicate which

two equations do not have matches.
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9. (15 points) Solve the following initial value problems, showing all your steps.

(a) dr ky(1+1Inz), y(1)=8 (here k is a fixed positive constant)
By se pam’how OP varie Ues‘ . we ’Qnoo ‘;’L)O(-{'
gf'?oly = S k(l+}nx),,(7x )

s "’Lm'f' /"’7’

)}

Avzdx

T K[t~ (e |

= ku(itdhy) - k(A

= kgt bidax - ke + C

= LYJZA)( + C ) wgrany C}

t: In i
M(’Otn:mj i\/‘: e Xﬂ)ﬁ‘ci ekxf'nx 'QC
J
C j(s(ﬂms(
ow! 7 = i'e . e

1

Aehfhx re-f nn)r WATevo 74.

//ﬁ(‘ K‘(/'ﬂ‘@” y:?) <o ngek’ﬁm': Aeor A) vl Ahvs

{O(ﬂnx
(/e

ke
or @70}[/@[&(/’/7 y, X ’QH(X ) (g (kx
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0) L=yr-y?, y3) =4

(Leave your answer as an implicit equation in z and y; don’t try to solve for y.)

e have. Rt \/’L P | - '
Ty Ie

By Sepam!?on owo Varfmlalesj we_ P{‘GCE{’U( as WQ{lows.’ gyﬂ\fj—f}/: go?x = X+ C )

‘;’lle/ !Aeq“/)ﬁnoo h’rk?j 1‘0(‘ me éQ COMPO%@O( eh%ﬂf Ml;éf /O'/I\()—o//w_'gio,/. ;/-y-j‘ = y+, + .L
i -~
o Via ’l%e S()L»S‘éﬂlu’{?on ; M:y’“’ =D }/= vt
which we'll do hosp +
r)/M :0/)/ § ’ // J A-m -

wes o

=\ (am)? 2
g e = | ezt

4%

= g(mz +Z£‘) dn

B %2‘1'214&@4/%(

~ Q.;’i“L 2Ay-1) +ﬂ,,[7,,/ .

Se(’%wﬁa (}gy)ﬁ(%/li)) we ’Qn(j

2
3tC= %u-sw@

= C= 2443

SO)’H”Q SO’UbOW Corvg }3 S{VPW !77 ‘"VLQ P?!/a’{')o,h

ol

Lxurl?%ﬂ,z = (X%'l2+z/y»v) + byt

/rlﬂs ’(’UMS OU+ ‘I'O be FTWV@’W\‘F ""0 ‘ﬁLQ Corwe. X= «%34" y+"p"{-¥3:£l p— q ‘( ap-/w Sone Simpll"{;/’j.
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10. (11 points) Alice has an 80 gallon fish tank. The water in the tank has 2 lbs of chlorine in it, which
is too much to be safe for the fish. Beginning at noon, Alice runs water containing ﬁ b of chlorine
per gallon into the tank at a rate of 2 gallons per minute, while also draining off the well-mixed water

from the tank at the same rate.

(a) Write down a differential equation for c(t), the amount of chlorine in the tank after ¢ minutes.
Be sure to state your initial condition, including the units involved.

The. initial condition is + [c) = R ib]. Meonuhike, we nife Fhat since oft) is measored s,
we have 4t C’/{): ne{m‘ﬁ’. 5!0 Ctumgg @\0 ot op o‘ql;aﬁne) in Ux/m;y,)' 'i(;r#zermre/, m"' any ’t‘?me_’{/ ‘f"/fz(

Correit concetrahon mpd\/arma in the fank s %ﬁof)) weosures! n /5/35(,5 We have Hhat

c!le) =t ete felqlsolt = (F)~(12R4) = (G aabon) (P~ CR D i)

= [ aif c) B .
ths, o= & - ). (& %0)(2 ) = (55 30)(2 W)

(b) By solving the differential equation, find the amount of chlorine in the tank after 30 minutes.

O‘I) C_L_C _ [y
A€ " 50 40 T 4o (3"‘(:) )
W€ coo’o? So/ve L/ Sef@m’)tzcw o\(\ Varlablt’?s; as Q Uariavré /e?zf? im,’}[mo{ vse (/ﬁ_’;t/és‘/‘hlu’{’ lon

with | uf)z doclt) <> -2

oilA — -ﬁ,‘—’ <=> %’%:..i’i

ae - ok s
= olu =t
K 7" 504

“‘> U= Aéfﬁlo (Dny Va/'ve, A) [gy ‘MG Lﬂw G'F Uvarq/@msﬁit/l)em)'j
= . 4 ~f
2% CH}: EL,—AQ /‘r‘o

Since C(O)=Q) we have Q"g-ﬂAeo =§L_A = Ac.é{ }

Hhos,  clf)= 4, %;‘%
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11. (13 points) A remote Transylvanian village experiences an outbreak of vampire conversion, in which
residents turn into vampires upon contact with the beasts. Legend has it that at any given time,
the rate of vampire conversion is jointly proportional to the number of residents that have become
vampires and the number of residents that have not yet become vampires; that is, it is proportional
to the product of these two quantities.

Suppose the total population of the village at any given time, including vampires plus those not yet
converted, is 2000. (So there are no other factors affecting the size of the village, like births, deaths,
or migration.)

Let y(t) be the total number of residents that have become vampires by tiiue ¢, which is measured in
days. Suppose also that at the moment when there are 500 vampires, the growth rate is 75 vampires
per day.

(a) Write a differential equation that is satisfied by y, according to the above information.

We have ;”,(%: ky(zooo——)/) ’\%r e me"'(hm“(’ﬁ’ Ccms’fm'é (f}

we alse know Hhet 75 = k- 500(2000-500) = k.S00-i500 = k- 750000
~

R
50 —~ jo000 © /nﬂ)S}

(b) For this and the subsequent parts, suppose y(0) = 100. Use Euler’s méthod with A~ = 5 to
estimate the number of residents that have become vampires after 10 days.

We'll noed %:Q 5’)&7,133 4 es’f/mmt'e y{’o)‘ We hove ({o) }'a) = (Oj IOO);
Thos t=fth=0t5=5 [Ja/g) el

. { L
7 6t b (e 00-fr0t00)) = 10045+ 122 = 100495 = 195 fopres)

=0 fzﬁéfw‘ =545 =0 (fys) omdl
2~ Y:””’(,%m,” /75'/3000#&75)) = 95 +5. Ps-(505)

f6po0 /

_ ~ 1951805
’Hw&’/ YKIO)$ yl =([75+ %%—o_zi VaM/o;‘rés‘ (’ﬂns Avens oot 4, be 2pprox- 371 Va’”fW5)
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(c) Solve the differential equation, using any method.

ff’g‘ (/SG‘Q:{ ’}o PECOE}V»-:‘M, ‘ﬂve ﬁ?rmnreﬁ{'m( Q7Uq‘f70m RS QA ’o:}';s‘h'c e?w\#oﬂ -

o vtoooy) = ARy ) = Ly(- ).

{"——-————' Sine =(00 : oo = _A0C  _ K00
Thus/ {) WER ince y(o) (00 we have 0 e T A

So ItA=2L=30 ad A<l1; +hs y/) +M,f/5

AH?rmm"i'w()/) i‘ns%éaoﬂ sF Ci‘Hmj +the 3ewem( solution 4o Hhe iejf 7 e7mhbm L, we cwuld
Sqmm‘f‘e \/mmbfes ool mfojm%e with e '”Sisﬁlmn.rx_e & Pm‘f?a/ fé’mf,'an oﬂemPf

At - /zooo A
joooo y(;oooﬂy) S ( + 2023?7)0@/

= ! | . -
7 ;oooo%"_c 2000 wly 2000 ~ 2000 Zmo—«y’
= ||~ — £
J? 4 (’ZOOOA‘/{ stC, = 25‘9%:7 A & ) where we el A,‘,‘;“ :
) ~ 2000 —~te
Solbing iy, we fd - BB <175 = awe o gt g 200

1+1G,7t/5 )

(d) How long will it take before 1500 residents have become vampires?

Soluim  YH#)=1500 B £ we oo

X000 ~t/s _ 2000
= —_— p————, ,’:ﬁ-
50 = Dgts = 1M 00 %
»{5
> 127 = %'! "’3’?
= -t
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12. (6 points) For this problem, no justification is necessary; simply circle your answers.

(a) Suppose that you wish to model a population with a differential equation of the form dP/dt =
f(P), where P(t) is the population at time ¢. Experiments have been performed on the popu-
lation that give the following information:

The population P = 0 is an equilibrium solution.
A population of 0 < P < 20 will decrease.

A population of P = 20 does not change.

A population of 20 < P < 100 increases.

A population of P > 100 will decrease.

L

Which of the following differential equations best models this population? Circle one answer.

(g%%:(P—zmux—mm

i) £ = P20 - P)(P - 100)

(if) % = P(20 — P)(100 — P) (iv) ‘Z—ZZ = (20 — P)(P — 100)

(b) Which of the pairs of equations below represents the following predator-prey system: “Cattle
eat blades of grass. A cow needs to eat thousands of blades of grass every day to survive.”
Circle one answer.

d
= —y + 0.00001zy d—i = y — 0.00001zy
(iii) p
=z — 5000zy d—i = —z — 5000zxy
& =y — 0.000012y &y = —y + 0.00001zy
dt . dt
(i) 4 (iv) J
T x
prie —x + 5000zy i + 5000xy
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13. (16 points) In a certain closed ecosystem, let functions p(¢) and g¢(t) represent the population sizes
(in thousands of beings) of two species, P and Q, respectively; here the time ¢ is measured in months.
Suppose further that the population sizes are modeled by the equations

dp _p_pq
dt 3 2
da _gq _rq
dt 4 12

(a) Describe the nature of the relationship between the two species: is it one of competition, ccop-
eration, or predator and prey, and how can you tell? (If the relationship is predator and prey,
make sure to explain how to tell which species is which.)

“The. u""%z " dorms i each €7UQ‘,7'0'/I /'mp/y Hat the presorce of one Species
oliminishes +he 3row+h rarfe of +he o(éer species Aot is, as the size F one Species
fr’)cwases‘) ’Hw Srew‘ﬂn f‘a’f? 070 ’ﬂte o‘ﬂLer &m’a&es\ ’TL;S S a Pelof{;@wslq,fp ap
motyal Comp-en%’om [ Nofe = s sllywy incoriect 4o stat

Hat as P incmases) f( c@rmsef;
mﬂwr} s e M{ of species R Hhot decreases wrth /ijf‘ F. )
(b) For each species, describe what happens if the other is not present.

B species @ is pot present | ie. i =0, hen f}:’? | and speces P experiences netyml
ﬁfm\ﬁ"‘ at a velotive erfo of §L per month ;e P ineveses gx‘,{,,w,rhally (6o posibre P) .

I speeres P s ot present, ie.  peO  fhgn %:%) ond species Q
rodurol Growth at o welafive yafe of ﬁfw medth (or 247 por WMH‘) [ de
&£ R incivasec expovzeyr/'rq//)/ (;C,v posiFrve ,l,)

e)(fm;nc@
‘HL( fvpvia‘,'mv\ Size

(c) Find all equilibrium solutions for this system.
B poad g aw bebh costont Ao B o0 s,
O:ﬁ J’Eg‘c l?',F(lf/?) and(
O =

’ﬂbt‘(l\rf(' elil/a‘(;l‘(‘/»\ }b’aﬂS Tp P:O ov ?fl" f‘P P:&) ‘H%’m ‘f'ée’ spcu,,p( G/Uur‘/fom be(\[,w_(; O:{ -(3—0)}

21

-
G- 5160
Se 5{:0 ;r‘P 7:(7’/ the <econdd @7«/4’}[:.-}4 becone s O:T%LI(S—P)) Sw ch ﬂug)

e on(/u colutons  ave (p)?)= /0/ o) ond (f;‘i)’ (3/ ‘1) | (in‘ﬂm:%dlmfé@éf)_

_____ ———
%\“
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For quick reference, here again is the system:

i
T = ﬁ:P(Lf"Z)
-% = =GP

(d) Suppose that at time ¢ = 0 months, we have p(0) = 2 and ¢(0) = 5. Use the differential
equations to predict the sizes of the two populations in one month’s time; be as mathematically

precise as possible.

d 2
From Hhe 6704‘/15»4% we ol bt o 1":0) ;IE: ,JZP(L"‘I) - E(ng): ,_T?_;:
o
OMO‘[ Z%: ;J{?(g‘f) = Tsi[g‘Z) = % - /ﬂ»us/ an fo)/@()%q‘/‘),;,h (VM Edlyrfg Wﬂpmj

with step size h=| woith, or es.serrﬁi@/ A lgor af,vmxwwvlm’n) Lor Ao valvos of

p(1) avd 91) e POVE plo) = i = -2 1L e
R glo)+ do. i _ ,
?[f) 7 O) ;’7% | = 54‘/"%: = % Hhowsond {m’;:j_g"__

[ e C‘oo(d( ’}7‘}/ =t Smo.//ér S+af> Slze ’@){ vl Cven C’oser aff're;(ﬁm'ﬁoy,) e’f’ C )

(e) For the initial conditions of part (d), consider the signs of dp/dt and dg/dt at t = 0. Based the
prediction you made in part (d), make a further prediction about whether dp/dt or dg/dt will
change sign at some point after the first month. Explain fully how you are able to tell.

We bord bt <0 ol 50 ot €0 hodig b o deewnse i e
Size of speces P (Rew 2Hhovsnd ) 0l on inceuse i Hhe size of pecies ()
(R 5 Hheosand] ).

Having factord the diffowdol epatons o wnzero yoles of Pl we 50 Hhart

%{«) Hanlodly # g>4  ond
4270 Fou oy # Op<3,

“Thes / Hhe shorf Ao behavor of species PR & which Jeads fo s 7n(’:\’as/145 Lefhor from Y
ol 'o oppcm;?vT ‘@ﬂ%eer f;e/ew 3 y in 'foM lenels fo '\Qr‘féu\ &/(.’Créqse: in P Wo{ {CreoSEs n 7
‘f’ly’ij Pa‘HerV\ W/'j/ Covt"/'/'M'-Q. m ‘I%é /O”j ‘f'em Wn‘"h Ho S‘/jv\ CIMM\?{S pogg‘,y(a_ M Jf; or 5% o
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