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Math 42', Winter 2009 Final Exam — March 16, 2009

1. (10 points)

Let f be the function given by 3
(01
3

- 2 2
f(:c)—4 x 2+3.

The line [ is tangent to the graph of f at x = 0.
Let R be the region bounded by f and L

(a) Find the equation of the tangent line L
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(b) Find the area of R.
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(c) Write an integral for the volume of the solid generated when R is rotated about the line y = —2.
You do not need to evaluate this integral.
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2. (10 points) Given a continuous function f(z) on the interval [a,b]. Suppose that we wish to approx-

imate the integral
b
/ (@) do
a

using one of the basic approximation techniques (Midpoint Rule, Trapezoidal Rule, Simpson’s Rule).

Mark each statement below as true or false by circling T or F. No justification is necessary.

T @ The Midpoint Rule always produces a more accurate approximation than the Trapezoidal
Rule (for a fixed number of subintervals).

A” yoo ne@( ls ong (‘Oumtmx"am,;/p and bere’s one : 7Lnlie’ n=f ma(’ comsm@r gS"’lx of’x

T @ The smaller the value of K5 that we choose, the more accurate our Midpoint Rule
approximation will be (for a fixed number of subintervals).
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@ F If f(z) is a polynomial function of degree 3, then Simpson’s Rule always produces the
actual value of the integral.
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T @ If f(z) is increasing on the interval [a, b], then the Midpoint Rule always gives an under-
estimate of the actual value of the integral.
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T @ If f(z) is concave down on the interval [a, ], then the Trapezoidal Rule always gives an
overestimate of the actual value of the integral.
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3. (5 points) A spring is tested for various properties. It is found to’obey Hooke’s Law, and it is
determined that the work required to stretch it 1 ft beyond its natural length is 12 ft-lb. How much
work is needed to stretch it % ft beyond its natural length?

(Hooke’s Law states that the force required to hold a spring in a given position is proportional to
the distance that the spring is stretched from its natural length; that is, if « represents this latter
amount, then the force F' = kz for some constant k.)
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4. (12 points) The time gaps between consecutive bursts of solar particles onto a certain detector is
found to be closely modeled by the following probability density function:

0 if z <0,
f@y={_C .
m 1f$>0,

where C' is a positive constant. Complete the following, giving full justification:

(a) Find C, given that f is a probability density function.
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(b) Find the mean time gap.

co N
Cx lim

we s Cxfiode= (S Qe‘f*\
We hove M ‘g m’: (o (q+x93/1”{“ Now ) (4t5:fh o

X< N =D g b))

' g2 44
. 4
M= fim _[é';;_.alx = /im g 2~ [ e
N"’DQ ° (l’/ﬁ(z) e N2 oo 4 [{3/2 Naoo — y?_ )

(Nof?, o 1 so[aﬁi/uﬁm) =N‘:wo¢, L{(wﬁ% Ve ) L/(J-/ "'O) E

is needood Hoethis pact !

Lﬁf = L/*Xl X20D Y=
dnz2xdy \ 0 ¥ Aot 7 g ard thos
]



Math 42, Winter 2009 Final Exam — March 16, 2009

5. (9 points)
(a) Find (with justification) all values of k such that the function y = €** is a solution of the
differential equation
d%y

dy
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(b) Which of the following families of functions is the solution to the differential equation % =3y +17

(Here C stands for any constant.) No justification is necessary; just circle your answer.

(i) y = Ce¥ +t (iil) y =¥ +t+ C
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Math 42, Winter 2009

6. (15 points) Match the direction fields below with their differential equations. (The horizontal variable

is t; the vertical is y.) Also indicate which two equations do not have matches.
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7. (11 points) A tank initially contains 1000 gallons of water, in which is dissolved 20 pounds of salt.
A valve is opened and water containing 0.2 pounds of salt per gallon flows into the tank at a rate of
5 gal/min. The resulting mixture, which is assumed to be always well stirred, drains from the tank

at a rate of 5 gal/min.

(a) Write down a differential equation for S(t), the amount of salt in the tank after ¢ minutes. Be
sure to state your initial condition, including the units involved.
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(b) By solving the differential equation, find the amount of salt in the tank after 60 minutes.
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8. (8 points)
(a) Solve the initial value problem

dy 3 o _
- =Ty y(0) = —1.
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9. (18 points) At the start of a late-night study session in your dorm, your RA puts out a large bowl
of ChexMix®, containing 900 pieces of the delicious snack. Let y = y(t) stand for the amount of
ChexMix in the bowl, in hundreds of pieces, after ¢ hours.

(a) The more that’s in the bowl, the more people are inclined to take out a snack. Suppose that
one-third of the pieces in the bowl are removed each hour. Write a differential equation satisfied
by y in this case, including the initial value of y.

y

/=%,
Y0)= T (hwehels )

(b) Find an expression for y(¢) in the above situation. v
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(c) For the rest of this problem, suppose that your RA is also continually re-supplying the bowl,
adding ChexMix at a rate of 1~y2— hundred pieces per hour. Write a new differential equation

satisfied by y in this case.
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(d) Find the equilibrium amount of ChexMix in this situation.
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(e) Use Euler’s method with h = 2 to estimate the amount of ChexMix left after 4 hours.

We’/l neeag i~ 9\ 51(‘9%)5 ‘]Lo\ es 7L/m;>v1le y(q) he have (‘ﬁ,}}/g‘)—’ (O) 7)

ﬂusl ’é:{ﬂ‘t\‘ O0t2= 2 (hs) and

hokrhe(308) = 2 (F8) = Geeezt =502 17 )

So éfﬁ%z Q2= 4 (hs) ond

:y/ﬂ‘h"(—%{é 17/3)A (,7 3

(7

(f) Find an exact expression for y(t) in thls situation.
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10. (16 points) In a certain closed ecosystem, let functions z(t) and y(t) represent the population sizes
(in thousands of beings) of two species, X and Y, respectively; here the time ¢ is measured in months.
Suppose further that the population sizes are modeled by the equations

d:c_w_xZA Ty
dt 4 4
dy y  zy
dt 4+4

(a) This system is a predator-prey model. Explain why, and determine which species is predator

and which is prey.

“The "xy " ferm in ench grm"é rde Hells vs Hhe efloct Hhit an idorackion between X R ¥
.fms 0n dhe Growth rdfe of each species; we seo dhat X growth rafe is dhminishod by
¥ infoactions wik Y, whie e godh e of Y s cvputsl by inkeachins with Y (chock
oot He signs). This is consictort with Y it predbe ol X boiy e prey.

(b) Find all equilibrium solutions to this system.
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(c) Suppose that at time ¢t = 0 months, we have (0) = 3 and y(0) = 0. (Thus, there are no beings
of species y at any time.) Solve for an explicit formula that gives the population size z(t) in

terms of t; what happens to z as t approaches infinity?
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For quick reference, here again is the system:

%=1tz ~ H(x-))
(d) Suppose instead that at time ¢ = 0 months, we have z(0) = 3 and y(0) = 4. Use the differential

equations to predict the sizes of the two populations in one month’s time; be as mathematically
precise as possible.

Avt Fime ‘f= O) e lmve 5:\ = 3~ ?f- — "[,Z - /-g- ﬂhoas.[oe}njs/mﬁl‘) [5° X Is /eamas:‘ v‘nS:ﬁ)}_
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(e) For the initial conditions of part (d), consider the signs of dz/dt and dy/dt at t = 0. Based the
prediction you made in part (d), make a further prediction about whether dz/dt or dy/dt will
change sign at some point after the first month. Explain fully how you are able to tell.
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fhe prey popu/ﬁrf/on fas shronk 4 such an exteit that Hhe predufors cannet supvive i /b,?e rm Aﬂr:), So o stom

CAaij i 0/}%{{ 0{0_{5 occor af Some ’001}4€ — f’(’l‘/m,or r//vfi‘trj fhe ‘f;\,»;( (,,.a,mmf MM_/A/ 04’/)?:4 0/3.17 om 7%(
meicf‘;on be x(1). 4 is teasovable 4o pake fhe forther geess Hat as ¥ decwases Dt

VI#"’”M/ xry will deosase b befou ¥, ot wheh poit Zolf?( wil oo c/%'yQ Shw, BDour
#Pchrve, +o pos/‘/}v*c 0»47%/r'//'ve/y) Fhe pre7 has a C‘cweéock when Fhe /W‘Pc/mlofs‘ are ‘A’w enougé) .
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11. (10 points) In each of the problems below, indicate clearly what facts you use and how you apply

them.
2
(a) Determine whether E 5 converges or diverges; also, find the sum if it converges.
n —
n=2

We could show, that Hhis series Conwrjes Usiﬂi a9 mjommf [yo.sea/ on oo Limit GM,oaNson

, ) . (
{esf [W'#t a,= nf:‘, ond !)”C,Tig / bere (_{e«ar[l/ QZ),\ is Conv*erjgn\[‘ because 5 a )0“5@“;\‘35

with p=a>() ef‘c.)j‘ Wr} +hert MM/@ Ae//) P ‘(r‘rm/ hls S‘(/M/
ﬂus/ we tecal Fheit fr Momjeomfr-}c 3@{‘[85/ Y Sl}wf/es{ 77/», of COMWV?CW‘
Serles whose sum we cm cakulate an the ‘fe/@sCoE,‘,,; Serves | T Seo r{‘ ; .

n-§
=
‘VIQ/ESooFesl WF/” Use. PQN(/Q/ ’pﬁ(“é(m D«QCOW"ODS‘#,O“ ’)LG WI‘I'/Q

2 _ K

PR

- - A
P s Tt B e R ARy
:(Af@n + (A‘B) .

/m’g AfB:O 0"0[ A"B:Q\J_ 20 we ‘Pm/ ‘fﬁaﬁ A”‘ am( B:-{, A/e)ﬂ[ We’// wm'fﬁ
a ’V[\C’W /MN[M Sums o‘p é\,_,_ i 5’fqm‘,éz with ;\ 7= L _{.,)
nzz " < La=t ar)

/ [

4 , ‘
) = (1540 (1-4)- )V ) Iof-(12),
£
Z ) 0-0)- (0, TR - 1oty
GQ((r mt ) T én:+n7 = s =t (
Slos) - Gleva) o) - TS o),
Se WE'” (mcfuo[{ ‘}/mt #Le Izmn%/ sum it 30%190,44 =g 4 n=f /001_5 /“\L
ék\ A+L) = 4! Lo )
s A~ g - /+§ - (T; ﬂ::)) .
ﬂus 2’0 2 ~ : A .
’ "’:&”2—‘ ) kgm[”é\ M‘ﬁ’;’)] 215{,:‘% [Hz( é f:ﬂ)‘ (+Z—I:AO‘O :E‘

/

iMP/)CJ}’) senves Com/wyeg Since i pﬂm/m/ sums  have it % /gm{aﬂg is Fhe S'Um)_
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> n
b) Determine whether converges or diverges.
n=0
. ‘ . &"
L/Q’f b2l z-i ﬂem IlM Q = {'M ———
TETen hde " e Bho"
= ’ I\M 6 “ ,/g”’

o G

= bim

[IEPS 5”/6‘” + )
= /fm [ - ,«/. -
e ()1 o= 170

. ) 5‘ ; i - L]
[rf fo 0<%< // S0 ot h‘(?ob (,/g) :0)/. ‘f/ws/ Pre seres ﬂﬁ'wzges 57 the

Test £, D/wrj-ence :

Nefe: ' oy Try Using #o Toc
( AU }’ )/ ) j e Pa 3 t’s‘f) }/0:/ 7@7‘ an /'nmnc/vs}ue /@S(/%/
A J

b _ " (
Cause. I{‘ Q= = —
? 5n+€” (5@)4‘}/ as QZ’O’/‘{J ‘/'/79;4

N
)
-§'.\

T——

D
E
T
11

//'M, RAY g
n>co (?/SM.'M = ,O’L\/ _ ( -
/é} + | ot ( . So }/003'27( mwﬁw.)
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12. (5 points) Suppose we know that the power series

(o]
> calz—4)"
n=0
converges if z = 8 and diverges if z = —1. We are given no other information about this series.
For each of the following statements, circle (oot of convergoace inclodes § kall'mit:ﬂ[)
o T if the statement must be true, Div Condior- Conv.
‘ é 4 IR
e F if the statement must be false, and A ( x:q' Ig X
e X if the statement could be either true or false. /
You do not need to justify your answers. » C;yrﬁgr: a =
@ F X If R is the radius of convergence of the series, then 4 < R < 5.

G:nmvsence at =8 +ells v RZ[X’»«(#{; o//’vwgence_ at x=~] lls s RE f(-f)hqlz g

The series converges for z = 0.
IF R=4, we could have odher convengonce o-diwergonce. ot xza-~@ = H-4 =0

T F @ The series diverges for z = 9.

1t R:S) we cwold have gfélr‘ Comergence. o a(/w,j(m& ot x=aq+K = 445= (?

@ F X The series diverges for z > 9.
If x>, Hhen ’*‘4‘:’*“4""‘“‘1)5; since RE5 we have divergonce ”Qv"

Ix-a|>5 2
@ F X lim ¢, = 0. R.
n—0o0

Ld'xngj since /X~ﬂf:5"‘f:f < ‘1$~E) lmve Conuerg@,,az o >(*5/'

»ﬂ, (=] (&)
vs ~ = o é\ 4 g\
s et 5 -~ C + <
s n( t/) < fk 1 n:o/C“ CO"W"jQS /.
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13. (8 points) The polynomials in the chart below are second-degree Taylor polynomials for functions
whose graphs are given below. Match each Taylor polynomial with the appropriate graph.

y

4
4

L

L

LN
I

e

L8]

|

II1

Key

EN

-y

4
<

3

o

iI

ES

b ]
[§]
S——
[ — |
,
=

v

o Coufer is 01':’)' then 7;&): ’P(’))' ‘F/(')(*"’) t fé_&z=(x—~1)z, Cb”‘f“'e ODQQZ‘ below

Taylor polynomial

fo  valves of
Function (1, IL, I or IV) o vohes of

To(z) =2+ 2(z — 1)+ (z — 1)?

Slvfes 0'\0 ’1(:)5) K,
ereavifis of ‘(f\uﬂﬂt X</

Ty(z) = -2+ 2(x — 1) + 3(z — 1)?

il
gl

Ty(z) = -2+ g(ac —1)2

T

To(z) =2—g(x—1)— (z—1)2

1

=
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14. (13 points)
(a) Find, showing all your steps, the degree-6 Taylor polynomial Ts(z) with center 0 for the function

f@) = & +e®.

n | A [ ) [ e )
0 eXre" J+f= ?Nﬁ
i e~ MENe' ; -

2| e 2 = |
S ef~g " o 5
9 e+ e 2 2%4;
5 R o 5

g v ™ 5 N /é‘ /

¢
Ths,  Tol) :écn(x_o)n :Zi* xz+ 2 X . ng X@]

( Alernode wrebhed: compute the ’fayorpo// for e 1o be [t g_f 5 Mo Sbstitde ~x ints the exprrssion —fo>
get he Taylor poly o & ; Hhon add Fhese 1o zﬂer :
(b) Use Ts to obtain an estlmate for v/e +

-. (You do not need to simplify your answer. )

fong = elact i),

s, W26 = 26 G ()L )
E

0
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(c) Compute the 7th derivative f () () of f(x) and explain why

|f(7)(:zc)l <4 forallzin [—%, —%]

We have ‘Fm&) =eX~e*  Thos, for all X,
H‘(ﬂ&)l = fe’?e""( < ’ex/,f_ Ie~><l

= X ~X . -
e” + e (smc:e ke are posiﬁvc)j

e nofe Hhat on e intonyef [‘;/‘ J‘] , we have

e .{8 /7_ SM(G e s on /n(‘MaSMj %(\M(‘!/ow WO{

A
@ $e7 sime €% jsa a’ecmasmj ‘l[()wc’f"/f"’f

) .
Mus onthis i m /ﬁ( 6()( v e *8% - Qel/l =Rfe < Qr = lf) Since C/Pm//»’ e<¥
( We caala( c’o éeﬁL or-2 in act H\( 7)6(){ < R On ‘Mﬁs in{rrwe( R bot o /Mﬂﬁf’r iwe i)

(d) Use the fact from part (c) (even if you were unable to verify it) to draw a conclusion, in sentence
form, about the accuracy of your estimate from part (b); be as mathematically precise as you

can, and cite all of your reasoning.

BY /}; y’er's W7W(M}/) q[;, any X in —/54,( I'n’it’/‘Va/ [‘é}%]} we bove ‘/&m‘f
Rl = 1) =T < Zhist” ) whwe M s sk et [FU< M on [-4 1],
By (c)) Sine ac\l {1[‘(7}/54 on ” ‘] we  may *oée M= lf[ Se

Bt o] = [Fo9- Tﬁz)( A S [£4].

IM Fqﬁficu/ar) ’Qr chzé , e have ‘H!G\/;

ol = [T < b = 5

’ﬂn/s mams '/'tk-“f the P7L/mrﬂl€ USMj T(—L) Mrs ‘Qom +he ’ﬁw valve o’(\ WQ/ } 7/%

/
!gy ne  More ’Hnm ’:\/ Py Uw"%S.
X



