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1. (15 points) Evaluate the following definite 1ntegrals
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12.](30 points) Evaluate the following integrals, showing all of your work.
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{b) f sin® 7 cos® z dx

Write cos™ = [-sinx , So that gsin3x cos iy = gsirﬁx -({——sinax) cosxg&(_

Now lef  u=sinx,

and so  dua=cosxdx.
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(32 points) Evaluate the following integrals, showing all of your work.
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4.](30 points) Find each of the following, showing all of your work.

{a) fta.nxdx (Hint: tan x = sm:c)
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5. Evaluate the following integrals. Use whatever method you like, but be sure to show all work.
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6. Evaluate the following integrals. Use whatever method you like, but be sure to show all work.
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(15 points) Consider the function f, whose formula and derivatives are given below:

1 —~2x —2 + 622

, . —24x(z* — 1)
1+ g2 f($)=m f(i’?):(l_'_—mz)g T4

o) = =y

flz) =

1
(a) Let J = / f(z) dz. Write an expression involving only numbers that estimates the value

0
of J using the Trapezoidal Rule with n = 6 subintervals. {You do not have to simplify

this expression.) O
b- -0 - . -
n=g = Axs—fz—éﬂsé. >y
o e B KX oy

"

i

. (860) 206}« 2060 A} ) + 286 ) +-f1g)
S (3(0)» af(£) + 26(3)+ aN2)+ AL + 282 ) =0y

2 2 - .
(l+ol T A !+fié)" il ‘),/
{b) Calculate the value of the “error bound” associated with the approximation above, and
explain its significance in a complete sentence. Be as mathematically precise as you can
in your reasoning; however, you don’t have to simplify all your arithmetic. (You may
find the derivatives of f provided above to be helpful.)

* Using the ervor-boued formola provided. comes doun 4o fiuding K, = qurvﬁui, :i !-Fv(le
* Findg K, * Hhis is an absolote. extromun geestion, s ue am use Hhe Chsat Lintemal et
* Gonsider: £76) = ~ZECL , o derietie of 7 otice that £,
be zero only when x=0, x= 2(  awd con never be undefipedd (denomma‘f'arqlmys ,mstJ

So -P"ofoes m‘f dmhje 3'3"1 .F;'. o<x<f amd fhus ‘P hqs ho locqf WOoXima or—
Minima, on ‘fhls Iﬂ‘k’r‘uq{. (So "P”({()’ qu vo locel wrax ei‘#rer,)

* Were leff +o Warr‘)/ ongy about Fhe em(pcm?rl‘: X=0 & %=[. Valyes &£ , ”&), Hheve :

at x<0: [P = , 7l=[-al= = X <—THARY

"l IR = ) - ] = 4

*Thos, Ko maxoe € [F60 on [0, = yuloe of [¢%)] =
* Thos |, error bouid inet{uafi'/y states:  |E4[< Ef.'ﬁ';ﬁs = . 2 _ _|_
12 n* [2-¢* 123¢6 Rg
ih Wara(s this Is expfcssrwj the ‘Fﬂ\lc‘f' “Phat The approx:mq-hon From qu‘f' (‘q) {s
o  puore ‘f’lfqn 2,5- vnifs 0{1‘%%"‘! 1¢on4 the acfua/ yq/ue O'P J= J‘Pér)o\x
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(¢) Now suppose you want to make a Trapezoidal Rule approximation of our J = / flz)dx
0

that is sure to be within 10~ of the true value. How many subintervals would you use?
Explain completely; simplify your answer as much as possible.

* Valve 9{? K, Fron part (b): K=R .

- - 3
© We wanf n such et _Ei_g’__)_ < w“'} Por Hhen

1Znt ~

~N

. K -a _
we kwow wed have [E.( < LG < ’Og) which is what we wait.

Zn>
. j-—ne?mf:"f,y we most sole: 33 < ,0—8
1242
102 188 _ 109 |om
hz = — = nza—= = 2o
i ° S W

- Nete Hhat % is not Hself o whole nomber : so we need ary whole

number Iqrjer Hhan %55)- for instarce e could fake {n=%=5@oo! sobivteruals

[:ryl fact n=4l00 is ok‘ar as we"}

(d) Now consider an arbitrary function g(z). How does the graph of g affect whether an
approximation by the Trapezoidal Rule is an overestimate or an underestimate? Fx-

plain why this is so. (It might help to draw a picture, but this alone is not sufficient
justification.)

“The concavi‘fy of 9 atbects the 'rmpezoiau Rule approximation s nofe frow the st
S’:t,’"ch "H’la\"f' f"P 3 1S COnCave &:wn} "ﬂfew’fﬁc noh-PerpendicuIar eafges o‘p the 'fhpezococs

lie below fhe corve &f 9, aprinMq‘h’an is av vnderesiwdafe of acfual avea .
(ire a’:i:m‘x'rmaﬁvrj trapezoids have avea Hhatt efber “less posifive ” o "wiove mgqﬁ'vc ,"
which numerically Sfeaki’nj al\;rqys means “’\?53: than the area ‘”’e)’"‘ ﬂfproximﬁ',j.)

As a’cpicf'aﬂ in The second sketoh , e reverse istroe ,'703 s
he. approximation is an overechwate .

concawe Ue :



2. (15 points) Let h be the function graphed below.

(a) Four students (I, II, IIf, and IV) approximated the area under the graph of A from z = 0
to £ = 2. They all used the same number of subintervals, but they each used a different
method among the ones listed below. Here are their results:

I. 54386  II: 5.70486  III: 5.73442  1V:5.97112

Which result corresponds to which method? Explain.

Method I 11, I11, or IV? Brief reason
For unrpormly fﬂcw,qshj ’Fuud:ons L. Enﬁf' Rie.
Left Endpoint Rule :]: qives lowest possible” underestiwato among these fvles

fFor uanorm!y chaSmj'Pwd‘!onsJ R.Enlot Rule
gwes “ﬁi‘jhesf possible” overest; wafe awovg Fhese fyles.

tm-_- for conc.oln ‘QMC.S tvle gives anoverestimate
ar

Right Endpoint Rule

Midpoint Rule

o acl aveofonl il be gpesterharap.roe, whidh iz hiioest)
s epal 4othe average oF LAR Evolpt: Rileg| =
(Aiso, fir conc.dn. foncs , will be 1SS Hhan widlof] role)

Trapezoidal Rule




(b) Write an expression, involving h evaluated at specific numbers, that represents the Simp-

son’s Rule approximation to the area fo x) dz using n = 8 subintervals.
Frsf Dx = 8 = Have. %=0, %=1 /

%52, %= R,

= A% ; ' .
So, Se= B (hte)+ th) e 2 )+ Al )t Rhix, ) + 4t rahe) + Hhtx) hig)

L L)+ 44 B) 4 90/ '
- ,a(h(o)+‘!i\(ﬁjf"9ﬂx(£)+““("-TJ"LQ“(') A )+ ah(2) *‘/“(Tr?')*"@))

(¢) Suppose you know that for all = on the interval [0, 2],
|A"(z)] <48  and  |R®(z)| < 18000.

Whlch approximation rule, using how many subintervals n, would you use to approximate
fﬂ z) dz to be sure that you are accurate to within 10~ units? Explain completely;
sunphfy your answer as much as possible.

Oher-soloto
[et5 choose. SimEsmq's Rule , and see how any subintervals are rneeded . (can Prsy ohor- \ .3

W’QS ‘this {5 m’y a

Sample /
Negdl {E:S( < IO‘G) and so i we choose n se that KJ(L““) "‘

58'0;1? < A
Dot ] < Sald
we'll have hat [Es' <-]'gW— <0 as desired

By obove we can fake Ky= 18000, Since (5-4)5“ =32 we have.
J

18000,3% ‘

<i0® i
180 - n = 2200 710

&

= nt>3:.90% > 5430 0% ca00. T

So we can ke any even womber greater Hhan 200- Y&
(‘F\or examf:fej ke n=300) since cer'hinfy 5> j@)



) 2 dx
3. (18 = - :
(3116 points) Let J f1 v B Note: Tig ammber s the an o -ﬁm{- From
xal“bﬁza.

(a) Write a sum of numbers that estimates the value of J using the Trapezoidal Rule with
n = 4. (You do not have to simplify this sum.)

z -z-‘—:-;‘-!.. = -‘!'- X Diterval [’,ZJ divided into 4 ports:
) g 4 4 L i
X,

W2

AR
u:%

P 1= f[ﬂ&)*a-f(x.)**ﬂ(x..)fi\%&)*'%‘q)] 1

i Sl - P i WL R &
1} B “%*“%*a]

= L
g[ B -;-:-r g +.§.+%] (or epivalest)

(b) Is the approximation in part (a) an overestimate or an underestimate of the true value of
J?7 Explain. (It might help to draw a picture, but this alone is not sufficient justification.)

fe0 4

J {
A

An)r ‘fmpezai& drawn with +op edjt cmnaﬁuj Fwo pain"‘s 0{\ +he
corve  ye i [ ie., any Frapewid used i e Trapezcidal Aﬁrothr#on]

cwmpmlﬁ‘:]

will have aren larger than the area under the corve , Since the
top e43¢ will alway.r lic above the curve, The peasom for this is

eur /A ,
that  the ve yeik s M‘. “This resvls in aTapezaiJal
awrax‘:m‘f"’au et s alwa'y.«,- am  overestimabe of ::\-,




(c) Calculate the value of the “error bound” associated to the approximation in part (a),
and explain its significance in a sentence. Show all of your reasoning.

/Eﬁqxzeiou error beunol fimha ,6,.‘ £ Ky (L;“‘)z

Rr

Neeo vaoe o K, ) the moc.wloe o (£6) [ on ickral [12] . (Real $0)=1.)

Y A | ” -
8= o o P23, Bt i an mernponer
posttive and J&msh:j on posifive X,
soif:mmr:q‘r'ﬂak#wxcg,
D Kz"" ‘p(')* %‘ .

“Thes the error boowd ylre is ...._.rl_'(b“‘)s - a‘(&'f)z &£ Lt
N T T

octuef -
”kS mems‘"sd"' %Aw’wd“ TWTSGM'“QF”( («) Wim " mmw q"é‘ .

(d) Now suppose you want to make an approximation of J using the Trapezoidal Rule that
is within 10~1 of the true value. How high must you make n? Explain.

We want the error (difference betwoen actial wale ard approx. vl ) Fo
be less thaw ov qml'!b lo“”; this is achieved # we can fiud v sucl

that K, (b-a\ -
| J_ILT\ = |0 lo ) mlanj to Hhe error bound rJle
Solvinq - a-(:z«-f)z o 10
M- IR

&anmlg‘hleaw&nm&r; ord the above is a ron.whle #
| most meke | W? any who ) L
“Thos_ m n‘>-\‘:‘;— (any w k#bﬁzr-"m\ﬁ: "Jo)J

becavse in Hhis case _5‘_'2{;‘%)3 < ]o'.m, onol  then

. 3 -
'Erl $ ﬁéi':-:—) < lo ° which is a fe-s"h"’emd’ O'F "ﬂ'fm
" ’ e Ahat the error must be g0,




1. Consider the first-quadrant region, partially depicted below, which is bounded by the y-axis,
the curve z = 2./, the curve z = (y — 1)?, and the line z = 3 — y,.

(a) Determine the intersection points of the curves. In the fig-
ure, label the appropriate curves and intersection points
with their equations or coordinates.

(3,1 (b) Using any technique you like, find the area of the region.
/ Any integral(s) you use should be justified by the drawing
2l of an appropriate approximating rectangle(s) on the figure

above. (Hint: think about this region in two parts, and
consider each part separately.)

¥ X-0%S
a

@ S@eq\bo\(e,CUTV‘eSf ¢ CU"‘VES X‘&’”J GM( X=3—-}/ im‘ersec’f wL«n

()”“)1“‘ 3-)/)_ So }‘2‘}’*2-’-‘0) le.

(-2(+0 =0, (y=a,-1)
“The Poin‘( _ng cor.'\esPmes o ﬁ_’ By the POWL yE-1 et Jepi‘c‘ﬁeo(‘

e '=Q an = K= N & = - L <
Gmes X \(; d x 3 4 fersect when 26/‘-3-}/) so "/y =‘(5~)/)ZJ
Which means O= y2» 107 +9 _.».-(7,. ) y-ﬁl), Thos yz‘l is o solution, bt yeu gan

~ K + = 1
check that y2q wot . The pint vl comespords 4o x=3

@ A” Curv@s expreSS X in forms 5\0 }() 50 we could cLoose }/ os ovr m‘%?m?liij

Variale ’ r.e. make herizendal slices from y:O fo y=Q. HOWQVGI‘) the slices have

Aigf')'nc‘(‘ be’«avler Jept’mjl;’)j wlﬁ‘er }’Sl or /2[ {5"% QEOV&):

1£ OS.)'\‘”) Sf;'ce_ loas ’enj'H’b x”ﬁ“" - XH.} = aw(;"‘ O = &ff ‘
B I$v$2  slee fa ‘ )
f 3, slice has Ie“\‘}ﬂ\ Xﬁgl\-é‘—)(/epf = 3-—y~ [y~f)z.

2
Thos  Since. Area = Gg(lenjﬂ(y)) ,i,), [ we have

| 2 | 2112
= . 2 4 2 o _
A= S0y + § a0y = %] *(Syﬂ%*(’——z”)], -5
( D0§nj 4 i @]{ with ‘0,,,1 ;n-{-ejm—h;,j variable X s rot moeh easier or- /w?rog’r)
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Math, Al — S,Dr\:'mj 0085 — M’af‘fw‘m # | Solutfions
(18 points)

(a) Set up, but do not evaluate, an integral representing the area of the region bounded by
the curves y = —%3:2 + 5z — 4 and 2y — x = 0. As justification, draw a picture with a
sample slice (i.e., approximating rectangle) labeled.
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(b) Set up an integral representing the volume obtained by rotating the region from part
(a} around the z-axis. Use the disk/washer method; make sure you justify your answer
(draw and label a diagram). Again, don’t evaluate the integral.
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(10 points) Let R be the triangle in the zy-plane whose vertices are the points (0,0), (-1, 2),
and (1,2). Consider the solid formed by rotating R about the line ¥ = 5. Set up an integral
representing the volume of this solid; use the method of cylindrical shells. Justify your answer
by drawing and labelling a picture showing an appropriate slice.
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. (22 points) Let R be the region in the first quadrant of the zy-plane bounded by the curve
y = zv/1 + 22, the z-axis, and the line z = 2.

(a) Consider the three-dimensional solid formed by rotating R about the y-axis. Using
any method you choose, calculate the volume of this solid. Your answer must include
the name or description of the method, plus an appropriately labelled diagram that
corresponds to the setup of your integral. If you use a table entry to evaluate the
integral, be sure to cite which you used.
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(b) Consider the three-dimensional solid formed by building a semicircle atop each vertical
cross-section of R. (In other words, the solid has the region R as its base, and every
cross-section perpendicular to the z-axis is a semicircle.) Set up an integral expression
that represents the volume of this solid, showing all reasoning. You do not have to
evaluate this integral.
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MathR| Spmhj 005 = Midtorm Solotions
(16 points) |

(a) Set up, but do not evaluate, an integral representing the area of the region bounded by
the curve £ = y?+ 1 and the curve z = 3+ 3y —y2. As justification, draw a picture with
~asample slice (i.e., approximating rectangle) labeled.
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(b) Set up an integral representing the volume obtained by rotating the region from part (a)
around the y-axis. Use the washer method, make sure you justify your answer (draw and

label a diagram). Again, don’t evaluate the integral.
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(18 points) The unit circle 2% + y?> = 1 is rotated about the line y = 3, forming a torus (a
doughnut-shaped figure).

(a) Set up, but do not evaluate, an integral representing the volume of this torus using the

washer method. Make sure you Jus iy your answer (draw and label a diagram showing
a sample slice). |
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(b) Set up, but do not evaluate, an integral representing the volume of this torus using
the cylindrical shells method. Again, justify your answer by drawing and labelling an
appropriate picture.
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(c) Now choose one of the integrals from part (a) or (b), and evaluate it to find the volume.
Use whatever integration method you like, but be sure to show all work.
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Ma‘H\ 2 Mlae'('er‘m Solotions — Sppjnj ZOOL/
[ 11.]20 points)

(a) Set up two distinct integrals, each in terms of a single variable, representing the area
between the curve 4z — > = 4 and the line z = 3. For each, draw a picture with a
sample slice (i.e., approximating rectangle) labeled. Don't evaluate either integral.
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(b) Set up an integral representing the volume obtained by rotating the region from part (a)
around the y-axis. Use the washer method; make sure you justify your answer (draw and
label a diagram). Don’t evaluate the integral.
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(20 points) Consider the region R bounded by the curve siny = 1/, the line y = 7/2, and
the y-axis, as shown below.

y=!

(a) Suppose we rotate this region about the line ¥ = —1 to make a solid S. Set up, but do
not evaluate, an integral representing the volume of § using washers. Show all of your
reasoning.
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(b) Set up, but do not evaluate, an integral to find the volume of S using eylindrical shells.
Show all reasoning.
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(c) Now suppose that we form a solid T by constructing a square atop each vertical cross-
section of R. (In other words, the solid T has the region R as its base, and every
cross-section perpendicular to the z-axis is a square.) Set up, but do not evaluate, an
integral to find the volume of 7', showing all reasoning.
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(8 points) A spring is put through various tests in order to determine its properties. It is
found to obey Hooke’s Law, and it is determined that the work required to stretch the spring
from a length of 11cm to a length of 15cm is equal to five times the work required to stretch
the spring from 9cm to 1lcm. What is the natural length of the spring?

(Hooke’s Law states that the force required to hold a spring in a given position is proportional
to the distance that the spring is stretched from its natural length; that is, if z represents this
latter amount, then the force F' = kz for some constant &.)
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(12 points) A 900-foot-long cable that weighs 0.5 lb/ft hangs from the top of a mineshaft that
is only 700 feet deep. At the floor of the shaft, a container of coal weighing 5001b is attached
to the bottom end of the cable {and, note that the bottom 200-foot portion of the cable also

lies piled on the ground). How much work is required to lift the cable, and all the coal, to the
top of the mineshaft?
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16 points) A giant hemispherical bowl, 6 feet in radius, holds muddy water. The bowl is
filled to a depth of 5 feet. Due to the varying levels of mud in the water, the weight density
of the water at a depth of h feet below the water’s surface is 60 4 10h Ib/ft®. Set up, but do
not evaluate, an expression representing the work required to pump all of the muddy water
up to the top of the bowl. Justify your answer completely.
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(20 points) In honor of visiting Prospectives, students design a huge canvas sign, 20 feet wide
and 10 feet tall, that weighs 1/2 Ib. per square foot. They lay the whole sign in a pile on the
ground and haul it up the side of their residence hall, so that the top of the sign is 40 feet
above the ground. How much work do the students do to hang the sign?
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(Ignore the ropes; we'll assume they are massless and therefore require no work.)
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