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(20 points; 2 pages) A certain population of animals is dependent on a seasonally
varying food supply. The rate at which the population grows is proportional to both
the current population size P and to cos (£t); i.e., it is proportional to their product.

(Here t is the time measured in months.)
Suppose the initial relative growth rate (i.e., PP’ when t =0) is ¢ 6 per month, and the
initial population is 1000.

(a) Write a differential equation which models the growth of this population.

From the centence “The vate ot wlidh. ..

e  lewow
P'= Lk Pcog(%:t\ \ b some  coustant.

Stwee ‘%’?l =& ohen  £=0, we lwew
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(b) Suppose the initial population is 1000. Use Euler’s method with h = 3 to estimate
the population after 12 months.

te= G ?o = 1000
— i \
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— (000 + 3~——- (000 cas (@)

— \000 + 2= 1000 = \STO,
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Pq Tso 4+ 3 g 150 cos(%r—)
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= 750.



(c) Solve the differential equation to find an exact expression for the population after
t months.

%% = -}5? C’_@S(:—%'t\
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Q'%‘ db = (L cos(Te)dt

we = & EsalEe -
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\ (d) Find the exact population after 12 months, and compare to the Euler’s method
estimate.

(A:ef\ |

cin(27)

P = (600 ™ = \000¢e°
= 1000.
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@ a) p'_._.._o o | P=1000, oc P=200.

Note: Technically speaking, the value P = 0 is not an equilibrium solution, because this value
actually makes the expression for P’ undefined (look at the last factor). But we’d accept this
as a third equilibrium value, because in the real-world context of modeling population growth, a
population of size zero will continue to stay of size zero as time progresses, and that’s one definition

of equilibrium.
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(15 points) Suppose a population of fish in a lake grows according to a logistic model

with carrying capacity 1000 and initial relative growth rate k = 1/10, but in addition
50 fish are caught per unit time.

(a) Write a differential equation that models the growth of this population of fish
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o Hie last  devwn ¥ st —33
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(b) Suppose the population at time ¢ = 0 is 400. Use Euler’s Method with A = 2 to
estimate the population at time ¢ = 4.
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10.| (15 points) Solve the initial value problem

dy
S =2y, y(0) =5

Show all of your work, with full mathematical justification.

d
2{ = 3y—9\{)/ = y(3"‘aﬂc) ) So b}f Se,oqm‘)(fom o'P VW‘/QUGSJ
'ﬂ‘}[’}f-‘ (3*2'6)0!‘f) anoe

S%h ((34{)4{ . so

ﬂnlyl = 3‘('-{2'—+ C .
% C _2
Thos  lyl= e =Y
J
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y=ee or )/: -gce315 f_
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[ y: 5a3f—f17 is Fhe onﬁ/ solutfion “Ffhe,

T

initialvals problewm .



(12 points) The population of a species of elk on an Alaskan island has been observed to be
closely predicted by a logistic model. The following specific observations have also been made:

e When the elk population was 600, the population was growing at a rate of 20 percent
per year, or 120 elk per year.

e When the population was 800, the growth was 10 percent per year; i.e., 80 elk per year.

Find the carrying capacity of the population, giving complete mathematical justification.

/fﬁé poPula'f' Ton ‘F:Intf‘iou P (‘é ) in ferms a‘p '/’ime_'l‘[in yeqrs) Sc(ﬁ':‘g"e:
- .
4 = kP(-57)
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| N N E:J(e s). alternate P;cs(rh{eim GMJ



AHemm‘e, SOfv‘h'ow ‘ (mam afje‘nfﬂlctwlﬁ/ J'AVO/V‘CO{ Juc, +o more w:lmawn Valwzs)
The Io& istic efuaﬂ"fovx

=3

ap - P
p ) s qerenl solytion

~kt .
Pﬁ‘) N_u_ and  thus P’ﬁ-): NAke - avd E’/ﬂ Ake kt
rhe™ (i+Ae™) Py~ T+AcE

Le€s fake €0 fir fhe time when P=600 ool P'= 20 andl ——-oz

and  some =1 Hfor when P=F00 ad P=g0 and '%"fo.f

Thus 600 = l\_}.. d 03= Ak
’ OTa ™ ORT e md
N ~kT
800 = "kT andl O.l= A&- ,
HAe [+A kT

Combiﬂhj "qu_ '("I"S‘f' “fwo 'E?’UQ'{'(‘QHS we _F"”d ,_Iu__ 600

—
—

Ak 0= 3000
and usmg His fact ‘!‘oae'f‘l:er‘ with +the combination of e Secomol fwo e

us,
we ‘P'\a{ —A%{:ET = 8—:()—Q , e, ekT: 8ooc _  gooo s
O.l N/Ak - 3@0':'—3".
Tt now Hollews +hat  goo= N = A= N
os well as 8'00=—L— s KTy N
2 AT
so thit (3 ) - N _¢ g
500 200 3 .
ie, N

~ 8
300 éoo = "::;""!) so Hhat

AN~N = 600+ (§~1)= 600-£ = 1000 ;.e.[N={OOOefk [




(15 points) Two species, X and Y, compete with each other for the same limited resources.
Their population sizes, z(¢) and y(¢), measured in the thousands and modeled as functions of
time ¢ (in years), obey the following system of differential equations:

dr

E=2:c—:vy,
dy
Em?)y—:ry.

(2) Find the equilibrium solutions of this system. Show your work.
Epilibriog solution is & pair (4 yl)) where bath members are constut fis,
Seo %‘: % =0. So/v}hj
gO'-'&x-xy = x(3y)
0=3f4y = y(3-%) |
we find thit =0 rpoives y=O | and  y<2 reguires x<3. (hovsands)
Thus) the  solytions ~ ave

(b) At time t = 0 suppose z(0) = 2 and y(0) = 4. Find the rates of change of the two
populations at this moment. What will happen in the long run, as t increases? Justify
your answer.
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(T particvlar  Species Y i Jrowing and  species X s dimsnfsh:nj.)
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any 5"""""'3 Sfecies X)E
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"ﬂws/ offor t=0, as Y increases to well above 2. and X decreases o well
below 3, the frond of Y Mcmasinj , X decmcsinj " will conting fo
play out. T+ makes sense fo expect X b die oot ewyrf'ua/fy (or ot feast
declare. Ahat "X approaches O whie Y approaches 0o mathematically) . |
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(18 points) Match the direction fields below with their differential equations, and give your
reasoning. Each field is graphed for —5
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14.| (16 points) Each picture below depicts a few possible solution curves to a differential equation
chosen from the list at the bottom of the page. Match cach equation to its sketch of solutions.
Here a, b, and k are fixed positive constants. The scales on the axes (¢ is horizontal; y is
vertical} have been omitted because they don’t affect the answers.
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Equation

I, I1, 111, or IV

Brief reason — Sqmpfe <

dy/dt = ky

Eywd':'on has ‘iapo;:e»rﬁalwh"—f'audion as San‘Hon)-
f’hl}' TL has & corve. 'ﬁﬁfnj ~this descrigtion,

dy/dt = (a — by)y

“This is the &J\L)Lﬁﬁc efudiom se we. expect sofyfions
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dy/dt = a — by

Ty > Y% , We regoire. slope fa be. neﬂcrhwe) and if y<%)
-i;:r;i :iq:;:rmf be pasifive. Omj; graph L. can fF Hhis

dy/dt = (a — bt)y
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Solvian corve mast he {lat . qraph T appears To fi




15.] (20 points) Match the slope fields below with their differential equations, and give your reasoning.
Here k is a positive constant, and the scales on all axes are the same. (The horizontal variable is
t; the vertical is y.)
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dy/dt = ksiny

/r GraphT has Shpes equal  when Iooh'»j qlo;ﬂ each

L vertical line -- ifs equition wust be independeit of y.

Gmfkﬂ[ has ot least faor lines wlong which all Slape [ines ane O

dy/dt = ktsiny jﬂ: the horiz lines y=T, y=0,y=-T "as Wl as -he vertical line

t=0. This eguation is the amly one. that is zevo g ol Hhese aveas .

Coold dothis last £ arﬂue.lay elimination 5 aHbmd'h‘veI/v netice Hat

dy/dt = ksin(ty) Nnon. Hhe equation is symwetric whew € 4 y are itarchangedt , whidh
roles out all qraphs except T, and skype shookl bo O whent=Q, which

Gmf)k_’l[ has P"’Pe"‘é' that when -f'+)l iz Fixed cen.rl'q-at rbesost]l,
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(20 points) The Millenium Falcon, widely believed to be the fastest spaceship in the galaxy, is
trying to fly past the Death Star without getting pulled in by the Death Star’s powerful tractor

beam. The beam is activated at time ¢ = 0, and the distance x(¢), in kilometers, between the
spaceship and the Death Star after ¢t seconds satisfies the differential equation
dr
i —Tzx(x — 100)(z — 10000).

(a) What is the physical meaning of “equilibrium solution” in this context? Find all equilibrium

solutions.

Since ue?ai//'érium solufion refers o solutions where X (’L‘) is

comsv‘an‘f) this corresponds to sivations where Tthe falcon

Is Mmm"amej o constadt distance Wfr\'om "Hle. Dentls S‘/‘qr (so it

fSMCLL Movfnj ;e s S’f‘nh/mj S‘f’///}

“To Aind e7u}/ibriurv1 Sa/(rf‘zaws/ set  xtt)= A , fhat % = OJ and P{‘fj in .

O=-7A (A—!oo)[A—lom))
\M‘\IC[’\ means that  he passiUe values -f;r A are /;00} and fGO(E (/(m)

(’I’r’)ese ane. the, a’:s‘fances i kM Wl’em ‘Hte FCOn am Mainfam a constait
disTance <rom the Dean"l« S‘l’ar)

(b) For what positive values of z is z increasing? decreasing? Give complete answers

Is f)osrr/'wt WU/ O/me’asmj w/zeu T 5 ﬂejaﬂ"ve

Since x(-é) is fncreasinj wlweh
we must check for whk:k v/ ol
s o s e olficnoon) e or

neaa‘fivc : .
region Slgn of ~ A(x-100)(x-10000))
O< X<100 D-E5-=0

00 < X< lpoao - -a = D

X>10000 @.@,@zG

“Thus x is increas':uj when Ioo<x<10000) avdl deaeq_gmj when 0<X< D0
or Xx>/000D



(c) Predict the fate of the Falcon as t approaches infinity; your answer will likely depend on
the initial distance o = z(0). That is, are there values of xy for which the ship escapes?
Is sucked into the Death Star? Or some other possibility? A complete description should
provide predictions that together cover every possible (positive) value of the initial distance

Zg.
Hem are. +he 00+COMQS .

Xo (Hbmd’ers) Resuft as fime a/oproaclies oo

%= 0 or 100 or 10000 falcon holds s-fead}« atThis distance ’pa;* al €.

0<Xo< 100 falcon s puI/ea( info e Death Star,
100< X,<10000 falcon polls away +o appraach o distiuce of 10000 kun
‘ (Wever 3e‘f‘.s-ﬁ\n'fker)
X,> (0000 Falcan is polled in o a dictence oF 10000 kun (bot

hever Pu”ea( closer).
jafffﬁ\ca‘ﬁaw @S}nj Pa#s@g@) :
The first case is jost the set of 8704'/1'19ﬁum solofions Hrom prt@.

"IF 0<x,<100 Then 5;—<O at t=0 3o the falcon starts be}nj polled jn .
As s distance x decreases | then Since X rewains betwgen O and (00 ;
+he  derivative. % will continve +o he MJA'HW; , and X will cotive o
decreasej thus | the Falcon is polled info the Deith Star as + increqses

"IX 100<%,<I0000 , then >0 at +20, s e faleon will Aejin by
P‘)”"”j away Afrow the Death Star, As its distace X jncreuses apd nears
x=10000, then although the siqn of K will cotine 4o be pasitive.
the size of o = —&(xwm)(x—zoom) will became. spall | Since x—10000
will be small (near 0). Thus Hhe falcon will poll away at a slower and
slower rate. | appwch.i«j (asymp‘l‘q'ﬁcal/y) the eqilibrivm distance. of 10000 km

as - increases .

+ The req.somhj Br %>10000 is anafadaus +o the previous ase, bot -;T‘(’T‘,

will be neqative . Again, £ wil e near O as x nears 10000 so the
p
Palcon slows as i is ,Ou”eae 4o a distance oF X= {0000 km .



(20 points)

(a) The graph of a function ¥y = y(x) in the zy-plane has the property that the slope of the
curve at each point is proportional to the y-coordinate of that point. Moreover, the curve
passes through the point (4, —9), and the value of the second derivative of the function at
this point is —1. Find the function (or family of functions) with these properties.

Vo) afishes: Y =ky
)= -9
y )= -

J

: K
“The Senera’ solvtion To the differentiol efm‘iovz is )/(x)= Ce "
Which means that }/’[x): Cke_kx and
Y[I[X) = Ckzekx.
Thos the intial conditions give
—9=yl4) = Ce®?
"/ = y"'[l[): Ckaek“/.
/ﬁ‘eV’C‘POPe _’__OLA Ce.“"’ [

=1 T Rk T kR

% are the oné/ fwo So[trh'm, cores.



(b) Find the general solution y(t) to

dy 1
=2 — —(10 — 3y)(1 .
= 10( 0 — 3y)(10 + 3y)

(Hint: an integral table may be helpful, but it can be avoided by instead showing that the
function P(t) = 10 + 3y(t) satisfies a certain Logistic differential equation involving dP/dt.)

TP PU)=10+3pf) | Hhen sa/whj for y gives  ylt)= ép@)_ég,

/ﬂlUS ;0%_:: —é—gg , andl

lo-3y = /0,3(59,%{) = Q0-FP, whle

IO+3y= r
Ao difforential e7wrf‘v'on ;4&! = -‘—:—)-(10’3y)(10+3y) thys  becowes
T% = wlwor)- P, or
4P
7%= 6 P( I-£).

This is a L’jishc efva‘fion with M=20 avd k=6  so fhe solufion is

R0
PR) = I+Ae’eé or Pﬁ‘)“"o , in ferms opy +his means
=4 - 19 _ [ L 20 10 . ;
Y({) SP{) E) - 3 ‘m ""3’“ " (Alsan/cons'favt'f‘)

= =
| e y=-19.

~




AHarde  solution 4 part () ) Usinj Separdhion P varebles £ inf;;oam%'ani

A
g e/ S g‘,ai.. { = A.(. C and  Net-hand sids fepuiee s F“"ﬁai ‘(r\acf;‘awi

(!0»3’7}/1087)
23 ('0‘3;)[%3) ) m/—Ag\; + ;Z%v , theaI= Afioe3,) + Bf10-3,) < ({OAHOB)-r(BA—ZB))/)
o 38R0, 8 pped
A+I08 = | AtB=5
Thus &(m‘_—;z(;;g—;) 2 g% %é%’;),l ﬂ{ms,,]+ fn{i%y{ = L1 /%[
We j@f G—:;)?M ,S’S% = i;f”r C Lo solving for ¥ yhelels
| “%i% . 6t Beef R
S Be” Ay B0 () il gt

‘0"'37' = (iO "gy)"g-e,& = ?OB@_& "(3 BQG{-)}/ . se
((3+38e%) = 108" - 10 and

0B 1)

>
3 Be +i)

(E‘H&oj,_

Since s’zpa'«#;ém o varbles con miss egoi lifrivm $a/u‘hémsJ we a”fﬁvonld}z wte thet

0( - : :!Q , _JQ ss ave  Hwo Oﬂe So/tf;)‘cx/ts,
J{Z»O me/peS y < or ¥= =, ° These r

Op we. note thot the case R=z0 covers fhe  selufion Y"’@ “[M“"’é// e a

f

complefe selron is described by : io Be -
AN , Bt
-*
(This is a Igebra‘:cqﬂy et;vuiv;a/enf Fo the er
frest solofion ; e Simf/r'/}m‘fic«n is y[{) = é‘z

needed b@}/omo( +this )




(15 points) On a strange tropical island, two native species, the mattababy and the henway,
participate in a very predictable relationship. The mattababy population is described over time
by a function z(t), where t is measured in days; the henway population is described by a function
y(t). Naturalists coming to the island observe that the rates of growth of the two species are
given by the equations

d
-El% = —4x + 0.02zy
ay

(a) Is the relationship between the two species one of mutual competition, mutual cooperation,
or predator-prey (and if the latter case, which plays which role)? Justify your answer by
explaining how the equations show what effect each species has on the other.

Tt presense ot y=O Lomuays | e mathbuby popolakon obeys 2 %=ty
which is exponetial decay. But with a positive ¥, the growth rate s
miftbabies (45) increases duc 4o the "002y," ferm . Thos lonuays hae
a postlive dHfect on e mathababy growth rute.  Similerly, the

u+0'01xy o +erM
in He her\m)/ 3murflq rafe. i‘{ imdicates that mattababies have a pesifive e‘FPed'

on Lw;hways I+ follows "H)q‘f This is a m/ar[’,o,.s},,f, of mtual poopem-ha"

(b) Find all equilibrium solutions to the above system. Show your work.

Eyui{fém’um solufions  when 5%’ :’é{—_—o) Se

o= —‘Ix+oo;z><y—— - 4x (1 - ooay) and

0= "3)/+OOIX)/ = -3),(,—. _0_.3ch) _
h — 0.02 :
Ihvs  X=0 or |- G /=0 el X=0 o y=200. I x=0
/
then we must have O—‘-?y('“ ) -3y so y=0.

TIF instead y=200 Hhen e = 0.01
A O="3-200-(1-201, so X=300.

Thos the. solutions upe !(XJ}’)"" ("JO) ’ and @y) = (300, aoo)—f,




