Math 41 - Fall 2006 — Findl Exam Solutions

‘1. (15 points) Evaluate each of the following limits, showing all reasoning.
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2. (15 points) Differentiate, using any method you choose. You do not have to simplify your
answers.
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. (24 points) Evaluate each of the following integrals, showing all reasoning.
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4. (8 points) The rate at which the world’s oil is being consumed, measured in billions of barrels
per year, is given by the function r(¢), where ¢ is measured in years and ¢t = 0 represents
January 1, 2000:

r(t) = 32¢%0%

(a) Calculate fosr(t) dt. (There is no need to simplify your answer.)
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(b) What are the units of your answer to part (a)? Write a sentence interpreting the quantity
you found as something having to do with oil.
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5. (8 points) A cocktail glass has a cone-shaped bowl that contains a tropical drink. The drink
is being sipped through a straw at the rate of 5 cm®/min. If the cone is 8 cm tall with a radius
of 6 cm at the top, how quickly is the level of liquid dropping when the level is 4 cm? (You
should ignore any role played by the straw’s negligible volume.)
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6. (15 points) Sketch the graph of a function f with all of the following properties:

e f(z) is continuous on its entire domain, which is all z except z = 2.

e lim f(z)=—ocoand lim f(z)=3.

o liny f() = .

e f'(x) is continuous at all z except £ = —1, z =2, and z = 5.

e f'(z)>0forz < —1andfor 0 <z < 2and for 4 <z <5 and for z > 5.
o fi(z)<0for —1<z<0andfor2<z<4.

e lim f'(z)=3and m£E+ f(z) = -3.
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o HIIE_I) f'(z) = oo.

o f"(z) >0for -4 <z < —1and for -1 <z <2andfor 2 <z <5
o f"(z) <0 for z < —4 and for z > 5.

o f(=4)=—1, f(-1) =4, f(0) =2, f(4) = =2, and f(5) = 0.
Label all horizontal and vertical asymptotes, local extrema, and inflection points.
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(a) On the axes below, sketch a graph of f over the domain [0, 2], and then draw the approx-
imating rectangles that are used to estimate the area under the curve (and above the
y-axis) between z = 0 and = = 2 according to the Midpoint Rule; use n = 4 rectangles.
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(b) Write an expression involving only numbers that represents the ares estimate using these
rectangles. (You do not have to expand or simplify the expression!)
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(c) Find the exact area of the same region by evaluating the limit of a Riemann sum that uses
the Right Endpoint Rule. (That is, do not use the Fundamental Theorem of Calculus.)
Show all reasoning. .
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8. (7 points) Put the following quantities in increasing order (from smallest number to largest).
You do not need to justify your answer.
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9. (10 points)
(a) Verify the following indefinite integral expression by differentiating.
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(b) Use the above formula to compute the area of a semicircle of radius 1, centered at the
origin. Show all steps in your calculation.
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10. (5 points) Find a function g(z) such that the graph of F(z) = / g(t) dt is the graph below.
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11. (15 points) Let s(t) be the position, in meters, at time ¢ seconds of a particle moving along a
coordinate axis, and suppose the position at time 0 is 1 m (i.e., s(0) =1 m).

As usual, we write v(t) for the velocity function (in meters per second). Suppose the graph
of the wvelocity function v(t) is shown below:
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Use the information above to answer the following questions. Give reasons for your answers.

(a) What is the particle’s velocity at time ¢ = 57

8)/'({46 Smpl'\ a/oove) \/(5):;2 "

(b) Is the acceleration of the particle atl time ¢ = 5 positive or negative?
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(c) What is the particle’s position at time ¢ = 37
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For easy reference, here again is the graph of the velocity function:
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(d) At what time during the first 9 seconds does s have its largest value?
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(f) When is the particle moving toward the origin? Away from the origin?
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12. (8 points) Suppose that we don’t have a formula for h(z), but we know that
h(3)=—6 and R'(z)= V17 — z2 for all .
(a) Use a linear approximation to estimate h(2.99) and h(3.02).
We vse the lmear approximation of x=3 i spce W) =€ mnd
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the leareation of | of R LK)= -6+ Q{X‘Z) ‘

Tos,  h247)% L(3.99) = -6-2(290-3) = ~6+2(-001) = ~6ox .

wd  h(3.02)= L(3.02) = ~g+a(3032-3) = -6+ 2(0.08)= 595

(b) Are your estimates in part (a) too large or too small? Explain.
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13. (5 points) Mark each statement below as true or false by circling T or F. No justification is
necessary.

T @ If ¢ is a critical number of a function f and also f”(c) = 0, then by the Second
Derivative Test, it follows that f achieves neither a local maximum nor a local
minimum at x = c.

¢,
+ ) =0  means fest is mamclusive .

L S,

T @ The absolute maximum value of a continuous function f(z) defined on a closed
interval [a,b] can only be realized at an endpoint (z = a or z = b) or at a
point where the graph of f has a horizontal tangent.

Avcther potential loackion for abs.mox : any place wheve € is
ron-JiCore,ti able

@ F If h is continuous, decreasing, and concave down for all z, then h(z) must be
negative for some sufficiently large value of x.
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T @ A recommended initial “guess” when using Newton’s method to solve the equation
f(z) = 0is an z; such that f'(z;) is very close to zero.
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