Math 220A - Fall 2002

Homework 5
Due Friday, Nov. 1, 2002

1. Consider the initial-value problem for the hyperbolic equation

Upr + Ut — 20Uz = 0 —oco<zT<oo,t>0
u(z,0) = ¢(x)

Use energy methods to show that the domain of dependence of the solution u at the
point (g, t) is the cone {(x,t) € R? : ¢t > 0,29 — 5(tg — t) < x < wg + 4(to — )}

2. Use energy methods to prove uniqueness of solutions to

U + Uy — 20Uy, = f(x,t)  —o00 <2 < o0,t>0
u(x,0) = é(z)
u(w,0) = ()

assuming that ¢ and ¢ have compact support.

3. Consider the initial-value problem for the following hyperbolic equation,

rugy — V- (pVu)+qu=F 2z €R" t>0
u(z,0) = ¢(x)
u(z,0) =Y (x)

where r(z), p(z) are positive and ¢(x) is non-negative. Use energy methods to prove
uniqueness of solutions to this problem.

4. Use Duhamel’s principle to derive formulas for the solutions of the following initial
value problems.

(a)
u + au, = f(x,t)
u(z,0) = ¢(x)
i. First find the solution operator S(t) associated with the homogeneous equa-
tion.
ii. Use S(t) to derive the solution of the inhomogeneous equation.
(b)
Upt + Uzp — 20Uz, = f(l', t)
(%)  u(z,0) = ¢(x)
u(z,0) = (x)



i. Write the equation as a system

U+ AU = F
U0) = o

ii. Find the solution operator S(t) associated with the homogeneous system
:
U0) =P = .
0-o=
iii. Use the solution operator S(¢) to find the solution of the inhomogeneous
system, and use this to find the solution of (*).

5. Use Green’s Theorem to derive the solution of the inhomogeneous wave equation on
the half-line,

Ugp — CPUge = f(,1) 0<a< oo
u(z,0) = ¢(x) 0<z<oo
u(x,0) = P(x) 0<z<o0
u(0,t) = h(t),

where we assume ¢(0) = ¢(0) = h(0) = 0.



