Math 220A
Practice Midterm Solutions - Fall 2002

1. Classify the following in terms of degree of nonlinearity:

(a) u; + e'u, = x? Answer: quasilinear
(b) u; + 2*u, = €* Answer: semilinear
(c) #3u; +u2 =1 Answer: fully nonlinear
(d) u; + 23u, = sin(z?) Answer: linear

2

(€) ugt + [“7} = cos(u;) Answer: semilinear

2. Find the unique weak solution of

ug +uu, =0
{u<x,0>=¢<x>
where
2 z <0
plxr) =41 0<z<l
0 z>1

which satisfies the entropy condition.

Answer: The characteristic ODE are given by

( dt

— =1 t(r,0) =0
ds (T, )

d

d_gsC:Z z(r,0) =r
dz

\%:0 z(r,0) = é(r)

which implies the projected characteristics are given by =z = ¢(r)t + r. For r < 0,
our projected characteristics are given by x = 2t +r. For 0 < r < 1, our projected
characteristics are given by x = ¢t + r. For r > 1, our projected characteristics are
given by xz = r.
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1 = X
1
Therefore, we need to put in two shock curves.
First, between v~ = 2 and u™ = 1, our shock curve x = & (t) needs to satisfy
2 2
! u= —ut 2—-1 2
In addition, this curve needs to pass through the point (0,0). Therefore, & (t) = %t.
Second, between v~ = 1 and u™ = 0, we need the shock curve x = &(t) to satisfy

€(t) = f)—f) _5-% _1

In addition, this curve needs to pass through the point (1,0). Therefore, &(t) = 2

Therefore, our solution is given by
( 3
2 < =t
9
3 1
)=491 = —t+1
u(z,t) 2t <x< 275 +
1
—t+ 1.
\ 0 > 5 +
t
1 - X=3t/2
u=2 X=t/2+1
=1 u=0
f X
1

However, at t = 1, the two shock curves intersect. Therefore, the above solution is
only valid for 0 < ¢ < 1. Consequently, we need to define a new shock curve x = £3(t)



starting from the point (3/2,1) which satisfies the Rankine-Hugoniot jump condition
where u~ = 2 and ut = 0. That is,

u) — flut 2 _ 0
=TI 55

u~ —ut

Therefore, &(t) =t + 1.

In summary, for our solution is given by

3
2 < =t

!

3 1

u(z,t) =14 1 §t<x<§t+1

1

0 z>-t+1.
\ 2

While for , our solution is given by

1
2 <t+-
T —l—2

1
0 >t4 —
T +2

u(z,t) =

X=t+1/2

1 - X=3t/2
u=2 X=t/2+1

f = X

3. Solve
U + Ui =0
u(z,0) = —2*
Find the time T for which |u| — 400 ast — T.

Answer: Writing our equation as F(z,t, z,p, q) = p? + ¢, our characteristic ODE are



given by

(%:217 z(r,0) =r
% =1 t(r,0) =0
% = p? z(r,0) = —r?
% =0 p(r,0)=-2r
\ % =0 q(r,0) = —4r%.

Note the initial conditions for p and ¢, denoted p(r,0) = ¢ (r) and q(r,0) = a(r)
come from the two equations

Y2+ Py =0
¢’ =1y + 1o

Now solving this system of ODEs, we have

(2= —drs+r
t=s

2z =dr’s —r?
p=—2r

q = —4r?

\

Solving for r and s in terms of x and ¢, we have

uz,t) :4(1f4t)2t_ (1f4t)2'

The solution is finite up until 7' = 1/4.

. Solve
{ux—l—xuy—élu:()

u(l,y) =y

Answer: Our characteristic ODE are given by

(d

d—“z:1 2(r,0) = 1
d

d—iZ:x y(T,O):T
dz 9
\£_4z z(r,0) =r°.



Solving the characteristic ODE, we have

r=s+1
y =524+ s+
2 = rlets,

Solving for r and s in terms of x and y, we see our solution is given by

_1)2 2
. Find the unique weak solution of
w4+ ulu, =0
u(z,0) = ¢(x)
where
0 <0
plr) =41 0<z<2

0 T > 2

which satisfies the Oleinik entropy condition.

Answer: As in problem 2, the projected characteristics are given by z = ¢(r)t + r.
For r < 0, ¢(r) = 0 implies the proj. chars. are given by z = r for r < 0. For
0 <r <2, ¢(r) =1 implies the proj. chars. are given by x =t + r for 0 < r < 2. For
r > 1, ¢(r) = 1 implies the proj. chars. are given by = = r for r > 2.

t

!

We put in a rarefaction wave in the open wedge and introduce a shock curve where the
projected characteristics cross. The rarefaction wave is given by G(z/t) = (f') ! (z/t) =
vz /t. The shock curve x = & (t) must satisfy the R-H jump condition,

o f) = fwt) B9 1
&) = u- —ut B 31—03 )

Notice that the Oleinik entropy condition is satisfied because the chord connecting
(u=, f(u™)) =(1,1/3) and (u™, f(u')) = (0,0) lies above the graph of the function f.
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Combining the rarefaction wave and shock curve defined above, we see our solution is
given by
(0 <0

xr
\/; O<x<t

u(z,t) = 1
1 t<$<§t+2

1
0 > —t+2
T3

\

Now at t = 3, the rarefaction wave hits the shock curve. Therefore, we need to
introduce a new shock curve. The new shock curve z = &£(¢) must satisfy

fé(t): u- — ut = \/%_O :g'

In addition, this curve must pass through the point (x,t) = (3, 3). Therefore, this curve
is given by x = (9¢)1/3. Again, notice that the Oleinik entropy condition is satisfied
along this shock curve.

In summary, our solution is given as follows. For ,

(0 =<0

xr
\/; O<ax<t

u(z,t) = 1
1 t<x< §t +2
0 1t 2
\ T > g +
While for , our solution is given by
0 <0
u(z,t) = % 0<z< (9)/3
0 > (9)Y3




6. Let f,g be C* functions. Consider the initial value problem

(a)

[g(w)]s + [f(u)], =0
U(ZL’, 0) = QZS(CL’)

Give a definition for a strong solution of this initial value problem.

Answer: We say u is a strong solution of the initial-value problem above if u is a
continuously differentiable function which satisfies the equation [g(u)];+[f(u)]. =
0 at each point (z,t) and u(x,0) = ¢(z).

Give a definition for a weak solution of this initial value problem.

Answer: We say u is a weak solution of the initial-value problem above if u
satisfies

o0

/ / Wy + f(w)vy] dmdt+/oog(qb(x))v(x,0)dx:0

for all smooth functions v with compact support.

Prove that any strong solution is in fact a weak solution.

Answer: If u is strong, then

[g(w)]; + [f ()]s = 0.

Now multiplying this equation by a smooth function v with compact support and
integrating over R X [0, 00), we have

//{ [f(w)]o} v dadt = 0.



Integrating by parts, we have

t=00

/ / Utd:):dt—l—/j;g(u)vdx .
—/OOO/::f(u)vxdzcdt—l—/Ooof(u)vdt i

=00
T=—00

=0.

Using the fact that v has compact support, three of the boundary terms vanish.
Therefore, we are left with

[ o+ s dwdt~ [ g(t@nuta0)de =0,

oo

as desired.

(a) Find the general solution of
U + 2Uge — SUyy = 0.
Answer: We rewrite our equation as
(O + 30:)(0y — Op)u = 0.

Then we introduce new variables &, such that

(95 = 8t + 3855
Oy = Oy — 0.
Therefore,
£= e +0)
1
n = _4_1($ — 3t).

With this change of variables, we have
Ugy = 0.

Therefore, the general solution is given by

u(x,t) = f(x +1t) + g(x — 3t).

(b) Find the solution of the initial-value problem,

Ugt + 2Upy — Uz = 0
u(z,0) = ¢(z)
w(z,0) = (x).
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Answer: Our general solution is given by
u(x,t) = f(x +1t) + gz — 3t).
We want

w(@,0) = f(z) +g(x) = o(z)
uy(x,0) = f'(z) = 3¢ (z) = (x).

Solving these equations for f and g, we arrive at the following solution for our
initial-value problem,

u(x,t) =

3
4¢(93+t)—|— ¢$—3t / U(y




