MATH 210B
ASSIGNMENT 7

(Due Friday, March )

1.  Suppose I = Q1(Q2(…(Qr is an irredundant primary decomposition of an ideal I in a commutative ring A.  (Irredundant means that the radicals Pj = (Qj are distinct prime ideals and no Qj contains the intersection of all the other Q’s.)  Show that every prime P that is minimal over I must occur as one of the Pj.  If Pj is minimal over I, show that the corresponding primary component Qj = {a ( A | as ( I for some s ( Pj}.

(This result shows that the primary components associated to the primes that are minimal over I are, in fact, uniquely determined by I.  It turns out that the set of prime ideals {Pj} which occur as radicals of the primary ideals in an irredundant primary decomposition of I is also uniquely determined by I, as the next two problems show.)

2(i).  If Q is a primary ideal in a commutative ring A and c ( Q, then ((Q:c) = (Q and (Q:c) is primary.  If c ( Q then (Q:c) = A.

(ii).  If I = Q1 ( Q2 ( ( ( Qr is an irredundant primary decomposition of an ideal I in a commutative ring A, prove that a prime ideal P ( A is the radical of one of the Qj if and only if for some c ( A the ideal (I:c) is

P-primary.

3.  There is a refinement of Problem 2(ii) in the Noetherian case.  If A is Noetherian and  I = Q1 ( … ( Qr is an irredundant primary decomposition of an ideal I ( A, show that a prime ideal P ( A is the radical of one of the Qj if and only if P = (I:c) for some c ( A.

4.  Suppose A is a Noetherian integral domain in which every non-zero prime ideal is maximal.  Show that every non-zero ideal can be expressed uniquely as a product of primary ideals with distinct radicals.  

The next six problems are from Lang.

5.  Chapter IX, Problem 3

6.  Chapter IX, Problem 14

7.  Chapter IX, Problem 15

8.  Chapter IX, Problem 18

9.  Chapter X, Problem 10

10.  Chapter X, Problem 15

[There is a slight error in the hint.  J is contained in Ar, not A, so J ( p makes no sense.]

HINTS:

1.  Take s in the intersection of the other Q’s but not in Pj.

2.  Write (I:c) and ((I:c) as intersections.  For one direction, take c ( Qj but c ( Qi for all i ( j.

3.  Take P = Pi = ((I:c) with c as in the hint for Problem 2.  Choose m least so that Pm ( (I:c) and choose x ( Pm-1 but xc ( I.  What is (I:xc)?

4.  This just combines what you know about primary decomposition with some facts about comaximal ideals that arise in the Chinese Remainder Theorem.

