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1 Borel Regular Measures

Recall that a Borel measure on a topological space X is a measure defined on
the collection of Borel sets, and an outer measure 1 on X is said to be a Borel-
regular outer measure if all Borel sets are p-measurable and if for each subset
A C X there is a Borel set B O A such that u(B) = u(A4). (Notice that this
does not imply j1(B\ A) = 0 unless A4 is u-measurable and pu(A4) < 00.) Also if
v is a Borel measure on X, then we get a Borel regular outer measure 1 on X
by defining 4(Y) = infv(B) where the inf is taken over all Borel sets B with
B D Y, and this outer measure u coincides with v on all the Borel sets. (See

Q.1 of hw2.)

Also, if u is a Borel regular outer measure on X and if A C X is u-measurable
with u(A) < oo, then we claim p L A4 is also Borel regular. Here L A is the
outer measure on X defined by
(R A)(Y) =p(ANnY).

To check this claim first observe that if E is u-measurable and ¥ C X is
arbitrary then (uL A)(Y) = p(ANY)=pu(ANYNE)+u(ANY\E) =
(LAY NE)+ (pn A)(Y \ E), hence E is also (1L A)-measurable. In
particular all Borel sets are (i L A)-measurable, so it remains to prove that for
each Y C X there is a Borel set B D Y with (uL A4)(B) = (nL A)(Y). To
prove this, first use the Borel regularity of y and the fact that A is measurable
of finite measure to pick Borel sets B D Y N A and B, D A with u(By) =
w(Y N A) and u(Bs \ A) = 0, and then pick a Borel set B3 D B> \ A with
w(B3) =0. ThenY € By U (X \ A) C By U (X \ B;) U B3 (which is a Borel
set)and (u L A)(Y) < (L A)(B1U(X\B2)UB3) = u((ANB;)U(ANB;)) <
w(Br) =pu(Y NA) = (pLA)(Y).
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We now state and prove an important regularity property of Borel regular
outer measures:

1.1 Theorem. Suppose X is a topological space with the property that every closed
subset of X is the countable intersection of open sets (this trivially holds e.g. if X is
a metric space), suppose w is a Borel-regular outer measure on X, and suppose that
X = UR,V;, where u(V;) < o0 and Vj is open for each j = 1,2, ... Then

(1) n(A) = UopiﬁfU;A“(U)

for each subset A C X, and

(2) pw(d)=sup  u(C)
C closed,CCA

for each -measurable subset A C X.

1.2 Remark: In case X is a locally compact separable metric space (thus for
each x € X there is p > 0 such that the closed ball B,(x) = {y € X : d(x,y) <
p} is compact, and X has a countable dense subset), the condition X = U, V;
with V; open and (V) < oo is automatically satisfied provided n(K) < oo for
each compact K. Furthermore in this case we have from (2) above that

w(d)= sup  p(K)
K compact, KCA

for each pu-measurable subset A € K with u(A) < oo, because under the above
conditions on X any closed set C can be written C = U2 K;, K; compact.

Proof of 1.1. We assume first that 4(X) < oco. By Borel regularity of p, for
any given A C X we can select a Borel set B O A with u(B) = u(A), so it
clearly suflices to check (1) in the special case when 4 is a Borel set. Now let

A = { Borel sets 4 : (1) holds}.

Trivially A contains all open sets and one readily checks that 4 is closed under
both countable unions and intersections, as follows:

If Ay, A,... € A then for any given ¢ > 0 there are open Uy, U,, ... with
Ui D Aj and n(U; \ 4;) < 277¢. Now one easily checks U;U; \ (UgAg) C
Uj(U; \ A;) and N;U; \ (NkAx) C U;(U; \ Aj) so by subadditivity we have
1(U52, U \ (UgAx)) < e and limy—oo (NN, U5 \ (MieAr)) = (M52, U5 \
(NkAx)) < &, so both Ug Ax and N Ay are in A as claimed.

In particular A must also contain the closed sets, because any closed set in X
can be written as a countable intersection of open sets and all the open sets
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are in A. Thusif welet A = {4 e A : X\ A e A} then A is a o-algebra
containing all the closed sets, and hence A contains all the Borel sets. Thus A
contains all the Borel sets and (1) is proved in case u(X) < co.

To check (2) in case u(X) < oo we can just apply (1) to X \ A: thus for
eachi = 1,2,... thereis an open set U; D X \ A with u(X) — p(A4) +1/i =
W(X\A)+1/i > u(U;) = p(X)—p(Ci), where C; = X\U; € X\(X\4) = A.
Thus C; C A is closed and u(C;) > u(A) —1/i.

In case pu(X) = oo, to prove (1) we first take a Borel set B with u(B) = u(A)
and then apply the above result for finite measures to the Borel regular measure
wlV;, j = 1,2,..., thus obtaining, for given ¢ > 0, open U; D B with
(WL V;)(U;\ B) < €27/ and hence 1 (U; N V; \ B) < &2/ and by subadditivity
this gives

W(UU; N V) \ B) <.

Since U(U; N V}) is an open set containing B (hence A), this is the required
result.

Similarly to check (2) in case u(X) = oo, we apply (2) for the finite measure
case to the Borel regular measure u LV}, giving closed C; C X such that
C; C Aand (uLV;)(A\C;) < &27/ foreach j = 1,2,...,and hence u(ANV;\
U2 Cx) < €27/, so by subadditivity and the fact that UV; = X we have (A \
(U2, Ck)) < e and hence p(A4) < n(U, Cr) + & = limy oo (UN_, Ci) +&.
Since UN_ Cy is closed for each N this is the required result. O

Using the above lemma we now prove Lusin’s Theorem:

1.3 Theorem (Lusin’s Theorem.) Let ju be a Borel regular outer measure on a
topological space X having the property that every closed set can be expressed as the
countable intersection of open sets (e.g. X is a metric space), let A be u-measurable
with w(A) < oo, and let f : A — R be p-measurable. Then for each ¢ > 0 there is
a closed set C C X withC C A, u(A\ C) < &, and f|C continuous.

Proof: Foreachi =1,2,...and j =0, £1,42,... let
Ay = UG = D/i /]
sothat 4;;, j = 1,2,..,are p.w.d. sets in A and U ___A4;; = A.

Jj=—00
By the remarks preceding Theorem 1.1 we know that L A4 is a Borel regular
outer measure and since it is finite we can apply Theorem 1.1 to it, and hence
for given & > 0 there are closed sets C;; in X with C;; C A;; with (uL A4)(4;;\
Cij) = u(Aij \ Cij) < 27711171g, hence p(Aij \ (U2 _ Cie)) < 27 71/171¢ and
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hence

WA\ (U o Ci)) <27
so foreachi = 1,2, ... there is a positive integer J (i) such that

w(A\ (Uj127)Ci)) <276
Since A\ (ﬂ;?il (U|j‘51(l')cij)) = U?il (A \ (U|j|51(,-)C,-j) (by De Morgan), this
implies

n(A\C) <e,

where C = N2, (U)ji<s(i)Cij) is a closed subset of A.
Now define g; : U)jj<s)Cij — R by setting g;(x) = (j —1)/i on Cyj, | j| <
J(i). Then g; is clearly continuous and its restriction to C is continuous for
each i; furthermore by construction 0 < f(x) — g;(x) < 1/i foreachx € C

andeachi = 1,2,..., so that g;|C converges uniformly to f|C on C and hence
f|C 1s continuous. O

2 Radon Measures, Representation Theorem

In this section we work mainly in locally compact Hausdorff spaces, and for
the reader’s convenience we recall some basic definitions and preliminary topo-
logical results for such spaces.

Recall that a topological space is said to be Hausdorff if it has the property that
for every pair of distinct points x, y € X there are open sets U, V with x € U,
y € Vand U NV = . In such a space all compact sets are automatically closed,
the proof of which is as follows: observe that if x ¢ K then for each y € K we
can (by definition of Hausdorff space) pick open Uy, V, with x € Uy, y € V,
and U, NV, = @. By compactness of K there is a finite set yy, .. ., yN € K with
K c UM V.. But then NY_, U, is an open set containing x which is disjoint
from U; V. and hence disjoint from K, so that K is closed as claimed. In fact
we proved a bit more: that for each x ¢ K there are disjoint open sets U, V
with x € U and K C V. Then if L is another compact set disjoint from K we
can repeat this for each x € L thus obtaining disjoint open Uy, Vy with x € Uy
and K C Vy, and then compactness of L implies Jx, ..., xy € L such that
L c UM Uy, and then UM Uy, and N,V are disjoint open sets containing
L and K respectively. By a simple inductive argument (left as an exercise) we
can extend this to finite pairwise disjoint unions of compact subsets:

2.1 Lemma. Let X be a Hausdorff space and K, ..., Kn be pairwise disjoint
compact subsets of X. Then there are pairwise disjoint open subsets Uy, . . ., Uy
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with K; C Uj foreach j =1,...,N.
Notice in particular that we have the following corollary of Lemma 2.1:

2.2 Corollary. A compact Hausdorff space is normal: i.e. given closed disjoint
subsets K1, Ky of a compact Hausdorff space, we can find disjoint open Uy, U,
with K; C Uj for j = 1,2.

Most of the rest of the discussion here takes place in locally compact Hausdorft
space: A space X is said to be locally compact if for each x € X there is a
neighborhood U, of x such that the closure U of Uy is compact.

An important preliminary lemma in such spaces is:

2.3 Lemma. If X is a locally compact Hausdorff space and V' is a nhd. of a point
x, then there is a nbhd. Uy, of x such that U . is a compact subset of V.

Proof: First pick a neighborhood Uy of x such that Uy is compact and define
W = Uyn V. Then W is compact and hence so is the closed subset W \ W.
Then W \ W and {x} are disjoint compact sets so by Lemma 2.1 we can find
disjoint open Uy, U, with x € U; and W \ W C U,. Without loss of generality
we can assume U; C W (otherwise replace U; by Uy N W). Then U, C
X\Uy, c X\ (W\ W) and hence U; ¢ W. Thus the lemma is proved with
u,.=U,. 0O

Remark: In locally compact Hausdorft space, using Lemmas 2.1 and 2.3 it is
easy to check that we can select the U; in Lemma 2.1 above to have compact
pairwise disjoint closures.

The following lemma is a version of the Urysohn lemma valid in locally com-
pact Hausdorff space:

2.4 Lemma. Let X be a locally compact Hausdorff space, K C X compact, and
K C W, W open. Then there isan open V > K withV C W, V compact, and an
[ X = [0,1] with f = 1 in a neighborhood of K and spt f C V.

Proof: By Lemma 2.3 each x € K has a neighborhood U, with U, ¢ W
and U, compact. Then by compactness of K we have K C V = UV Uy,
for some finite collection xi, ..., xy € Kand V = UJNZIUX_/. c W. Now V
is compact, so by Corollary 2.2 it is a normal space and the Urysohn lemma
can be applied to give fo : V — [0,1] with fo = 1 on K and and f; = 0 on
V\ V. Then of course the function f; defined by fi = foonV and f; =0on
X \ V is continuous (check!) because f|V is continuous and f is identically
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zero (the value of f]X \ V) on the overlap set V\ V =V n (X \ V). Finally
we let /= 2min{f1,3} and observe that f is then identically 1 in the set
where fi > 1, which is an open set containing K, and f evidently has all the
remaining stated properties. [

The following corollary of Lemma 2.4 is important:

2.5 Corollary (Partition of Unity.) If X is a locally compact Hausdorff space,
K C X s compact, and if Uy, ..., Uy is any open cover for K, then there exist
continunous ¢; : X — [0, 1] such that spty; is a compact subset of U; for each j,
and Z,N=1‘/’j = 1 in a neighborhood of K.

Proof: By Lemma 2.3, for each x € K thereisa j € {1,..., N} and a neigh-
borhood Uy, of x such that U, is a compact subset of this U;. By compactness
of K we have finitely many of these neighborhoods, say Uy,,..., Uy, with
K c UN Uy,. Then foreach j = 1,..., N we define V; to be the union of
all Uy, such that Uy, C U;. Then the V; is a compact subset of U; for each
Jj» and the V; cover K. So by Lemma 2.4 for each j = 1,..., N we can select
VX — [0,1] withy; = 1onV; and ¥; = 0 on X \ W, for some open W;
with W; a compact subset of U; and W; D V. We can also use Lemma 2.4 to
select o : X — [0,1] with g9 = 0 in a neighborhood of K and ¢y = 1 outside
a compact subset of U/_, V;. Then by construction YN Wi > 0 everywhere
on X, so we can define continuous functions ¢; by
v

Yiovi

Evidently these functions have the required properties. O

Qj = j=1,...,N.

We now give the definition of Radon measure. Radon measures are typically
used only in locally compact Hausdorff space, but the definition and the first
two lemmas following it are valid in arbitrary Hausdorff space:

2.6 Definition: Given a Hausdorff space X, a “Radon measure” on X is an
outer measure 4 on X having the 3 properties:

w is Borel regular and ;1(K) < 0o Vcompact K C X (R1)
w(A) = Uopégfl]DAu(U) for each subset A C X (R2)
w(U) = sup w(K) for each open U C X. (R3)

K compact, KCU

Such measures automatically have a property like (R3) with an arbitrary u-
measurable subset of finite measure:
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2.7 Lemma. Let X be a Hausdorff space and p a Radon measure on X. Then p
antomatically has the property

wA) = sup (k)
KCA, K compact

for every p-measurable set A C X with u(A) < oc.

Proof: Let ¢ > 0. By definition of Radon measure we can choose an open U
containing A with u(U\ A) < ¢, and then a compact K € U with u(U\K) < ¢
and finally an open W containing U \ A with u(W \ (U \ A)) < & (so that
w(W) < e+ u(U\ A) < 2¢). Then we have that K \ W is a compact subset of
U \ W, which is a subset of A4, and also

WA\ (K\W)) < w(U\ (K\W)) < u(U\K) + u(W) < 3.

which completes the proof. O

The following lemma asserts that the defining property (R1) of Radon mea-
sures follows automatically from the remaining two properties ((R2) and (R3))
in case u is finite and additive on finite disjoint unions of compact sets.

2.8 Lemma. Let X be a Hausdor(f space and assume that p is an onter measure
on X satisfying the properties (R2), (R3) above, and in addition assume that

w(K1 U Ky) = u(Kq) + u(Kz) < oo, Ky, K compact, Ky N K, = @.

Then  is Borel regular, hence (R1) holds, hence . is a Radon measure.

Proof: Note that (R2) implies that for every set A C X we can find open
sets U; such that 4 € N;U; and u(A4) = w(N;U;). So to complete the proof
of (R1) we just have to check that all Borel sets are -measurable; since the u-
measurable sets form a o-algebra and the Borel sets form the smallest o-algebra
which contains all the open sets, we thus need only to check that all open sets
are u-measurable.

Let ¢ > 0 be arbitrary, Y an arbitrary subset of X with u(Y) < oo and let U
be an arbitrary open subset of X. By (R2) we can pick an open set V O Y
with u(V) < u(Y) + € and by (R3) we can pick a compact set K; C V NU
with u(V NU) < n(Ky) + &, and then a compact set K, C V \ K; with
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w(V\Ky) < u(Kz) + e Then

p(VANU)+p(VNU) =pn(V\ K1)+ p(Ki) +e

1
w(K2) + pn(K1) + 2e

= u(K2UKy)+2e  (by (1)
w((VNKy)UKy) +2¢

w(V) +2e < u(Y) + 3e,

hence u(Y\U)+u(Y NU) <pn(V\U)+pn(VNU) < n(Y) + 3¢ which by
arbitrariness of ¢ gives (Y \U) + u(Y N U) < u(Y), which establishes the
u-measurability of U. Thus all open sets are j1-measurable, and hence all Borel
sets are p-measurable, and so (R1) is established. O

The following lemma guarantees the convenient fact that, in a locally compact
space such that all open subsets are o-compact, all locally finite Borel regular
outer measures are in fact Radon measures.

2.9 Lemma. Let X be a locally compact Hausdorff space and suppose that each
open set is the countable union of compact subsets. Then any Borel regular outer
measure on X which is finite on each compact set is automatically a Radon mea-
sure.

Proof: First observe that in a Hausdorff space X the statement “each open
set is the countable union of compact subsets” is equivalent to the statement
“X is o-compact (i.e. the countable union of compact sets) and every closed
set is the countable intersection of open sets” as one readily checks by using
De Morgan’s laws and the fact that a set is open if and only if its complement
is closed. Thus we have at our disposal the facts that X is o-compact and every
closed set is a countable intersection of open sets. The latter fact enables us to
apply Theorem 1.1 (1), and we can therefore assert that
(1) u(A)= inf  u(U) whenever A C X has the property

U open, ACU

that 3 open V; with A C U;V; and u(V;) < o0 Vj.

Also, by applying Theorem 1.1(2) to the finite Borel regular measure p L A4,
(2) u(A)= sup  wu(C), provided A is p-measurable and u(A4) < oco.

C closed,CCA
Now observe that by the first part of the conclusion in Lemma 2.4 there is an
open set V O K such that V (the closure of V) is compact. So since we are
given X = US2, K, where each K; is compact, we can apply this with K; in
place of K, and we deduce that there are open sets V; in X such that U;V; = X
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and u(V;) < oo for each j, and so in this case (when X is o-compact) the
identity in (1) holds for every subset A C X; that is
A) = inf U) f AcCX,
n(A) Uop;gAcuu( ) for every A C

which is the property (R2). Next we note that if A C X is p-measurable,
then we can write A = U;A;, where A; = AN K (because X = U; K;) and
w(A;) < n(Kj) < oo for each j, so (2) actually holds for every p-measurable
A in case X is o-compact (i.e. in case X = U2, K; with K; compact), and for
any closed set C we can write C = U;C; where C; is the increasing sequence
of compact sets given by C; = C N (U/_, K;) and so u(C) = lim; u(C;) and
hence 1(C) = supgcc. g compace #(K)- Thus in the o-compact case (2) actually
tells us that 1(4) = supg 4 g compact #(K) for any p-measurable set A. This
in particular holds for A = an open set, which is the remaining property (R3)
we needed. [

The following result is one of the main theorems related to Radon measures,
asserting that for a Radon measure u on a locally compact Hausdorft space, the
continuous functions with compact support are dense in L? (i), 1 < p < oo.

Here and subsequently we use the notation
Co(X)={f:X —R: f is continuous with spt f compact},
where spt f = support of f = closure of {x € X : f(x) # 0}.

2.10 Theorem. Let X be a locally compact Hausdorff space, u a Radon measure
on X and 1 < p < co. Then C.(X) is dense in L (1); that is, for each ¢ > 0 and
each [ € L? thereisa g € Cc(X) such that ||g — [, < &.

In view of Lemma 2.9 and the fact that to every Borel measure p on a topolog-
ical space X (i.e. every map p : {all Borel sets of X} — [0, oo] with u(@) =0
and u(U2, B;) = 372, iu(B;) for every pairwise disjoint collection of Borel
sets By, Ba,...), there is a Borel regular outer measure & on X defined by
7Z(A) = infgporel, poa (B), we see that Theorem 2.10 directly implies the
following important corollary:

2.11 Corollary. If X is a locally compact Hausdor{f space such that every open set
in X is the countable union of compact sets, and if ju is any Borel measure on X
which is finite on each compact set, then the space C.(X ) is dense in L' (i) and p
is the restriction to the Borel sets of a Radon measure Ti.

Proof of Theorem 2.10: Let f : X — R be u-measurable with || /|, < oo
and let ¢ > 0. Observe that the simple functions are dense in L?(u) (which
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one can check using the dominated convergence theorem and the fact that
both f} and f- can be expressed as the pointwise limits of increasing se-
quences of non-negative simple functions), so we can pick a simple function
o = Zjl.vzlaj x4;> where the a; are distinct non-zero reals and A; are pair-
wise disjoint u-measurable subsets of X, such that || f — ¢||, < e. Since
lell, < lle — flp + 1/l < 0o we must then have u(A;) < oo for each ;.
Pick M > max{|ai],...,|an|} and use Lemma 2.7 to select compact K; C A4;
with u(4; \ K;) < e?/(2P*'MPN). Also, using the definition of Radon
measure, we can find open U; D K; with u(U; \ K;) < &P /(2PTIMPN)
and by Lemma 2.7 we can assume without loss of generality that these open
sets Uy, ..., Uy are pairwise disjoint (otherwise replace U; by U; N U, where
UY, ..., Uy are pairwise disjoint open sets with K; C U?). By Lemma 2.4 we
have g; € C.(X) with g; = a; on K, {x : g;(x) # 0} contained in a compact
subset of U;, and sup |g;| < |a;|, and hence by the pairwise disjointness of the
U; we have that g = ZNzlgj agrees with ¢ on each K; and sup |g| = sup |¢| <

j
M. Then ¢ — g vanishes off the set U;((U; \ K;) U (4; \ K;)) and we have

Jxlo=gl?du =35 fk)uia,-k;) |9 =817 dp = 2M)737; (u(A4; \ K;) +
1(Uj\K;)) < e?,and hence | f —gllp = |Lf —¢llp +llo—¢gllp < 2, as required.

We now state the Riesz representation theorem for non-negative functionals
on the space K, where, here and subsequently, KX denotes the set of non-
negative C.(X,R) functions, i.e. the set of continuous functions f : X —
[0, 00) with compact support.

2.12 Theorem (Riesz for non-negative functionals.) Suppose X is a locally
compact Hausdorff space, A : K4 — [0, 00) with A(cf) = cA(f), A(f +g) =
A(f) + A(g) whenever ¢ > 0 and f, g € K4, where K4 is the set of all non-
negative continuous functions f on X with compact support. Then there is a
Radon measure ju on X such that A(f) = [y fdu forall f € K.

Before we begin the proof of 2.12 we the following preliminary observation:
2.13 Remark: Observe that if f,g € K4 with f < g then g — f € K4 and
hence A(g) = A(f + (g — /) =A(f) + A(g = f) = A(S),s0

(*) figeKywithg=1onsptf =
A(f) = (sup f)A(g), feKy sptfCK.

because fg = f and f < (sup f)g.
Proof of Theorem 2.12: For U C X open, we define

(1) nwU) = sup ACS),
feKy, f<lspt fCU
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and for arbitrary A C X we define

(2) 1(A) = Ujjfg,fopenu(U)~

Notice that these definitions are consistent when 4 is itself open, and of course
the definitions (1),(2) guarantee u(@) = 0 and that u is monotone—i.e.

(3) AC B = p(A) < u(B).

Also if f € Ky with f < 1 and V is open with V' > spt f then by (1)
A(f) < n(V), and hence, taking inf over such V and using (2), we see

(4) f ey with f <1= A(f) < pulspt f),
and then for any open U we can use (1) and (4) to conclude
(5) nw(U) = sup w(spe f).

feR4,f<lspt fCU

Notice next that if K is compact then, by Lemma 2.4, if W D K is open there is
g € K4 with g = 1 in a neighborhood V of K and with g < 1 and sptg Cc W.
Then by (3),(1) and (*) we have, for any such g,
(6) n(K) = (V) = sup AS) = A(g) = (W),

feKq, f<lspt fCV
To prove that u is an outer measure it still remains to check countable subad-
ditivity. To see this, first let Uy, Us, ... be open and U = U, Uj, then for any
f € K4 withsup f < 1 and spt f C U we have, by compactness of spt f,
that spt f C UM, U; for some integer N, and by using a partition of unity
@1, ..., ¢n for spt f subordinate to Uy,...,Un (see Corollary 2.5), we have
Af) = ZN Mo f) < Z] 1(U)). Takmg sup over all such f we then have
w(U) < 3272, 1(U;). It then easily follows by applying definitions (1),(2) that
(U A;) < 3°;iu(A4;)). So indeed y is an outer measure on X.

Finally we want to show that u is a Radon measure. For this we are going
to use Lemma 2.8 above, so we have to check the hypotheses of Lemma 2.8.
Hypothesis (R2) needed for Lemma 2.8 is true by definition and (R3) is true
by (5). Since we also have finiteness of u(K) for compact K by (6), it remains
only to prove the additivity property

(7) K1, K, disjoint compact sets in X = (K1 U Kz) = u(K1) + n(Kz).

To check this, let U be any open set containing K U K5 and use Corollary 2.2
to choose disjoint open V; D K; with V; c U, j = 1,2. Then by (3) and (1)

w(Ky) + pu(Kz) < u(Vi) + p(V2) = sup (A(g1) + A(g2))
g €K +,5ptg; CVj.gj<1,j=12
= sup A(g1+g2)

8j€K4,sptg;CVj,g;<1,j=1,2
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On the other hand g; + g2 < 1 on X (because Vi N V5, = @) and so

sup Mg+ g2) < sup
gj €K1 ,sptg; CV;,g;,<1,j=1,2 feky spt fCU,f<1
Hence we have proved that u(K;) + n(K>2) < u(U), and taking inf over all
open U D K; U K5 we have by (2) that u(K;) + u(K»2) < u(Ky U K3), and of
course the reverse inequality holds by subadditivity of u, hence the hypotheses
of Lemma 2.8 are all established and u is a Radon measure.

Next observe that by (4) we have A(h) < wu(spth) suph, h € K4, and hence
A(h) = li)m A(max{h —1/n,0}) < u({x : h(x) > 0}) suph, he Kk

since & is the uniform limit of max{h—1/n,0} in X and spt max{h—1/n,0} C
{x : h(x) > 0} for each n. For f € K4 (f not identically zero) and ¢ > 0,
we let M = sup f canselect points 0 =19 < t; <t < ... <iy—1 <M <ty
with ; —t;_; < e for each j = 1,...,N and with u({f7*{z;}}) = 0 for
eachj=1,..., N. Notice that the latter requirement is no problem because
w({ f~H{r}}) = 0 for all but a countable set of > 0, by virtue of the fact that
u{xe X : f(x)>0} < u(sptf) < oo.

Now let Uy = f~Y(tj-1,4)}, j = 1,..., N. (Notice that then the U; are
pairwise disjoint and each U; C K, where K, compact, is the support of f.)
Now by the definition (1) we can find g; € K4 such that g; < 1, sptg; C Uj,
and A(g;) > u(U;) —¢/N. Also for any compact K; C U; we can construct a
function 7; € K4 with h; = 1 in a neighborhood of K; U spt g;, spth; C Uj,
and h; < 1 everywhere. Then h; > g;, hj < 1 everywhere and spth; is a
compact subset of U; and so

(9) n(Uj) —e/N < A(g;) < Alhj) = p(Uj), j=1,....N.

Since u is a Radon measure, we can in fact choose the compact K; C U; such
that u(U; \ K;) < ¢/N. Then, because {x : (f — ijN:lhj)(x) > 0} C
U(U; \ K;), by (8) we have

(10) A=Y hy) < MY u(Up \ K;) < eM.

Then by using (9), (10) and the linearity of A (together with the fact 7,_1h; <
fh; <tjhj)foreach j =1,..., N), we see that

Eii-an(U) =M <AL by) < 400) AT ) + oM
<Y LimU) + M.
Since trivially

Z} 15— ll'L fxfd:u<Z] 1t//L(U)
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we then have
—e(W(K) + M) < =300, (1 —tj-1)p(U) —eM
< [y fdu—2(f)
<YVt —ti—)u(U;) + eM
< e(u(K) + M),
where K = spt f. This completes the proof of 2.12. O

We can now state the Riesz Representation Theorem. In the statement, C. (X, R")

will denote the set of vector functions f : X — R” which are continuous and
which have compact support. (That is f = 0 outside a compact subset of X.)

2.14 Theorem (Riesz Representation Theorem.) Suppose X is a locally com-
pact Hausdorff space, and L : C.(X ,R") — R s linear with
sup L(f) < oo whenever K C X is compact.
feCe(X,RY),|fl<l,spt fCK
Then there is a Radon measure u on X such that for each compact K C X there
is a vector function v : X — R" with |v| = 1 everywhere and v; p-measurable,
j=1,..., n, and with

L(f) :/Xf-vduforcmyf € Co(X.R") withspt f C K.

In the cases when X is o-compact (i.e. 3 compact Ky, K, ... with X = U;K;) or
Lf is bounded (i.e. sup s, x pny ) r1<1 |L(f)] < 00), v can be chosen independent
of K.

Proof: We first define
A(h) = sup L(f)
SECc (X R"), | f|<h

for any h € K. We claim that A has the linearity properties of Lemma 2.12.
Indeed it is clear that A(ch) = cA(h) for any constant ¢ > 0 and any h € K.
Now let g,h € K4, and notice that if f1, f» € C.(X,R") with | f;| < g and
| f2| < h,then |fi + f2| < g+ hand hence A(g +h) > L(f1) + L(f2). Taking
sup over all such fi, f> we then have A(g + ) > A(g) + A(h). To prove the
reverse inequality we let f € C.(X,R") with | /| < g + &, and define

fo= o/ ifg+h>0 e g%f fg+h>0
0 ifg+h=0, 0 ifg+h=0.

Then fi + 2 = f, |fil <&, |/f2| < h and it is readily checked that fi, f> €
Ce(X,R"). Then L(f) = L(f1) + L(f2) < A(g) + A(h), and hence taking
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sup over all such f we have A(g + h) < A(g) + A(h). Therefore we have
A(g +h) = A(g) + A(h) as claimed. Thus A satisfies the conditions of the
Theorem 2.12, hence there is a Radon measure p on X such that

)L(h):/hdu, heKy, j=1,...,n.
b

That is, we have

(¥) sup

L(f):/hdu, heky.
fECe(X B, | fI<h x

Thus if j € {1,..., n} we have in particular (since | fe;| = | f| € K4 for any
f € C.(X,R)) that

IL(fe;)l S/XIfIdME Il YIS €Ce(X.R).

Thus L;(f) = L(fe;) extends to a bounded linear functional on L!(p). In
either of the 3 cases (i) K compact is given and we use Riesz Representation
Theorem for L' (n L K), or (ii) || L| (= u(X)) < oo and we use Riesz Repre-
sentation Theorem for the finite measure case, or (iii) X = U2, K; with K;
compact for each j and we use Riesz Representation Theorem for the o-finite
case, we know that there is a bounded p-measurable function v; such that

L(fe;) =/vaj dp.  f € Ce(X.R),
where in case (1) we impose the additional restriction spt f C K. Since any
f = (fi,.... fu) can be expressed as f = }_7_, fje;, we thus deduce
() L) = [ fovdu feC(x.r),
where v = (vy,...,v,), and so by (%)

/hduz sup /f-vd,u: sup /gf-vdu
X feCe(XEM),| fl<h /X FEC(X,R),| f1=1,g€K4,g<h /X

for every h € K4, where in case (1) we assume spt2 C K. Now |f - v| < | f]||v]
so we have

sup [efvaus sup [ eidu= [ hviap
SE€C(X,R"),|f1=1,geK 1 ,g<h /X gEKy.g<hIX X

Since C,(X) is dense in L' (1), we can choose a sequence f; with | fi| = 1 and
Sk -v = |v| on spth, so the bound on the right of the previous inequality is

attained and we have proved

/hdu:/hlwd,u
X X

and again using the density of C.(X) in L' (1) we have [v| = 1 p-a.e. O
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We conclude with an important compactness theorem for Radon Measures.

Recall that Alaoglu’s theorem (see e.g. Royden, “Real Analysis” 3rd Edition,
Macmillan 1988, p.237), which is a corollary of Tychonoff’s theorem, tells us
that the closed unit ball in the dual space of a normed linear space must be
weak* compact: that is, given any normed linear space X’ with dual space X'
(i.e. X* is the normed space consisting of all the bounded linear functionals
F : X — R), then {F € X* : |F| < 1} is weak® compact, meaning that for
any sequence F; € X* with sup; | Fj|| < oo there is a subsequence Fj, and an
F € X* with Fj, (x) — F(x) for each fixed x € X.

In particular if X is compact and X = C (X)) (the continuous real-valued func-
tions on X) {1 € X* : |A| < 1} is weak* compact. That is, given a se-
quence {Ax} of bounded linear functionals on C (X) with sup,, [[A| < oo,
we can find a subsequence {A;-} and bounded linear functional A such that
limAg/(f) = A(f) for each fixed f € C(X). Using the above Riesz Rep-
resentation 2.12, this implies the following assertion concerning sequences of
Radon measures on X, assuming X is o-compact.

2.15 Theorem (Compactness Theorem for Radon Measures.) Suppose { i }
is a sequence of Radon measures on the locally compact, o-compact Hausdorff space
X with the property sup, ux(K) < oo for each compact K. Then there is a subse-
quence {jux+ } which converges to a Radon measure ju on X in the sense that

lim[deka/ =/de,u, foreach f € C.(X).

Proof: Let Ky, K>, ... be an increasing sequence of compact sets with X =
U;K; and let Fjy : C(K;) — R be defined by Fiu(f) = [, fdu, k =
1,2,.... By the Alaoglu theorem there is a subsequence Fjj: and a non-

negative bounded functional F; : C(K;) — R with Fjx/(f) — F;(f) for
each f € C(K;). By choosing the subsequences successively and taking a
diagonal sequence we then get a subsequence jixs and a non-negative linear
F : C(X) - R with [y fduxr — F(f) for each f € C.(X), where
F(f) = F;j(f|K;) whenever spt f C K;. (Notice that this is unambiguous
because if spt f C K; and £ > j then F;(f|K¢) = F;(f|K;) by construction.)
Then by applying Theorem 2.12 we have a Radon measure p on X such that
F(f) =[x fdunforeach f € Cc.(X),and so [y [ dux — [y f du for each
feCo(X).



