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Problem 1
The governing equations are:
jjl = —$1+$1*$% (l)
To = —x9+ .1‘%

Using the function/ (z) = 22 + 23 let's see what we can say about the stability of the originc&V (z) is
a class-K function, by definitio' (x) is a positive-definite and decrescent function. The Lievagisie is:

V =2(a} +23)(a5 — 1) ()

ThereforeVV < 0 only whenz3 < 1. Therefore, the equilibrium is only locally stable 6 = {z|23 < 1}.



Problem 2: Phase-L ocked L oop.

We are to analyze the phase-locked loop described by
() + (a +beosy(t))y + csiny(t) =0 (3)
Letz; = y andxy = 3. We need to show that (0,0) is a stable equilibrium poimt ¥ b > 0. The system
is then
1 = T9
9 = —(a+bcosxzy)xry — csinzy
Given the Lyapunov function candidat&(z1, z2) = ¢(1 — cosx1) + x3/2, we need to start by showing

thatV'(xz,t) is positive definite and decrescent @h. We assume that > 0 for the hint to be helpful. Itis

helpful to use the trig identity
1 —cosxq 9 T1

5 = sin 5 4)
Thus,
2
V = 2csin® % + % )

For simplicity, choos&~, = {x € R" : ||z|| < w}. Thus,V monotonically increases withz|| from the
origin until z; = £, whensin? o= sin® 5 = 1, and ther; term is maximum with respect to;. To show
that the function is decrescent 6, we look at
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where the% condition in the max function arises from

c 1
‘ < [J2|* max <§7§> (6)

sin%‘g‘%‘V:ﬂl (7)

and thel condition in the max function is for the case whe#/2 dominates ifc is too small. Therefore,
é(||z||) = max (£, 1)||z||? is a class-K function that boundsfrom above, proving thal” is decrescent on

2)3
G,.
To show thafl” is positive definite ort,., we use the fact that
2
2c¢ 1
‘2051n2ﬂ+% > min (W—g,§>||x||2when||:c|| <1 (8)

where thel condition in the min function is from the case wher®/2 dominates ifc is too big. The%
term is from solving for the coefficient necessary fgrto intercect2csin? S atz; = 7. Thatis, when
2¢sin? 5= km2. The parabola can only intercept the square of the sin at oim¢ petween 0 and, and
it does so from below, so it the condition in (8) is proven trdéhus, min (25, 1) ||z||?, another class-K
function, boundd” from below onG,., proving thatV is positive definite ort,.

Now, we need to show thatV is positive definite.
Vo= Za+ 2,

= (2csin % cos %) (z2) + (z2) (—(a + bcosx1)xa — csinmy)

= cx9sinxy — x%(a + bcosxy) — esinay

= —z3(a+bcoszy)



Clearly, —3 is always< 0. The term(a + bcos 1) is always> 0, because > b > 0, SOa + beoszy >
b(1 + cosz1) > 0. Therefore,V < 0, so the origin is a stable equilibrium point.

An alternative method to prove stability, although it gogaiast the implication of the hint, is to find the
Jacobian linearization of the system about the equilibrium

- [ —Oc —(a1+ b) } ©

This leads to a characteristic equation )5f 4 (a + b)A + ¢ = 0. Solving for A\, we see that\ =

: (—(a +b)++/(a+b)?2— 4c). Thus, the real part of the eigenvalue is always less tham, 4®r the

triangle inequality.

0 1
Df|(0,0) - [ brosinzy —ccosxy —(a+ bcoswy) } 0.0)

There is the rather large exception to this stability claim= b = 0, which is allowed by the constraints,
where the roots are purely imaginary. By Hartman-Grobmancannot tell the stability of the system from
the linearization in this case. We can, however, tell from tlyapunov analysis that we already did. If
a =b =0, thenV = 0, so the solution trajectories would follow level curvesiogncircling the origin.



Problem 3.

Yy = u
= —k(y)

UsingV(y,y) = %gf + foy k(o)do show that the origin is stable in the sense of Lyapunady(f) = 0 and
4K (0) > 0. Letz; = y andzy = 4.

dy
V(J:‘) = .I‘Q.i‘g—i-k(l‘l).i‘l (10)
Vizg) = aa(—k(z1)) + k(z1)2s (11)
Viz) = 0 (12)
(13)

Therefore,V (x) < 0. Settingi; = 5 = 0, yields (k~1(0), 0) and sincek(0) = 0, the origin is an equilib-
rium point.

Now we need to show thdl (x) is positive-definite and decrescent. Sifcér) is time-invariant, it is
decrescent. Sincggg(o) > 0, there is no deadband k(x). Therefore, at least locally arourid, 0) we
can bound the functiol’ () from below.

Therefore,V (x) is LPDF, decrescent Lyapunov function.
Therefore, the origin is locally stable.



Problem 4: Control.

We are to consider the system

Zbl = a(.l‘g — 1‘1)
Ty = bri—x9— 2123+ U
i‘g = 21+ x1292 — 2aa:3

wherea > 0 andb > 0 are constants. We are asked if using Lyapunov theory, we esigrl a control law
u(x) which globally stabilizes the origin. Let's choose a pesitdefinite, decrescent candidate Lyapunov
function, V' (z), and see if we can defingz) such that’ (z) < 0. Let’s try

1 1 1
Vix) = 53:% + 53:% + 5:1:?)) (14)

Then, we find the Lie derivative.

V(J:‘) = X121 + ToTo + X373
= xa(xe —x1) + xo(bry — 90 — 123 + 1) + x3(T1 + T122 — 2073)
= ar1To — a:c% + brixry — ba:% — T1X9%3 + Tou + x1x3 + T1Tox3 — 2a3:§

= (a+b)aizs + x123 — arf — brl — 203 + zou

In order to eliminate the terms that can be positive in thévetve, we could chose

u(x) = —z1(a+b) — 173 (15)
T2
However, this control law goes to infinity when — 0. Let’s see what the real impact of thezxs term is.
Perhaps it is cancelled by the quadratic terms. Using theadaw u(z) = —x1(a + b), we would have

V(z) = z123 — ax? — bx? — 2ax? (16)

Clearly, thex, term is less than or equal to zero. The remainder of the teamshe simplified by seeing
that we can rewrite:y x5 in a quadratic form.
1 c

—(z1 — cx3)2 = —x% + 2cri13 — chg = r1r3 = %l‘% + §$§ — (z1 — cx3)2 an

wherec is an arbitrary scaling constant. Substituting (17) bat& (46) we obtain

. 1 1

V(z) = —5(3:1 —x3)% — (a - 2_c> zt — (2a - 5) 3 (18)
Therefore, ifa > % anda > 3, thenV < 0, and the origin is globally stabilized. To find the valuecdahat
constrains: the least, we solve fat at the point where both inequalities transition from trudaige at the
same time. That leads to the system of equations

20 =

NI



The solution isc = v/2 anda = ﬁ Thus, ifa > ﬁ then the Lie derivative is less than or equal to

zero, and the origin is globally stabilized. However, we @b Imave the option of picking, therefore this
candidate function does not work. Therefore, let’s try &dént candidate function.

V(z) = %(a:cf + B2 + 6a2) (19)

As long aso, (3, andd ¢ 0, the functior/ (z) is positive definite and decrescent. Taking the Lie derreati
yields,

vV o= ar1T1 + Brode + dw3is
vV o= —aax? — Bl — 2a(5:1:§ + (0 — B)z1x973 + dx123 + (bB + aq)x122 + fu

Let's chooses = 4§, which will eliminate the tern{o — 3)x1z2x3. AlSo, let's choose, = —%(bﬁ + aa)x,
which will eliminate one of the two positive terms. Subdiitg and simplifying yields,

V = —aoa? — Bzl — 2ap23 + Brixs

Now we need to show thaf < 0 for somen andg. V can be written in the form

V = —:L‘TQ.T (20)
where
ace 0 —0.50
Q= o B 0 (21)
—0.56 0 2ap

We now need to show that Q is positive-semidefinite so¥hat) < 0. In order for@ > 0, the diagonal of
Q needs to be positive, and the determinant needs to be gtieateor equal 0. Therefore, > 0, a > 0,
andg > 0. The determinant of Q is

—(2a*ap — 0.254%) (22)

Setting the determinant equal to zero, and solving¥fgrelds
B = 8a’a (23)

Choosinga = 1, yeilds 3 = 8a2. Therefore, with the functio’ (z) = 2% + 4a®(z3 + 23) which is
positive definite and decrescent, and with= — (b + - )z1, we have shown that (z) < 0. Therefore, we
have found a control input which makes the origin stable eéngbnse of Lyapunov.



Problem 5: RL C circuit with passive nonlinear resistor.

The state equations of this RLC circuit are

T o= y— f(x) (24)
) = —x (25)

wherez is the currenty is the capacitor voltage, anfx) is the nonlinear resistor’s effect. We can assume
that f (x) is a continuous function, because a resistor is a physicételeWe are to show that if the resistor
is strictly passive, then the equations admit only one staflilibrium. Let’s start by finding the equilibria.

y = —x2=0=>z=0 (26)
t = y—fl@)=0=y=f(x)=/f(0) (27)
So the equilibrium is at0, f(0)). It is unique, becausef(x) = 0 only whenxz = 0. Next, we use the

stored energy function for the circuity = (22 + y?)/2, as the Lyapunov function. It is obviously positive
definite and decrescent. Then,

vV = W
= zx+yy
= z(y— f(x) +y(-2))
= —zf(z)
The resistor is passive, sof (z) = 0 only atz = 0, and is positive otherwise. Thereforg, < 0, so the

minimum of W is a stable equilibrium point. There is only one equilibrigwint, so the one equilibrium
point is stable.



Problem 6.

We consider the system

i1 = —x9+exi (2 4 23)sin (2? + 23) (28)
iy = @1+ exo(x? + x3)sin (2? + 23) (29)

We are to show that the linearization is inconclusive to ueiee the stability of the origin, and use the
method of Lyapunov to study the stability of the origin betme = 1 ande = —1.

First, notice that the origin is clearly an equilibrium pbiithe Jacobian linearization of the system is

on  on
Df=| % o (30)
ox1 Oxzo
where
ofh 2 (22 4 22 2., .2 2 2\ i (2 4 2
prolie exi(z] + z3) cos (7 + x3) + €(3z7 + x3) sin (x] + x3)
on 2ex1 w9 (2% + x3) cos (23 + x3) + 2ex 29 sin (zF + 22) — 1
Dry 122(27 + 23 17123 122 17123
ofa 9 2, .2 2 .2)4 9 0 (22 4 22) + 1
prolie exy1x2(x] + x3) cos (v] + x5) + 2ex1 w2 sin (v] + x5) +
0 .
8—:{:2 = 2exd(x? + x3) cos (2% + x3) + e(2? + 322) sin (23 + 22)
Evaluating the Jacobian linearization at the origin, itilsdy
0 -1
Df|(0,0) = |: 1 0 :| (31)

Thus, the eigenvalues of the linearized system are simply +j. Because the eigenvalues are purely
imaginary, according to Hartman-Grobman, we cannot deteritine stability of this equilibrium.

Let us pick the simple and common Lyapunov functidf(zy, z2) = 3(2% + 23), and see how much
information it gives us. The Lie derivative is

V = X121+ x9%9
_ 2 2y win (2 2 2 2y i (2 4 2
= 21 (—x2 + exy (a7 + 23) sin (2] + 23)) + 22 (21 + exwa(2] + x3) sin (27 + 23))

= e(:c% + :10%)2 sin (:13% + ZC%)

The (22 + 23)? term is always> 0. Around the origin, thein (2% + 23) term is> 0 for ||z|| < /7. So, let
us takeG, = {z € R" : ||z|| < v/x}. Then,inG,,V > 0if e > 0,andV < 0if e < 0. Therefore, ife < 0,
the origin is stable, and & > 0, the origin is unstable. If = 0, then clearly the system is a continuum of
circular orbits, as can be seen by looking at the system msat



Problem 7: Proving Stability of a Boundary control scheme.

The governing equation is
0? 0?
A vertical forcew is applied at the free end of the string,sat= 1. The balance of forces in the vertical

direction yields

W(z,t) =0 (32)

OW (x,t)
T 7
u(t) i (33)
for all ¢ > 0. We are to show that if the boundary control
u(t) = —k M (34)
ot o1

is applied, wherd: > 0, thenE(t) < 0 for all t > 0. We are given that

R Y G ey Y CICE -

where the first term is the kinetic energy, and the second igthe strain energy. Taking the derivative, we

obtain
. VoW [o*W L (OWY (W
g0 = [ n () () oo+ [ 7 (%) (Geae) 9

Using (32), we see that

PW T PW
o2 m Ox>

-r([ () () [()EH))

Now, we need to simlify this, so we use integration by parssgigen by the hint. To do so, the equations

need to be of the fornf; udv = uv|® — f: vdu. We apply this form to the second integral above, by

absorbing the second order derivatives into the diffeadméirm, and taking: = %—VX andv = ‘38—‘1’. Then,

w0 = 1 / (5)2(50) /) (%—W> ‘ <88_Vtv>>
([ () S L)

1

(37)

Thus,

oW oW
= T ar |,

G i) 4 oW oW

a 87? :c:l_ 87? =0

The first line was found by usin x%—";’ = %Qg — d(%—VQ‘C/) = ‘9;IVQVda: for the first integral, and similar
calculus for the second integral. The integration limitotlghout the problem are from = 0 to x = 1.
The second line was found by applying integration by parthéosecond integral in line 1. The third line

was found by realizing that the two integrals in line two age& and have opposite signs.

9



We uselV (0,t) = 0 to see thataa—"t" |x:0 = 0. In other words, the left end of the string is fixed in placeisTh
eliminates the second term in the equation above, yielding

. ow ow
) = (Tm)ml
. ow

E(t) = U(t)ﬁ .

where the last step used (33). Now, if we defirje) as in (34), witht > 0, we have

E(t):—k<—>2 <0Vt>0 (39)
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