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Problem 1: The method of isoclines [1]. A simple but useful technique for the approximation of solution
curves in the phase plane is provided by the method of isoclines. Given the nonlinear system

T = fena) (1)
W2~ aen,a) 2)

we can write (assume for the moment that f;(z1,z2) # 0)

dxsy _ fa(z1, x2)
dry  fi(z1,22)

We seek curves xo = h(x1) on which the slope dxo/dz1 = ¢ is constant. Such curves, called isoclines, are given
by solving the equation

3)

fa(w1,22) = cfi(wr, z2) (4)

Now consider the following system:
.’tl = CL’% — X1T2 (5)
To = —X9+ Ty (6

e Find the equilibria of this system.

e Show that the zy-axis is invariant and that the slope dzs/dx; is infinite (vertical) on this line; find other
lines in the plane on which the slope dza/dz; is infinite.

e Now seek isoclines on which dzy/dzy = ¢ for finite ¢ (try ¢ =0,.5,1,2)
e Sketch these curves, and the associated slopes dxs/dx; on top of these curves, in the (z1,x2) plane.

e Conjecture the phase portrait from this information. (You may want to plug the system into MATLAB
to see if your conjecture is correct.)

Problem 2: The Pumping Heart [2, 3]. The human heart, a pump which takes re-oxygenated blood from
the lungs and sends it out to the rest of the body, may be modeled (in a very simple form) as an oscillator.
The system oscillates between two states: diastole, or relaxed state, and systole, or contracted state. An
electro-chemical stimulus causes the heart muscle to contract and transition from diastole to systole states. A
simplified model of this process is the Van der Pol oscillator:

@ = v—p(a®/3-x) (7)
= —x (8)
where x is the muscle fiber length in the heart, v is the stimulus, and p > 0 is a parameter. Determine the

equilibrium and its stability; plot phase plane portraits for both small and large p. With reference to these
plots, show that in the transition from diastole (long fibers) to systole (short fibers), the contraction happens



slowly at first (this ensures no backflow which could damage the heart) but that at a high enough stimulus
the fibers contract suddenly to push the blood all throughout the body.

Problem 3: Modification of Duffing’s equation [3]. Consider the modified Duffing equation
Lt'l = X2 (9)
By = a1 — a5 — dxo + 2lxy (10)
Find its equilibria. Linearize about the equilibria. Apply Bendixson’s theorem to rule out regions of limit
cycles. Synthesize this information to conjecture plausible phase portraits of the system.

Problem 4. First Integrals. One way of studying differential equations in the plane
= f(x) reR? (11)
is to attempt to find scalar functions V : #2 — R such that

d ov
SV(@) = S (@) - f@) =0 (12)

meaning that V' (z) is constant along trajectories of (11). Such a function V(z) is called a first integral of the
motion of the system.

Now consider the nonlinear differential equation
6=1—2sin6 (13)

Determine the equilibria of this system and their stability type. In particular, show that some of the equilibria
correspond to nonlinear centers, by finding a first integral for this system. SKETCH an approximate phase
portrait for (13).

Problem 5: Reaction-diffusion equations [4]. Consider the following reaction-diffusion system, in which
21 is the concentration of chemical A and x5 is the concentration of chemical B. Chemical A reacts positively
(concentration increases) to higher concentrations of chemical B (reaction) and negatively to higher concen-
trations of itself (diffusion). Likewise, chemical B reacts positively to higher concentrations of chemical A and
negatively to higher concentrations of itself.

T, = 2(1‘2 — .761) + xl(l — x%) (14)

iy = —2(xo —x1) +22(1 —23) (15)
Find the equilibria and determine their stability. Does the system have limit cycles?

Problem 6: Hamiltonian Systems.

A Hamiltonian system is one in which

. 5'H(xl, 362)
_ 16
Z1 O ( )
. aH(CEh .’I}Q)
_ 17
o 021 (17)
for some Hamiltonian function H(x1,x2).
Consider the Duffing equation with § = 0:
i—z+a®=0 (18)

Show that for this system (with x; = z, 9 = &), the linearization around the equilibria (—1,0) and (1,0)
cannot predict the behavior of the nonlinear system around these equilibria. Even so, if we simulate this
nonlinear system, we observe what look like closed orbits around these equilibria. Prove that (—1,0) and (1,0)
are in fact centers for the nonlinear system (18), by recognizing that (18) is Hamiltonian, and determining the
Hamiltonian function H(z1,z3). (HINT: Determine H (21, 22) along trajectories of the system.)
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