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Chapter 15

The Gaussian Interference Channel

The Gaussian Interference Channel]C , is a set of linearly inter-coupled additive Gaussian Noisehan-
nels with intersymbol interference possible on all (includng crosstalking) paths. No coordination in
modulation and coding of transmit signals nor in reception and detection of receive signals is allowed,
although the existence of a master design for all users is alved in the IC . Because best design of signals
(from Chapter 12) for the IC is that all users are Gaussian, then the master design esseally becomes a
coordinated assignment of power spectral densitiésof each of the otherwise uncoordinated users on the
IC . Such central assignment of spectra is here designated as €é&ntrally Controlled IC" or CCIC. When
no master design of spectra is allowed, this text calls the siation \Distributed Control IC" (DCIC).

Section 15.1 provides models and basic fundamental capagitregions for both the CCIC and the
DCIC. Each of the IC users' channels may themselves be vectored. The results oE&ion 15.1 will
apply to such channels as well as to any set of linear inter-agpled additive Gaussian noise channels.
Some of the vector users may themselves be sets of users thatutd have multiple-access or broadcast
constraints within the set, and the results of Section 15.1 wll also apply to that group as a sum-rate
user (that either can be entirely, or cannot be at all, deteced as per Chapter 12's de nition of a user).
Generation of IC capacity regions relies heavily on the use of successive aefing in receivers, where it
is possible to decode other Gaussian users rst before decd) the user of interest. Such a restriction
implies that all the decoders know the codes and spectra of # other users and that all such spectra
have been designed centrally, a constraint that may not be fasible for practical or regulatory reasons.
Section 15.2 then proceeds to the best optimization when noemtral control is possible and the receivers
use no successive decoding, namely \iterative water- llirg" for the IC . Two forms of IW are developed
with the rate-adaptive form? not surprisingly leading to a situation that is near worst-case in a number
of situations, while the \ xed-margin" form creates a level of politeness that allows the DCIC to perform
signi cantly better than the rate-adaptive or margin-adap tive cases. Some examples of large gains are
presented in Section 15.2 along with a discussion of Brady'svorst-case spectrum design for an IC.
Such a worst-case di ers from that of broadcast channel and here shown to be often not far from the
rate-adaptive IW solution.

The de nition of a DCIC raises the question of \Just how much central control is really feasible?"
Both practical and regulatory restrictions may impose limits on central control. The (xed-margin)
IW of Section 15.2 essentially presumes that only the data rees of each of the users are centrally
imposed along with a \minimize power" constraint at that rat e. Such a central data-rate assignment is a
minimum central control for any multi-user network strateg y. Without central rate assignment either at
design time, by mutual covenant or standardization, or by a regulatory agency, the multi-user problem
essentially degenerates into a set of independent singleser problems (whose joint solution may not be
good for the set of users). Then dimensions are simply assigd in mutually exclusive sets to each user
for use, which is often not near a best strategy. With centralrate assignment, the xed-margin IW is
appropriate when receivers do not use successive decoding@he presumption that no users' receivers
employ successive decoding is a practical constraint thate ects the other users' Gaussian codes, which

1More generally speaking one can read spectral densities as autocorrelation matrices.
2or equivalently margin adaptive, but not xed margin.
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prevent another receiver from adaptively determining the sgnal withouta priori knowledge of the code
used.

Section 15.3 raises the possibility that central control mght impose spectra for all users but no suc-
cessive decoding is allowed for feasibility reasons. Suchpmoblem is of practical interest although equal
to neither an CCIC (which would allow successive decoding) ar a DCIC (which would not allow the
central design of spectra). Cendrillon's approach to this poblem provides some interesting centralized
\bit-swapping" methods known as \optimum spectrum management" or \optimum spectrum balanc-
ing." The methods are optimum under a set of constraints of catral spectrum design, presumption of
Gaussian signals, and that no receivers may use successivecdding. These methods will also presume a
synchronization of all channels so that vector DMT signals nay be aligned on all channels, an assump-
tion that also tends towards the more coordinated side of theCCIC than the DCIC. Those constraints
and the method are reviewed in Section 15.3. Some improvemtnare illustrated with respect to IW
that accrue to the improved central ability to allocate spedra also in Section 15.3. Some approaches
to simpli cation of the optimization algorithm, which may b e too complex when the set of conditional
optimalities is fully observed and applied, also appear in 8ction 15.3.

Section 15.4 introduces the general area of \multi-level weer- lling" as a somewhat less centralized
approach that imposes some power spectral density guidanagentrally, but otherwise returns to the use
of Section 2's IW independently for each of a set of frequencipands. In many cases, this approach leads
to the same results for considerably less complexity and retins some level of local adaptability for each
user to react to changes within its own channel.
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Figure 15.1: Bus architecture for IC.

15.1 Gaussian Interference Channel Fundamentals

Again, this chapter deals only with additive Gaussian chanrels with linear distortion and linear crosstalk,
as in Chapters 13 and 14.

15.1.1 The Vector Gaussian IC (IC) channel model
The IC is mathematically described by

y = H X + n (15.2)
2 3 2 3 2 3 2 3
Yu Hyuu o Huyu:z Xu Ny
8 & =98 . . 58 .46+ £ (15.2)
H]_U i H11 X1 ni
2 iz S A S
LyNU 1 LyNU Ly(N+ )U L,(N+ )U 1 LyNU 1

Each entry of the H matrix can be LyN L,(N + ), meaning that each user may haveL, transmitters
and symbols of lengthN + dimensions while transmitting to Ly receivers. Each receiver ignores any
guard periods. The overallH matrix is thus LyNU Ly(N + )U.

Such anIC can be achieved by a few architectures that initially may appear di erent. Figure 15.1
illustrates the bus architecture where several users attdt to a common medium. The medium may be
a single wire (some old earliest forms of \Ethernet" used a sigle coaxial cable with \T" connectors),
a wireless medium, or a set of several (say 8 for a byte) wireorf a computer bus. There may or may
not be a central controller that arbitrates connection to th e bus. For instance, in a computer processing
environment, the bus is some multiple of 8 wires and is contribed by a host processor, creating a CCIC.
In another example, the medium may be a unregulated wirelesband where any of the users may attempt
to access at any time. The old ethernet methods, known as therainal IEEE 802.3 ethernet standard,
and the some wireless local-area network methods, particatly those known as IEEE 802.11 a,b,g, or
n use a method called Carrier-Sense Multiple Access (CSMA)a avoid the absolute need for a central
controller.

EXAMPLE 15.1.1 (CSMA) Carrier Sense Multiple Access (CSMA) is actually a
strategy for both interference and multiple-access chanrls even though the words \multiple
access" appear in the well-known acronym. CSMA attempts a smewhat statistical construc-
tion of orthogonal multiplexing by allowing all users to tra nsmit whenever they like. If the
users don't transmit too often, it is unlikely they will coll ide or crosstalk. So most of the
time on a lightly used network, CSMA implements orthogonal time-division multiplexing by
random infrequent time use. In e ect, CSMA is TDMA when the ch annel is lightly loaded.
However, there is a probability that two users will transmit at the same time, and then
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crosstalk occurs. As use increases, so does this probabjlitReaders of this text may see this
\collision" as an opportunity for multi-user methods in at | east the receiver. Early CSMA
designers saw this crosstalk event as a negative, and thus ¢hchange of the name \crosstalk"
to the more ominous sounding \collision."

Each CSMA receiver attempts to decode all messages (eventlia discarding any not ad-
dressed to it), and an error detection code is checked by theeceiver (CRC codes of Chapter
10 are typically used). If the error-detection nds no errors, an acknowledgment is sent back
to the originating message location. If the transmit's co-bcated receiver successfully decodes
this acknowledgment, the original message is assumed to havbeen successfully received.
If after a period of time, no such acknowledgment is receivedthe originating transmitter
attempts again. To avoid repeated collisions, the retransmnssion is attempted after a random
period of time. Realizing that the delay time of a network to respond is typically much less
than the length of a packet message transmitted, \collisiondetection" often augments CSMA
to form CSMA-CD. Any receiver on the network attempts to estimate if two or more signals
are simultaneously present and if so immediately emits a \janming" signal that informs all
users' receivers to then silence their local transmitters if transmitting presently or recently)
and to retransmit after a random period. In this way essentidly the transmitters do not
\waste time" continuing in a collision { such a strategy again presumes a collision is bad,
and no multi-user detection is present other than the collison detector itself. CSMA, while
clearly not e cient when users are often active, is one of themost common multiplexing
methods used in computer networks today, be it wire-line or vireless.

For wire-line , the most common\carrier sensing” modulation is typically implemented with
one of two types of transmission, wireless' BPSKI§ = :5 QAM) and/or Ethernet's Manchester
(b= :5 PAM on 2 dimensions with one wasted { See Chapter 1). Both of hese transmission
methods waste dimensions but guarantee a carrier transitio in each used bit period. Thus,
the collision or presence of a signal is very easy to detect bause of the guaranteed transition.
This is hopelessly ine cient transmission in a network that has high SNR { not to mention the
long delays holding a signal before it is acknowledged tendbtreduce average throughput with
nite memory bu ers. Nonetheless, CSMA led to easy implemenations in early networks
at the expense of a great deal of e ciency. 10Base-T transmision for instance still uses
Manchester encoding because of the old Ethernet legacy evéhough the carrier is no longer
necessary in the hub architecture (100Bbase-T and 1GBase-improved upon this and do not
use Manchester encoding nor CSMA). Use of CSMA leads to sindt e ciencies in wireless,
but nonetheless is often found because of its simplicity. Mst wireless local-area-networks
(\wi ") use CSMA.

Outside of the carrier-sensing (or \collision detection,” the CSMA approach of Example 15.1.1 es-
sentially allocates dimensions (in this case, time dimensins) to users so that they do not interfere with
one another. Such \orthogonal multiplexing" was discussedin Chapter 12 and is often not the best use
of a limited channel's resources. Nonetheless, a vector metisuch as in (15.2) could be found for such
a channel by individually determining the crosstalking transfer functions from each user to every other
user. The noise for each user would be measured at its receiveThe con guration in Figure 15.1 sug-
gests that each user of the bus IC may independently transmitor receive messages. Such a system may
be best modeled by a maximum oU(U 1) \users" with each user possible desiring to send messages
every one of the others but not to itself. WiFi systems with CSMA may have an \access point" to which
all transmissions are sent and from which all receptions em@ate. However, the channel still uses the
CSMA protocol and is better modeled as anlC than as aMAC uplink combined with a BC downlink.
In WiFi, the access point receiver simply allows higher-leel access to other networks and an ability to
forward messages to other usefs but usually does not practice coordination at the modulation level.

By contrast to the bus, the \binder" model of Figure 15.2 is U transmitters and U receivers each
trying to communicate only with its counterpart, but experi encing interference from the other users

3Some IEEE802.11 (n) systems may use advanced cancelation me thods with multiple antennas and are better modeled
as uplink vector multiple access and downlink vector broadc ast where simultaneous transmissions of multiple users may
be allowed and separated from one another via the methods of C hapters 13 and 14.
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Figure 15.2: Binder architecture for IC.

of the channel. There may or may not be central control in the binder. While the architecture is
di erent from the bus, it is also an example of the IC . The binder system may be \duplex" in that both
directions of transmission are desired, in which case it maye best modeled as having @ users. The
binder situation corresponds to DSL systems where co-loca&n of di erent service providers (who will
not cooperate through a central controller or \vector" DSLA M of Chapters 13 and 14) and thus model
a DCIC, albeit possibly with some standardization on frequency use of the users. The binder model also
applies to a single DSLAM or to an \access point" in WiFi if the co-located transmitters and receivers
do not cooperate and simply just otherwise occupy the same pce of equipment without knowledge of
other users' choices of spectra and coding.

The binder and bus models fundamentally both reduce to the vetor channel model of (15.2) with
only the possible number of users changing, but the basic sticture of a known transfer function from
every possible transmitter of a message to every possible aeiver of that message still holds. This
text conceptually uses the binder model. However, with the évelopments of this section, it is always
possible to cast anylC into the format of (15.2) and then subsequently view it as a bhder channel with
an appropriate number of users.

User u's transmit spectra for a nite symbol size is generally replaced by Rxx (u), which as N !

1 could be modeled as a Gaussian power spectral density for dtanary systems. The use of the
autocorrelation Rxx (u) is more general and allows for nite-length packets and posibly modeling of
time variation. There will be an autocorrelation matrix for each user. These aucorrelation matrices will
be known to all users in the case of the CCIC, but will not be knavn (nor will the entries of o -diagonal
elements ofH in the DCIC). A subset of users may be grouped together in an ICin which case the user
index becomes a vectou. From the viewpoint of the IC, the users u 2 u are all the same user with the
rate being the sum of subset users' data rates.

15.1.2 The Centrally Controlled Gaussian IC (CCIC)

Figure 15.3 depicts the CCIC. Central assignment of bits peruser (per dimension) and corresponding
Rxx (u) is possible with the CCIC through the central controller th at knows all noise autocorrelation
matrices Rnn (u) and channelH; entries. This CCIC is the traditional IC of other texts.

The capacity region

The capacity region of the IC follows from the general IC capaity region in Chapter 12 with some
simpli cation in the Gaussian case. Each receiver is allowe to use a GDFE receiver for any possible
order of users that receiver sees appropriate.
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A rst step is to introduce an order vector
=[ us o1 (15.3)

where | is the order selected by receiveu. Each user's receiver may select any ofJ! orders. There
are thus
i j=(unY (15.4)

possible orders when vieweed over the set of users. For anyvgh order vector and given input
autocorrelation matrix Rxx (viewed as a block diagnonal matrix with each of the user auteorrelation
matrices as one of the blocks), receiveu may use a GDFE for its component order , to achieve a
vector of user bits/symbol denotedb,( ;Rxx ). The particular order will determine the data rates for
each of the users with all later users in the order at receiveu viewed as noise. A Gaussian code for each
user could be designed to achieve this corresponding datateto receiver u. The notation b;(u; ;Rxx )
denotes theu™ component (useru data rate) at receiver i.

The data rates achievable for this order and input autocorréation may not be achievable at other
receiversi 6 u. Equivalently, user u's data rate at receiver u may not be achievable at some or all of the
other receivers. Indeed, there will be a minimum data rate fo user u across all receivers for the given
order vector and the given input autocorrelation matrix Rxx :

by iRxx ) =min bi(u; [Rxx) : (15.5)

This minimum can be achieved at all receivers for the given ater and input autocorrelation. A vector
of these minimum rates can be constructed as

o
b( ;Rxx)=  h( ;Rxx) ; (15.6)

u=1

where N corresponds to Cartesian product (or simply form an orderedU-tuple). Each element data
rate of b( ;Rxx ) can be achieved at all receivers and any user data rate thatxeeeds its corresponding
entry in b( ;Rxx ) cannot be achieved for this order and this input Rxx at one or more receivers
(and thus a higher data rate would be a single-user GDFE capaty violation at one or more receivers for
decoding). There are many ((J!)V 0 orders and so there are many pointd( ;Rxx ). Any time-sharing
of the designs corresponding to these points is allowed; etyalently the convex hull of the region formed
by the set of points over all orders for any givenRxx is achievable:

nv

¢
A(b;Rxx ) = b( ;Rxx) : (15.7)

Any point outside this convex hull has at least one data rate that for the given Rxx has at least one
receiver that cannot decode at least one user that it must desde no matter what order is used. Such a
point then violates a single-user capacity limit for all orders and the given input Rxx . Finally then,

Can
cc (b) = A(b; Rxx ) (15.8)
Rxx

where the convex hull over all possible input spectra allowsutocorrelation matrices for each independent
user that each must satisfy the particular user's energy costraint

tracef Rxx (u)g Ey (15.9)

15.1.3 The Distributed Control Gaussian IC (DCIC)

The distributed control aspect of the DCIC is not truly an ext ra constraint for the IC because a designer
could presumably guess the correct codes (and receivers ifvgn su ciently long time could presumably
ascertain the constellations and codes used on all other useif those codes were not quite, but almost,
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Figure 15.4: Distributed Control IC .

Gaussian). Or, the receivers could \guess" right on code dégns also. However, the intent of the
de nition of the DCIC is to re ne the constraints in developi ng a coding strategy for the IC where the
central design of spectra and bit distributions may not be fasible.

Instead, the designer for the DCIC may presume only that the bllowing 4 items are known as
suggested in Figure 15.4:

1. the received noise autocorrelatiorRpeise (U) (presumed Gaussian including contributions in aggre-
gate from all other users and the Gaussian noise)

2. its own channelH, (but not any H;, wherei 6 u)
3. The transmit autocorrelation Rxx (u) of its own channel
4. the bit distribution and thus total rate of its own channel b, and b, respectively.

Furthermore, successive decoding will be presumed infedde with the DCIC. The designer can assume
that the data rate for each user can be xed centrally.

Section 15.2 will address this problem with xed-margin IW, which often converges for such a channel,
but is not guaranteed to converge in all cases.
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15.2 Iterative Water- lling

Iterative water- lling (IW) is the same basic procedure as originally de ned in Chapter 13 for the MAC .
However, IW is not necessarily convergent on thelC, but has been observed in practice to converge
in a wide range of situations. IW has been proven to convergeni various situations of interest by Luo
and Pang*. One situation is where the channel is symmetric (meaning that the transfer function of
interference from useri to userj is equal in magnitude to the transfer function from userj to i for all i
and j, and the noises are also symmetric otherwise. Perhaps of grter interest (unlikely the noises are
symmetric) is that of diagonally dominant channels. Such clannels imply that jHy, (f)j >> jHy; (f)]
wheni 6 u. In e ect the transfer function of the user's channel is sigri cantly larger than the transfer
function from any other user into this same user. DownstreamDSL satis es this constraint if all signals
are launched from a common location and usually even if they i@ transmitted from di erent points.
IW has been observed to converge in all known situations. The may be many points to which IW can
coverage on the IC (but any may be acceptable improvements @r some less adaptive design approaches),
unlike the unique convergence point of theMAC . IW is best used when all receivers treat all other
signals as noise, and thus best applicable to the DCIC. Esséally, each user being as polite as possible
is about the only acceptable solution given a situation whee no successive decoding is used by any of
the IC receivers. As the constraints on central control are elaxed (but the presumption of no successive
decoding retained), additional improvements are possiblas in Sections 15.3 and 15.4.

15.2.1 The IW Algorithm for the DCIC

In IW for the DCIC, each user water- lIs by treating all other crosstalking signals on the line as Gaussian
noise. The spectrum of usem water- lls using the curve corresponding to the ratio of that total noise
normalized to the known channel gainjH . j?, with energy speci cally given on tone n as

P ) .
ﬁ"' ieuJHuiJZ Ein

= n + - -
u Eu,n JHuu;n J2

(15.10)

In actual use, each user would presumably implement a wateM-based loading algorithm that treats
all other users as noise, typically with bit-swapping as a rasonable approximation to water- lling. All
users may be swapping simultaneously. For simulations andvaluation, it is usually more convenient to
hold all other users constant and implement a water- Il loading algorithm for the user of interest. This
process iterates through all users several times until thegectra of all users have converged.

Figure 15.5 illustrates the o -line emulation algorithm fo r iterative water- lling. Basically each user
successively water lls as if all others are noises. After adw to several passes through the procedure (as
indicated by jmax - typically jmax =5 is su cient), it converges to stable spectra for all users.

The use of FM water- lling is important because it corresponds to polite use of power where no user
has excessive margin. In particular, the non-unique converence point to which IW converges is usually
then a good one. Section 15.2.3 assesses the impact of usimgtead rate-adaptive (or equivalently
margin adaptive) water- lling algorithms.

Distributed Implementation of IW and related algorithms

Essentially IW can conform to a distributed implementation where each modem uses a water- lling algo-
rithm, treating all other users as Gaussian noise added to watever Gaussian noise is already present on
the channel. Thus, each receiver independently implementa water- lling algorithm without knowledge
other than other users are also presumed to be water- lling h a general sense. FM water- lling where
each user minimizes their own energy use in achieving a ceita data rate and margin is preferred as
stated above.

4Eurasip Journal on Applied Signal Processing, 2006.
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Figure 15.6: lllustration of Near/Far IC problem.

15.2.2 Some DSL Examples

Figure 15.6 illustrates DSL's equivalent of the wireless \rear/far" problem where signals from a near
transmitter overwhelm signals from a far transmitter at a receiver location. This situation pervades
emerging DSL systems where ber-fed systems move transmiérs closer to users, but existing users
cannot (or are not) moved to the ber system®. Crosstalk in DSL channels increases with the square
of frequency, attenuates like the channel, and has a strengt proportional to the common length of
the neighboring telephone lines. Details of models are lefto standards and other textbooks, but the
examples here all use crosstalk transfer functions well-lkawn to be representative in North America.
In the near/far situation, the ber-fed terminal's transmi tter couples as \Far-End Crosstalk (FEXT)"
into the long line's receiver. The reduction in data rate canbe very high on the long line, typically a
reduction of a factor of 4 to 5 if MA after the near loop energizs and starts creating crosstalk. The far
user then loses performance.

An early example appears in Figure 15.7. The far loop was origally happily working at 1.5 Mbps
service level. An remote ber-fed DSL terminal was placed at10,000 feet from the central o ce and
also transmitted data using MA water- lling at 1.5 Mbps. The data rate on the long loop then dropped
to 300 kbps, a factor of 5 loss in data rate. A third user from the remote terminal also transmits on
a longer loop at 1.5 Mbps using MA water- lling. Figure 15.7 plots the IW rate region (each dot is a
pair of data rates on the two long lines that was achieved withall lines using FM water- lling and the
short line using 1.5 Mbps with 6 dB of margin). The data rate 1.5 Mbps is possible (6 dB of margin
was also used on the two long lines) so the original data ratesirestored, and all 3 customers operate at
the data rate they purchased. Thus, while IW may not be optimum, it very much solves an otherwise
catastrophic problem. The key was the short-user using FM weer- lling and thus being polite by xing
its margin to some acceptably low value. In some cases, a knawlong line may need to use margin
adaptive (full power) to ensure convergence in this situaton of IW to a good point.

5The reason for not moving the customer is that they lose servi ce during the mode, which can be up to a week, and it
is extra cost to the telephone company.
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Figure 15.7: Mixed Binder DSL Example.

Figure 15.8 illustrates a situation where the loops (25 of tlem) all have high crosstalk into one another,
but all are the same length (so no near far). In this simulation, the number of users was actually 50
because the lines are all used bi-directionally. Echo cantaion is used on any loop (see Chapter 4)
to isolate upstream and downstream transmissions, but crastalk into all other loops is presumed. The
lower curve is a 64PAM system in common use for symmetric traamission and known as SHDSL. The
plot shown for SHDSL very much represents its best performace in the eld. For the upper curve a
VDSL system with potential use of up to 4096 4.3125 kHz tonessi used with no restriction on frequencies
used up or down. All lines use FM IW and the bandwidth is determined adaptively for each. As is
clear, the IW doubles to triples the rate or essentially addsa mile of range at any given data rate.
Such an improvement is solely caused by the better adaptive @lite determination of spectrum use. The
symmetric transmission scheme would need to ensure that alines use FM water- lling at the same data
rate to see the gains shown, and such common understanding gfit have to be imposed by standards
if unbundling (multiple service providers each using linesin the binder) is present. Nonetheless, all
customers (and service providers) would gain substantiail.

Figure 15.9 is the converged spectra of IW for one of the lingsboth upstream and downstream.
The lower frequencies are used in both directions since crswlk is low at lower frequencies. As the
frequencies increase, the IW produces a frequency-divigidike separation of up and down transmissions
because of the stronger crosstalk at those frequencies.

15.2.3 Brady's Worst-Case Noise

While the IC capacity region is an outer bound for the performance, and terefore on the DCIC, an
interesting question is a worst-case bound, namely one in wbh the users are hostile to one another and
mutually cost largest degradation. Aversion of such a worstcase would then be prudent in design of a
DCIC if possible.

M. Brady has developed an approach to determining the worstease noise. Such a worst-case problem
is somewhat ill-posed in that all users could simply be obnolously impolite transmitting as much power
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Figure 15.8: Improvement of IW over current static design in symmetric DSL transmission.
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as they could everywhere. However, under a power constrairfor the other U 1 users individually, the
problem shifts to a game in which useru tries to maximize their data rate, while all the others try to
minimize this same data rate of useru with o ensive choices of power spectra that however must sasfy
the indivdual power constraints. The other users employ a stategy to reduce this one victim user's data
rate and thus create a \worst case." Mathematically, this problem is written as

Huu Rxx (UH,, + Rnoise (U)]

max min o - . ; 15.11
RXX (u) Rxx (i6u) % jRnoise (U)] ( )
ST : (15.12)
where as usual X
Rhnoise (U) = Hui Rxx (i)Hy + Rnn (u) (15.13)
i6u

The constraints are that the user autocorrelations are vald (positive semi-de nite) matrices with bounded
traces (or sum traces when formulated in frequency domain foset of tones) by the energy constraints.
Power spectral density constraints may also be applied to ezh tone in \loading" for the worst-case
interference.

The analysis of Brady's method is somewhat involved and beyad the scope of this version of EE479.
Nonetheless, we have provided a software routine in Mat labhat solves the above problem (all users
havel, = Ly = 1.

The program has 4 inputs (with user 1 considered to be the vidim and all others to be the o enders):

1. Hthe U U N tensor of all the channel responses
2. PaU 1 vector of individual energy per-user constraints
3. Sigmais theU 1 vector of noise variances
4. Gap is the linear scale gap
and 4 outputs
1. R is the number of bits per symbol for the victim user 1
2. Yisthe (U 1) N matrix of PSDs of the o ending modems
3. Xis victim user 1's power spectral density
4. int_pro le is the sum of o ending users' channel output spectra into user 1.
The program provided by Mark Brady is listed here:

function [Rate Y X int_profile]=wci(H,P,Sigma,Gap)
%function [Rate Y X int_profile]=wci(H,P,Sigma,Gap)
%Compute the worst-case interference for IC user 1
%lInputs: H is a UxUxN matrix of channel gains

% where H(m,p,n) is channel from user p into user m on tone n
% P is a Ux1 vector of power constraints.

% Sigma is a Nx1 vector of AWGN noises (per tone noise)

% Gap is the Gap-to-Capacity in LINEAR scale (not dB)
%Outputs:  Rate is the guaranteeable rate under WCI

% Y is the worst-interference inducing power allocations

% X is the victim modem response to the worst-interference
% int_profile is WCI interference profile

%Restrictions: *H of user 1 should not be zero for all tones

% *H must have at least 2 users

% *P must have each element strictly positive

%rev mhbrady 9/23/05
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%Test the input dimensionality
Rate = 0;

Y = 0;

X =0;

int_profile = 0;

TOL = 1e-20; % Channel gains less than this are treated as 0

try
TONESRAW = size(H,3);

if size(Sigma) ~= [TONESRAW 1]
disp('Invalid input dimensions for Sigma')
return

end

if or(prod(size(Gap)) ~= 1,Gap < 1)
disp('Invalid Gap’)
return

end

if or(size(P,1) ~= size(H,1), size(P,2) ~= 1)
disp('Invalid input dimensions of P')
return

end

if size(H,1)~=size(H,2)
disp('Invalid input dimensions. H must be square (per tone)
return

end

catch
disp('Invalid input dimensions, or not enough inputs.’)
return

end

%Get power gains
Hsqg = H A~ 2;
%Initialize interference structure
A = zeros(size(H,1),size(H,3));
Hsqg_new = zeros(size(H,1),size(H,2));
Sigma_new = [];
%Extract TONESRAW where victim has gain of < TOL
pos = 1,
ontones = [];
for n=1:TONESRAW
if(H(1,1,n) >= TOL)
Hsqg_new(:,;,pos) = Hsq(:,:,n);
Sigma_new(pos,1) = Sigma(n);
ontones = [ontones nJ;
pos = pos+1,;
end
end
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TONES = size(Hsq_new,3);

%Do normalization

normlz = Hsqg_new(1,1,);

normlz = reshape(normlz,prod(size(normlz)),1);

for intr=2:size(H,1)
Htemp = Hsq_new(1,intr,:);
Htemp = reshape(Htemp, prod(size(Htemp)),1);
A(intr,:) = Gap*(Htemp ./ normlz)' ;

end

Sigma_norm = Gap*(Sigma_new ./ normlz)’;

CAP = 2*repmat(P,1,TONES);
ABSTOL = .000001;

Atilde{1} = A;

for u=2:size(H,1)
Atilde{u} = O*A;

end

w = zeros(size(H,1),1);
w(l) = 1;

Sigma_norm2 = [Sigma_norm'...
repmat(Sigma_norm',1,size(H,1)-1)];

[Xback, Yback, LB_cp]=linw(Atilde,Sigma_norm2',P,CAP, w',ABSTOL,0);

Rate = LB_cp;
Yb = Yback(2:size(Yback,1),:)";
Xb = Xback(1,);

%Do the writeback

int_profile2 = (normlz' / Gap) .* (sum(A .* Yback,1)+Sigma_ norm);
int_profile2 = int_profile2';

int_profile = zeros(size(H,3),1);

int_profile(ontones) = int_profile2;

Y
X

zeros(size(H,3),size(H,1)-1);
zeros(size(H,3),1);

Y(ontones,:) = Yb;
X(ontones,:) = Xb;

The wci program was used to generate worst case noises for theear/far downstream ADSL and
upstream VDSL examples in Figures 15.10 and 15.11. (The acnym PBO in these curves corresponds
to \power back o ," which corresponds to a method where nearuser crosstalk is controlled to be the
same level in power as the longest line at the line at same diahce as the present line's receiver.) The
IW plot shown is an RA IW. The power limit on the near modem was reduced by the amount shown on
the horizontal axis in both plots, e ectively simulating a \ xed-margin" e ect as the data rate reduces
for the near connection while the rate for the far connectionincreases. In these gures, the wci is close
to the RA WF spectrum allocation in all cases. This suggests hat while the best operating point is
somewhere near the middle of each plot with FM IW (and this maybe a considerable improvement with
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Figure 15.10: ADSL Worst Case Noise Example

respect to current systems that operate near the right-handside of the plots), that perhaps better yet
allocation of spectra would be possible.

Sections 15.3 and 15.4 address algorithms that presume soncentral allocation of spectra (but no
successive decoding) to e ect further improvements in datarate for the situation, moving away from the
worst-case spectra.
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15.3 Centrally Controlled Spectrum Allocation without Suc -
cessive Decoding

This section speci cally allows central control and focuse on the CCIC, but no successive decoding is
presumed implemented by any of the users' receivers. Subgam 15.3.1 reviews Cendrillon's \Optimal"
spectrum balancing (OSB), a method that is optimum for a syndironized set of DMT systems with an
in nite number of tones and provides a guideline for more feaible central controlled systems without
successive decoding. The complexity of OSB is exponentigllhigh and not feasible for most problems
even when used with a nite number of tones. Iterative Spectum Balancing (ISB) replaces the most
intensive step of OSB with an approximation as in Subsection15.3.2 and often produces at a lesser
(but still high) complexity a result. Papandriopoulos' SCA LE method for the IC reduces complexity to
a level comparable to theMAC minPMAC program of Section 13.5, Subsection 15.3.3. Additbnally,
the SCALE approximations provide a nice analogy with iterative water- lling, leading ultimately to
the iterative multi-level water- lling methods of Section 15.4 that will obtain essentially the highest
level of performance at a cost essentially no greater than tht of IW and with a highly distributed
implementation (although a very small amount of central coadination is used).

15.3.1 Optimum Spectrum Balancing (OSB)

The Vector DMT system is again presumed in the development ofOSB so that all users are assumed to
somehow use the same sample and symbol clocks in implemenia. With central control, the possibility
of synchronization is perhaps feasible. 