EE378: Final Examination Solutions

Wednesday, June 9, 8:30-11:30 AM
The total number of points is 100. In addition, there are 15 bonus points.

1. (32 points) Consider a sextuple of discrete random variables (X, X, X3, X4, X5, X¢) sat-
isfying the following three conditional independence relations:

L4 Xl - X2 - (X37X47X57X6)
L4 (X27X3) — Xy — X5
o (X5, X5, X4) — X5 — Xe

(a) (6 points) Show that the joint PMF of (X;, X, X3, X4, X5, X) has a factorization
of the form

p(lUl, T2,T3,Ty,Ts, 906) = %(33'1, 902)%(352, I3, 5U4)¢c(374, 565)%(%57376)- (1)

(b) (5 points) Draw the graph associated with the factorization in (1).

(¢) (21 points) For each of the following relations, indicate whether or not it necessarily
holds. If it does, argue why. If it does not, provide a counter-example (that is,
describe a sextuple satisfying the above three conditional independence relations yet
not satisfying the relation in question).

i. (3 points) (X, Xo, X3) — (X4, X5) — X6
ii. (3 points) X; — X3 — X5

3 points) Xy — (Xo, X3, X5) — (X1, X¢)

) (X1, Xo) — Xz — (Xy, X5, Xe)

)

)

)

iii.
iv. (3 points
(X1, X, X3) — (X4, Xg) — X5
2 — (X1, X3) — X5

vi. X
X1 — Xy — Xg

3 points

vii.

(
(
(
v. (3 points
(
(

3 points
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(36 points + 5 bonus points) Let {X,, : —oo < n < oo}, X,, € {1,—1}, be a stationary
first-order Markov binary symmetric process with transition probability ¢, that is,

P( X1 =1X,=-1)=P(X,s1 = -1|X,=1) =g,
and

where parameter ¢ € (0,1/2) is known.

1
27

Let {Z, : —00 <mn < 0o} be an i.i.d. noise process independent of { X, }, where

5
Let the observation process Y,, = X,, + Z,.

(a) (6 points) Find the autocorrelation function of X.

(Hint: show that the autocorrelation function is of the form Ry (k) = c/*l and identify
c explicitly.)

For the following parts, let ¢ = 1/5.

(b) (6 points) Find the causal Wiener filter H(e’*) for estimating X,, based on {Y} :
—o00 < k <n}

(d)

(6 points) Find the MSE of the causal Wiener filter in part (b).

(6 points) Let {X,,} and {Y,} be Gaussian random processes such that

Xn = aanl + Wn:
?n - Xn + Nm

where a is a constant, {W,} and {N,} are i.i.d. processes independent—of {X;},
W, ~ N(0,0%), and N,, ~ N(0,0%).
Find a, 03, and ¢% such that
Ry (k) = Rx(k), Ry(k) = Ry(k), Rgy(k)= Rxy (k).
(e) (6 points) For the values of a, o7, and 0% you found in part (d), use the Kalman
filter to find lim,, . Var(X,|Y™). Compare it with the MSE in part (c).

(f) (6 points) Find the optimal non-linear causal filter E(X,|Y" = y™).
(Hint: consider the sets

Sno = {y"

S:,k = {y"

S; L =1{y":

cy; =0for 1 <i<n}
g =2, ¥y =0for k+1<i<n}

ye=—2, y;=0for k+1<i<n}
for k = 1,2,...,n and note that E(X,,|[Y"™ = y") is the same for all y" € S:,k and
similarly for S, and S,.)
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(g) (Bonus: 5 points) Find the MSE of the optimal causal filter in part (f) as n — oo.
Compare it with the MSE’s in parts (c) and (e).

Solution:

(a) Consider

Next, for k£ > 0,

RX(k) = E(Xn—i—an)
= P(Xn =1, X = 1) + P(Xn =—1, X = —1)
—PX,=1,X,=—-1)—-PX,=-1,X1x=-1)
= P(Xn = 1)P(Xn+k = 1|Xn = 1) + P(Xn = —1)P(Xn+k = —1|Xn = —1)
— P(Xy = DP(Xnok = —1|Xp = 1) = P(Xp, = —1)P(Xpsp — —1|X,, = —1).

The k-step transition probability matrix is

[t = (G081 [ B ])

g 1—q| " \|1/V2 —1/v2 ][0 1=2¢|[1/vV2 —1/V2
_{1/\/5 1/¢§H1 0 Hl/ﬂ 1/\/5]
V2“2 0 =29 || 1/V2 —1/V2
_1{14—(1—2(1)’“ 1—(1—2q)k}

T2 1—=(1—-2¢9)F 1+(1-29)F |°
Thus,
1/1+(1=-29% 14+(1-=2¢9% 1-(1-2¢)% 1—(1-2¢)"*
RX(k):E( 2 * 2 - 2 N 2 )
= (1 —2¢)".

Since the autocorrelation function is even, Rx (k) = (1 — 2¢)/*! that is, ¢ =1 — 2¢.

Alternatively,
E(Xn1]Xn) =1 —¢)Xn+q¢(—X,) = (1 —2¢)X,.
Then for k£ > 0,

RX(k) = E(Xn—f—k:Xn) = E(E(Xn+an|Xg+k_1)>
E<Xn E(Xn+k‘Xg+k71)) = E(Xn E(Xn+k|Xn+k—1))
(1 —2¢) E(Xp4r-1X5) = (1 = 2¢)Rx (k — 1).

Therefore, Rx (k) = (1 — 2¢)/*.
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(b) The causal Wiener filter is given by

H(¥) = — {5X<6j“’) }+.

- SF(er) LSy (emi)

The power spectral density of {X,,} is

oo

Sx(ej“") = Z RX<]§)€*J'W’€ — Z (1 . 2q)|k|€fjwk

k=—o00 k=—00
-1

- Z (1 —2q) Fe vk 1 Z(l — 2q)Femivk
(1 —2q)e’® 1
T 1- (1 =2q)eiv 1—(1—2q)e v
49(1 —q)
(1= (1 =2¢)e)(1 = (1 = 2g)e~7*)
- 16
~25(1 — Zeiw) (1 — Zeiv)’

Since {Z,} is independent of {X,,} and Sz(w) = Rz(0) =1,

Sy (e) = Sx(e7) 4+ Sz (/)
16
~ 25(1 — 3e1) (1 — Ze i)
9(1 — ) (1 — ze77*)
T 5(1 — Zeiw) (1 — Seaw)’

+1

Thus,
3(1—ze77)
V(1 — Zeiv)

Sy () =
Next, consider

{ Sx(e’) } _ 16 V5(1 — %ej“’)
Sy(e=3w) J . 25(1 — 2e7)(1 — 2ev) 3(1 — 3eiv) .

5

— 167\5/5 { 1= gejwl)(l — zelv) }+

~16V5 5 N 5e*
75 41— ge)  12(1—e) f

45

15(1 — 2e—iv)’
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Therefore, the causal Wiener filter is

o B2y 4F 4
H(e) = T T = -
3(1 - 56 ]w) 15(]. — 56 ]w) 9(]_ — §€ ]w)

(c¢) Let U, = X,, — Xn be the error process, where Xn = h, %Y, and h,, is the causal
Wiener filter. Then

Up=Xn—hpx ( X+ 2Z,) = (0 — hy) x Xy, — hyy % Z,,.
Thus,

Su(e) = |1 — H(e™)[*Sx () + | H(e™)|*

R 16 N 4
91— dei)| 25(1 — 2eiw)(1 — Zeiv)  |9(1 — Le—iw)
32

81(1 — ze7¢)(1 — ze=v)’

which is the Fourier transform of

Therefore, the MSE is E(U2?) = Ry;(0) = 4/9.
(d) Since {X,} is an AR(1) process,

oy
(1 —aei*)(1 —ae—v)’

Sz () =

Thus, we have a = 1 — 2¢ = 3/5 and o3, = 4¢(1 — ¢) = 16/25. Next,
Sf/(ejw) = SX(ejw) + 0‘]2\,.

We know that Sy (e’*) = Sx(e’) + 1. Therefore, 0% = Var(Z) = 1.
Remark: There is an incorrect condition in this question, so everyone gets 6 points.
(e) Let Xyt = B(X,|Y™™), Xopn = B(X,|Y"™), Mgy = Var(X,[Y" 1), and A, =

Var(X,,|Y"). Define
L e | Vi

- R Ayi—1 + 0% B A1 + 1

gt
Then the measurement update of the Kalman filter is

Xt\t = Xt|t—1 + ge(ye — hXt|t:1)a
At\t = (1 - hgt)Aﬂtfl;
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and the time update is

Xt+1\t = aXt|t,

A = azAt|t + oy
Thus,

AV _ Q%At—l\t—l + %
Ageor +1 ZFA g+ 5 +1

Let lim;_.o, Ayy = A. Then we have

_ 9A+16
O9A +41°

Thus, 9A? — 32A — 16 = 0. Since A > 0, A = 4/9. Therefore lim,, ., Var(X,|[Y™) =
4/9, which is the same as the MSE of the causal Wiener filter.

(f) Suppose that y" € S, 0. Then

P(X,=1Y"=y")=> P(X"'=z,4,X,=1Y"=y")

an—1

=) P(X,=1)P(X" =2, 4|X, =1)

an—1

n—1
x P(Y, =0|X, = 1) [[ P(¥; = 0|X; = ;)
=1

=) PX" =z, 4|X, =1) (%) " = (%) " :

Similarly, P(X,, = —1,Y" = y") = (1/2)"*!. Thus,

L (12" 4+ (1) - (12

A2+

B(X"|Y" =) =

for y" € Spy.
Next, suppose that y" € S, . Then

P(X = 2|V = y") = P(X, = 2|V =", X, = 1)
= P(X, = 2 Vi = v Xe = 1).
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Consider

= Z P(Xn = 1>XI?J:11 = xz;i’Xk’ = 17Yk11 = yl:f+1)
T
=Y P(Xp =1)P(X, = 1Xy = VP(X} | =2} {|Xp =1,X, = 1)
1

e
Tri1

n—1
x P(Y, =0|X, =1) [ P(Yi=0[X; =)

i=k+1

n— n— 1— (1 — 2q)n—k 1 o
:ZP(Xmll:karﬂXk:laXn:l) ( 5 B
n—1

Tht1

- (1 + - QQ)"’“) (%)”—k’-i-l‘

Similarly,

n n 1— (1 _ Qq)n_k 1 nok
})()(n = 0,)(k = 17}k+4,:: yk+l) = ( 9 é' :

Therefore,

B(X,|Y" =y") = E(Xu[Y = g0, X = 1)

—1. (“ <1;2W‘k) o). (1 - (1;2q)”—k)
— (1—2¢)""

for all y" € S;7 .
By symmetry, for all y" € S,

B(X,|Y" =y") = —(1—2¢)"".

Therefore,
0 if y" € Snp
ECGIY" =y = { (35 ify" e SF,
—(3/5)"F ifyn e Sk

(g) Suppose that y" € S,, o, the conditional MSE is

(1—=0)%-(1/2)" + (=1 -0)%- (1/2)"

Var(Xn\Y" = y”) = (1/2)n+1 4 (1/2)n+1

=1.
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For y" € S:[, &, the conditional MSE is

Var(X,[Y" =y") = (1 - (1 - 2q)n—k)2 ' <1 + (1 ; 2q)nk)

F -ty (AR

=1 — (1 —2¢)*"h),

By symmetry,
Var(X,|Y" =y") =1 — (1 — 2¢)*"¥
for all y" € S,
Now we only need to find P(S,0), P(S, ), and P(S, ). We first consider

Next, consider

P(S;k):P(Yk:ZYkH:O,,Yn:O)
= P(X,=1,Y,=2Y1=0,...,Y,=0)
=Y P(X™ =" X} = 1Y, =2,Yi1 =0,...,Y, =0)
xn\k
=Y P(Xp=1)P(X"™ = 2" X}, = 1)

zn\k

x P(Vy =2|X,=1) [[ P(Yi=0X; =)

i=k+1

% " 1 n—k+2 1 n—k+2
=Y P(X"™ =2"V|X, = 1) 3 =3 .

xn\k

By symmetry,
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Therefore, the MSE is
Var(X,|Y") = P(Sn0) Var(X,|Y" € Sp0)

+)P(SF) Var(X,[Y" € S

k=1

+ Z P(S,,) Var(X,|Y" € S,,)

k=1

() oo

n 1 n—k+1
1— (5) (1 —2¢)*="),
k=1

Taking n — oo, we have

1/2 16
I X, Y™ =1— _ 1
aim Var(Xa[¥™) 1 (1/2)1—29)2 41’

which is lower than the MSE of the optimal linear causal filter.
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3. (32 points + 10 bonus points) Let { f(¢),0 < t < T} be a known, deterministic, continuous-
time finite-energy signal. Let X7 = {X,,0 <t < T} be the signal of interest given by
Xy =G - f(t), where G ~ N(0,1). Let

Y, =7 Xi + N, 0<t<T,

where v > 0 is a known number and N; is Additive White Gaussian Noise of unit power
spectral density, independent of X7

(a) (8 points) Find the optimal non-causal filter of X7 based on Y.
Hint: note the Markov relation X7 — fo Y f(t)dt —YT.)

(c) (8 points) Find the optimal causal filter of X” based on Y.

(
(
(b) (8 points) Find mmsef(7y), the mean square error of the filter from the previous part.
(
(

(d) (8 points) Find cmmse(y), the mean square error of the filter from the previous part,

cither directly or by use of the relationship cmmses(y) = g% fosnr mmsef(7y)dy.

Bonus part (extra credit):

Let now cmse; () denote the mean square error of the causal filter of X” based on Y7
that would have been optimal if X7 ~ (), when the noise-free signal is reall jy g1ven by
G f(t). Similarly, let {g(t),0 <t < T} be another function satisfying [ f(t)*dt =

fo t)*dt and fo g(t)dt =0, and let cmse, () denote the mean square error of the
causal filter of X7 based on YT that would have been optimal if X7 ~ @, when the
noise-free signal is really given by X; = G - g(t). Suppose the underlying signal is known
to either satisfy X; = G- f(t) forall 0 <t < T or X; = G- g(t) forall 0 <t <T. We
seek the prior distribution @ on X7 inducing the causal Bayesian filter which is optimal
in the minimax sense. In other words, we seek the () achieving the minimum in

min max{cmsey () — cmmse(7), cmse, o(7) — cmmse, (1)}, (2)

where, similarly to cmmses(7y), cmmse,(y) denotes the mean square error of the optimal
causal filter when the noise-free signal is given by X; = G - g(1).

(e) (Bonus: 5 points) Find the @) that achieves the minimum in (2).
(Hint: You can use the result on mismatched causal estimation in AWGN to express
the differences in (2) as relative entropies, then use the ‘redundancy-capacity’ theo-
rem to bring the problem to one of maximizing for a mutual information, and then
find the maximizing @) using symmetry.)

(f) (Bonus: 5 points) Find the induced causal Bayesian filter, i.e., the causal filter which
is optimal for X7 ~ ), where @ is the distribution from the previous part.
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