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Information Theory Tuesday, June 2, 2009
Prof. T. Cover

Solutions to Homework Set #8

1. Investment growth rate.
Let
¥ _ { (1,a), with probability 1/2
| (1,1/a), with probability 1/2 |

where a > 1. This vector X represents a stock market vector of cash vs. a hot stock.
Let

W(b,F) = Elogb'X

and
W = max W(b, F)

be the growth rate.

(a) Find the log optimal portfolio b*.
(b) Find the growth rate W*.
(c¢) Find the asymptotic behavior of

1=1

for all b.

Solution: Investment growth rate.

(a) Let the portfolio be (1 — by, by). Then

1 1 b
W(b, FF) = SIn(1 — by + aby) + - In(1 — by + f). (1)
Differentiating to find the maximum, we have
aw 1 —1 1-1
_-_ ¢ - “ =0 (2)
dby 21 —by+aby 1—by+ 2

Solving this equation, we get b5 = % Hence the log optimal portfolio b* is (%, %)



(b) The optimal growth rate W* = W (b*, F) is

. 1. /1 ay 1. /1 1
W= g(geg) a5 )
2
— llnM_m. (4)
2 a

(¢) The asymptotic behavior of an infinite product of i.i.d. terms is essentially deter-
mined by the expected log of the individual terms.

Sn = JIbX; (5)
i=1

— en7—1L ;L:llnthi (6

_ enElnth (7

enW(b,F)’ (8)

where the convergence is with probability 1 by the strong law of large numbers.
We can substitute for W (b, F) from (1).



