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Gaussmn F eedback Capacﬂy

THOMASM COVER FELLOW, IEEE, AND SANDEEP POMBRA

- Absiracs —'The capacny of hme varymg atldmve Causs:an Iofse chan. - xn = { Xb XZ’ . X ) (0 Zh 22 - ,’ ])) when feed- :

nels with feedback is charatterized. Toward" this end, an asymptotic
equipartition . theorem “for nonstationary Gaussian processes is proved:
Then, with thé aid of cerlam matfix inequalities, it is proved that the
fecdback ‘capacity. Cep 'in “bits per transinission snd the ponfeedbatk
-capacity C satisty C < CF,-, < 2C {a result oblained by Pinsker and Eberi)
and C < CF,, £C+1

I._ -INTRODUCGTION AND SUMMARY

E WISH te characterizé the capacity of tine-vary-

ing additive Gaussian noise channels with feedback.

At the same time, -we wish- o show_that the feedback
capatity Cpp and. the nonfeedback capacity C satisfy the
ine(jua.ﬁlics Crp <2C and Cpy<C+3 in bits per trans-
mission, Thf-.: CFBs2C result is due to P;nskcr [y and
Ebert [2].-.

The ehannel Y= X +Z,-‘,' 7-.r=1,'2, +, has addil_ivc
Gausszan noise Z,, Z,, 23, s where Z"=(Z,,-+ ., Z ) ~
N1, K.;).. The output 35 given. by ¥”= X"+ Z”. For.

- block length n- we shall specify’ a(27F n) code with
codewords - x7(W, ¥y = (x,(W) x, (W, ¥,
o % (Y77, W (L2278, and decoding
functien g,: R" - {1,2,- 2"” } Thf: probab:hly of error
P17 s defined by, .

P = R ié_t Pr{gn(}"’}#iix =X ( ’YHWI)-}.
xw] ’ ’
~pr{g,,(y )qew} E M

where W.is umformly distributed over {1 2,-+-,2"%} and
independérit of Z". The obJeci is to’ communicate the
indeéx W to the receiver at high rates R with low probab}i—
ity of -error PiM. We begin by using Fano’s inequality. to
show that, for any sequence of (275 n) codes w1th P‘") -,

nR<I{W,Y" )+nc

~where €, 0 and W ois umformly distributed  over
{1,2,=2- 2"”}

Il would now be a mistake to usé the data processing
inequality to replace I(W;Y") by the upper bound
J( X" ¥"). Although these quantities are suitably close for
channels without feedback, I{ X" Y™} blows p (e.g., when
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Back is allowed. Instead We, prove duectly the known result-

IW;Y™) = h(¥Y")= h(Z"). @
This. we wish io maximize. We cannot affect the noise
entropy ’

(3)
where [K| denotes the determinant of K, so we are lelt
with- maximizing #(Y™), both with and without feedback,

7 ] o .
h{zZ"}= 3 In (2me)"| K47

From the ¢éntropy max]mmng property of the Gaussian

dlstnbuuon we- have .

h(Y”) <sm@e) KRy )
wl‘;ere o
K}”Q,-E(X+z)(x+ z)
=Kyt Ky V Ky + Kz'z- ' (5)

(We shall ofieh'éupprcsé the block length n and associated
matrix size in. the discussion.) We are thus led to believe
that the capacity of the channel is

L. I
X

1° ;
hm wI(W Y )= lxm max log (6}

n-—o0 I

where the determinant ;K}‘Z}Zi is maximized under the ..

power constraint _ o .
1: zxZ(W zZi- 1)— u(K;;'?)s-P. (7)

my_a )
There are a.few problems with' this formmulation. First,
max(1/2n)]og(’iK("3z[/ng‘)i) may not have a Hmit as

" n—> 00, because of the lime-varying nature of the noise

{Z,}- (We have not assumed stationarity,) We handie this
by generahz.mg the notion of capacity to .

1 KR,
— log Siit
bl

. omax

T

=~ (K s P

" R " . .
where this. quantity can be thought of as the capacity in
bits per transmission if the channel is to be vsed for the
time block {1,2,- -, n}. The relationship of X 10 Z in the
max;mnzauon depcnds on whe.thar or not we have feed-
back. - o

-1t is now’ ‘tirfie: 10 d1st:mgmsh ihe charactenzatlon of
capacxty in-the feedback cases:from that in nonfeedback -
cases. Clearly, smce the noise Z" and the signal index W
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are i'ndcpandcnt, it follows that " X*(W) is.indépendent of .

Z7 if no feedback is allowed, and ‘thus
K, =K@+ K0, o

Feedback adds cross terms K, and K., We now have

the following informal time-varying channel capacity state-
ments for block length n.
1) The capacity C, g in bits per transnnss'xo_n of the
time-varying Gaussmn channel with feedback is
’ max i ]og |K i’-!- zl
’ o 1K
lu(-xj;”)sr K2

(10)

Cn.FBm :

where the maxnmz.auon is taken over all- X™ of the form
: i—-1
X,= Y bUZ +V. .
J=F
and V" is mdependent of Z” To venfy that the:maximiza-
tion over (11) mvo]ves no loss of generality, note. that the
distribution on X"+ Z” ‘achieving {4) is Gaussian. Smce
2" is also Gawussian, it can be verified- that a jointly
Gaussian distribution on (X", Z", X* +'Z") achieves the
maxmnzanon in (4) and consequently in (10). Since Z7=
Y"— X", the most general jointly normal causal depen-
dcnce of X” on Y" is however of the form (11), where V=
plays the role of, the innovations process. Recasting (10),
(11) by using X = BZ -+ V and Y= X+ Z, we can write

o I ;fB+I)KZ(B+J) +K,,]
C, pp=max— 2n og _ X, I

where the maximum is taken over ail nonnegative definite
K, and stricily lower triangular B such that -

uw{BKB'+ K, ) <nP: . (13)
(Without feedback, B is necessarily 0)
© 2) The capacity C, of the time-varying Gaussxan chan—
“nel without fecdback is given by
CL K K}_".ll

max, _'fl_og"*———_ o (14)
iu(xy'i)‘sp 4l

B=1,2, 0,0 (11)

This reduces to- waterfxl]mg on the e:genvalues {?\"’)} of
K Thus D

1t {X—A)
2;: E ]c‘)g(1+-—-———. o (15)

where:( Y)f“ max { y,O} and A is chosen so that

LAY '1_.""(165'

i=1 .

We have uppcr-boundcd the achievable feedback rates
by C, Fu We subsequently prove the achievability of C
by proving the existence of (2%~ n) codes with Pf’”
0, for any ¢> 0. To do this we use- 4. random codmg
argument. This requires the use of the asymptotic equipar-
tition property (AEP). Unfortunately, the AEP usually
only holds for ergodic stochastic processes and ergod:cny

(12)
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is. loo much lo require of {Z }'_1 and pointless to requesl _

of {¥;}2,, because we would then be restricting the maxi-
mization with a resulting loss of generality. Surprisingly,

the AEP holds for arbitrary (nonergodic) Gaussian pro- -

cesses as proved ip Section V. (See also Pinsker [9]) Thus
we can indeed prove that rates less than C, bits per
transmission can be achieved for'n transm:ss:ons over lhlS
charmcl We state the following’ theorem '

Theorem I:Let {Z.)%; be an arb}lrary Gaussiah
.stochastic process such that Z” ~ N(ui,, K§™). Then there
exists a sequence of (27(Sm=9 ny feedback codes with
PIM 50, a5 n-s 00, for €> 0. Conversely, for € 0, any
sequence of (27(C» ) ,n) codes has P! bounded away
from zero for-all x. The $ame statemént holds in the

special case without feedback vpon substitution of C, for

CrrFB . o . Lo Ty

‘We prove this £heorem in Secuon VI :
In an earlies- work, Butman 3] .showed that- feedback

increases capacity for the first-order autoregressive chan-
nel. Tiernan and Schalkwijk {4] provided upper bounds 1o |
the capacity of band-limited first-order Gaussian autore-.

gressive channels with feedback under an average energy.

constraint. Their development is based on “path ‘energy.

increments™ and “does not require linear processing. Ii a
subsequent paper [5), they analyzed .the optimum lineai:
system for an auioregresslvc forward channel with feed-
back. Finally, Butman [6] achieved tighter bounds on the
capacity of .general mth-order Gaussian auioregresswe
channels with linear-feedback.

1. NECESSARY MATRIX INEQUALITIES
Let lA] denote the determinant of 4. To upper-bound

MKy, 2] in the -capacity formulas we need a number of

matrix inequalities. It should come, as a pleasant surprise
that they all have information theoretic_proofs. First we
require the following.

~Lemma 1: ¥ A and B -are nonnegahvc definite symmet-
ric matrices, then

.]A+B]>;A| an

Proof: Lel X~N, (0, A),Y N, (0 B) be mdependenl
Gaussxan n-vectors. Then - -

~2— lp-(.z_wg)"iAur Bi= h'(X+'Y) = ?r( X+ }'}Y)i%‘éi X') '

= iln(zwe) fA{ (18)

Lemma2:

‘ Proof ‘We have .- : S
Kyiz= KXX+KH+KZX+KZZ‘ :
K_x—z—,Kxx_sz"sz"‘Kzz- 7(20)

Summing the two equations yields the result.

K,,+7+K,,ﬁ -~2K,,+2Kz. L (1_9).'

L
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The next inequality, w}uch we get by combmmg Lem-
mas T and 2, is crucxa] in provmg CFBS C+1 :
Lenima 3: "

[Kx+z]5f2Kx+2K2I 2"]KX+KZJ {21)
Finally, to prove CFB <2C, we need ‘he (known) n-

equality given in Lemma 4 (see [7]). The proof is new. A
number of determinant inequalities are developed in [12).

Lemma 4: For 4, B nonnegative definite matrices and >

Os}\<1
MA+Q=N)Blz PP (22)

Proof: Let X~ N{0, 4), and Y ~ N, (0, B). Let Z, be

the miktufe fandom vector

X, if6=1 (2—3)\

2= { Y, iff=2,
and let

P 1, with probability A
17, with probability 1- A.

_ Lcl X, ¥, 0 be mdepcndcnt Then _

Ky=Aas0ENE L (4
We observe that ’ ‘
E In(27e)” RAA+(1-A)B]=h(Z,)
o (240 g
-='Ah(X)+(1—A)/:‘(Y) '

| '——In(2we) 4P Mpp- " (25}

-wh:ch proves the resull The: first mcquahty foliows from

the entropy maxmnzmg property of the Gaussmn dlstnbu—
tion’under a covariance constraint.

Def nition: We say that the random vector X is caum!!y
related to Z" if Jxm, 2" = f(z7 L f( [x' Lath
Note that. feedback codes necessanly yield causa]ly related

(X7, 27
Lemma 5: If X7 and Z" are causally related, then
h(X-—-Z)2 HZ) : (26)
and N
| EKszl-?'sz|- Co s '(27)

Pmof We have

h(X z)_ 211()( .zur'l z' 1)
=3 .
¢ Eh'{'X-—.Z[X"" Zim1 X,.)
‘i)}jh(zur' ‘z‘ Y X,)
< Zh(Z-IZ“‘}

“z). @

39

Here (a} is the chain mle, (b) is conditioning s(A}B) >

. (AR, C); {c) Tollows fiom the conditional déterminism of

X; and the invariance of differential entropy under transla-
tion, (d) Tollows from the causal relationship of X" and -
Z", and (¢) is the reverse chain rule. _

Finally, suppose X™ and Z".are causally related and the
associated covariance matrices for X and X — Z are K,
and K x—z There obviously exists.a mu]hvanatc normal
pair of (causa]ly related) random vectors X*, Z7 with the
same covanance structure. Thas from (28) we have |

—"lﬂ(sz) inuzf"h(X" Z")
C 2h(Z7)

1.
o =3 n(2me) 1Kz, -
thus ptoving {27).

1. FEEDBACK INCREASES CAPACITY BY AT Mosr
HALF A Bir

We now show Cpg < C+ 1 Let

T K4,

G FB= max 3 log K

n.

29
where the maximum is taken under the constrainis m (12)
(13). Let

o KL + K4
C,= max —— log B (30)
ir(KP) <nP 2N P2

- Although we shall be proving that both C, i and C, are

achievable communication rates, we do not need 10 show
achievability at this stage.

Prewous work by Gallager [8] guaramces that C=
lim m, ~ Coexists if {Z;} 15 a stanonary Gaussian stochastic
process and, furthermore, that C is the capacity for such
stationary channels. Thus provmg Corp<C,+7% forall n
guarantees.ihat . '

CFB<hmﬂ_,wC < m G,k —;-HC+- L3
B

We are now ready 0. pmve ‘that feedback adds 1o the

capacity at most 5 a bit- per transmission.

TheoremZ C, FBS,C -[—2.

Proof Let the 1 X n covariance matix K, 5 achleve
feedback capacuy . ¥p - (29). ’Fhen .

Kyszl

— 1o
SaTan

1

T2

1 P +2K,)-
2 1Kz} _
1 2K+ K,
5 log————=
1
2

alert) e
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Here, the first‘i_ﬂcquélit-y, which rélates feedback to 'hbn-
. feedback, follows from Lemma 3. Thus C, py < C,+ % for
all n. : : '

- LIV, FEEDBACK AT Mosr Dounms CAPACITY

" We now prove the cclf:bra{ed resu]t CFB 5 2C of Pinsker
{1} and Ebert [2].

Theorem 3: -C, ¥ 2C
Proof: It is enough 1o show that -

11 AKypzl Kyt Ky
og ——+— < —log ————, {33)
22n Kzl — 2n 1Kz

for it then follows, 'by maximizing each side in turn, that

1 .
E_Cn.FBan' ’ ) . (34)
Werha‘:v;e .
1 o IKX"‘KZI @, 1 o BE szt 1Ky o}
2 BT R 20 BT TRy
‘ng i'io fK'x»fzIVlex—ziIﬂ
TR #

e 1 'Kx+zl1ﬁiKzElﬂ
2 5~ log ——Fm
Zn 1Kz
.11 W 2l
— 3
‘ EEET R (35)
and the tesult is proved. Here (a) follows from Lemma 2,.

.{b} from the inequality in Lemma 4 and (c) from Lemma 5
through the use of cauvsality.

V. AEP roR NONERGODIC GAUSSIAN PROCESSES
Gaussian -stochastic processes apparently are special in
the sense that they have the asymptotic equipartition prop-
erty without the assumphon of ergodxcny or stationarity.
We show, for { X;} jointly Gaussian, , )
A X, )

1 .
- _Ing( Xl, XZ’ "._ ) X )_ 0 (36)

wnh probabnhty ong; A sum]ar resull withotil the’ dlsmbu-

tion-free rate of convergencc maphmt in (45) and (47), is -

proved in Pinsker [9).
Let X, X,,--+ be'a time dlscrcte Gaussian stochas-
tic process. Let K, denote - the covariance matrix of

(X, X X) Let
DRl X, X)) )
o M ) )
n .
denote the (differential) entropy of (X;, X, -+, X, W) per

“unit time, Recail that if X ~ f{X), the dxfferentxal entropy
is given (in nats) by

(X, Xy X, = hUJ~—fﬂﬂmfh)ﬁ 68

—r

=@/ m)log p(Zy,++

TEEE TRANSACTIONS ON I_NFORMATION THEORY, VOL- 35, NO. 1. JANUARY- 1989

1§3 limn_,wh —~h exists, we say {X },,,i has entropy rate
h. In particolar, { X, } stationary implies the exisience of an

entropy rate. Since in this discussion, X,,XQ, --, X, are
jointly norrnal we know
, X~N(PmK) = - (39}
‘and can calculate- dlrectly o 7
h-'=§—-1n(2'ﬁe)"f:‘(i ) - (0)

" Finally, recall the AEP as proved in_fil] generahty by

Barron i1 1]

' Theorem 4 ¥{x ] is stationary and ergodic wnh &n-
tropy rate 4, Lben

_ ;ln'f(X;,' .,
with probabitity one.

X)-h (41)

In a similar way to the AEP, we would like to show

'—~Inf(X1, LX) -h (@)

for arb:trary Gaussmn _processes. ‘Withont any furlher as-
sumptions, / peed not exist, s0 we wish to show the
stronger result

1
~ (X,

with probability one. Clearly, {43) implies (41) when Iim h
exists. .

example, consider Zo, Zy, Zyy -+ BLd. < N(0,1). Let X, =
Zy+ Z;, i=1,2;--- Then {X,} is stationary but not
ergodxc In. pamcujar A/ n)E X, — 2, ae, which is a

random variable. However; the AEP siilt hoids This is not - .

the case for other apparently similar-non-Gaussian- con-
structions. For example, let Z; ~Bern (.p;) with prebabxl-
ity A and Z,~Bem (p,) wxlh probability 1~ h. Then’
Z) does not converge to the en-
lropy rate H. .

Theorem 5: 1 {X } is an arbnrary Gaussmn stochastic
. process, then o .

) .
—— ln"f‘(-Xl,_- -,

n
with probability one. i
Proof: It -iK,,[-»O the result is trivially tfue since

X)—h,-0 (44)

h, = —o0,and f is singular. Without loss of generality, let

= 0. We now assume )X, | > 0, for all n. Then

1
IS K, X
[ 1

= e K KTKS2
n (27)" K
'112 1]K"1X'K1X
=3 'rr+2 1 | l-k-*_ 2
5 1 1 X’K”'X ‘,(45)
s 2 n 2

where the last equality follows from (40).

X)—h,~0. (43)-

Note that- Gaussian processes need not be ergodic. For
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However, it is well-known (Kendall and Stnart [10])
that, for [K,|> 0, X'K_'X has a chi-squared distribution
with n degrees of frcedom That is, the dlslnbuuon of
X'K7'X is the same as the distribution of ¥7_,72, 'Z,
iid. ~ N(D,1).

For £f_,Z2 chi-squared with » degrees of freedom, the
Chernoff bound yields

( : Z" Z:t (1+ ()} < e*(nﬂ}(s—]n(l-ﬁ())_ (46)

J=1
>g}

o= e~/ In (1 +.20) {47)

Thus

Xﬂ)‘— hn

1 )
— = f (X, X,
n - .

pr{

a bound that does not depend on K.
Finally, by (47} and the Borel- Camc!h lemma,

—'—]nf(x""’Xn)._hn_)O
h - .

with probability one.

V1. CONVERSE FOR THEQREM' i

We now show that (2"C.m%9_nYy feedback codes have
probability of errer' P™ bounded away from zero. The
same proof works in the spcc;al case mlhout feedback
upon substitution of C, for C, gp-

“Consider- a -’ sequence of (2%, n) feedback codes
(P, YD, (), W € (12,00, 208, y7 =
(Y, Yo, 0+, 7)), g0 R7~ {1,2,-++,2"%) Let A, = P{g(Y")
+ Wle r} and P = (1/2"’*)2,22’,“ The joint distri-
bution of (W, X, Y) is given by :

W~ unif {1,2,---,2"%}
= (= (W) (WY, x, (W, 770))
Y=X+2Z
CZ~ N0, K)
" Wand Z independent. (49)

.- We wish to show that a sequence of (2""- n) codes with
"P‘"M 0 mist have nR,, < h(Y")= h(Z")+ ne, < n(C, gy
.+, where e, =0,

Proof- By Fano’s inequality
-nR, = H(W)
= H(IW[Y")-F Hw; Y")

= I(W; Y")+ ne, {50)

where ¢, — 0 if P - 0. Now

HW; Y™ = h(Y™)—h{(Y"#) T (51)

(48)

41

and

(W)= S (¥
f==1

b

2T h( X4 ZW Y, X (W, YY), 20
@Sz, x, 2

@ Y h{zz*")

2 (2. (2)

Here (2} follows from the chain rule, (b) merely adds
functions of the conditions, {c) removes the conditionally-
deterministic constant X, (d) uses the conditional inde-
pendeénce of (W, Y""’,X,-) and Z; given Z™1 and (e)
“unchains” the chain rule,

Thus, as shown by Tiernan and Schalkwijk 43,

. HW, Yy"y<h(¥")- h(27). (53)
Finally; by the entropy maximizing propert); of the normal
distribution, we have

1 KE
B(Y")—h(Z") si_lnﬁ
SnC FBs (54)

- as given-in (12) (]3) The convcrse is thus provcd

VII.

‘Before. we procced to, prove Theorcm 1, we nced lhc
fol]owmg definition of jointly c—typlca} sequences,

Definition: Let-(¥", Y") be jointly distributed with den-
sity f(v", y")- a.nd associated eniropy rates as defined in
3N, : :

ACH]EVABIL]TY OF C, pp

1
B V)= —h(v?)

R
A (}’)=;h(Y"}

(55)

Then the set 4 of. Jomtly c-zyplcal (V” Y”) is defmed by

B (V y): «1~h(V" ")

{(Vn }r») ER"XR"
1 :
= ) (1) <

I - e
—;!-lnf(}”’)—hn(}’)lst. .

1
- ;lnf(V” y” (V y)

- 60

Let ¥(A7) denote the volume of A” We have the
following bound. on the volume of the typical set.




Lemma 6:
V(A7) < 27 r0 (57)

Proof: By the definition of A7,
1= [1(0n, ) dr
= f Sy d
A7 .
2 [ 279 Gy dyr

a2

which proves the lemma.

" To show the achievability of C, pp, let C, p be as
defined by (10) and (11); where (11) can be written as

X" = BZ"+ V7, (39)

and where B is a strictly lower triangular matrix, " and
2" are indepcndent and B and X achicve C, py.

The proof wses random codmg Let . ¥(1),¥(2),-
V(2"Ry be independent identically disttibited n- vectors
drawn according to N(0,(2— 8K, + P, 1), where 0 <
8 <1, [ is the identity matrix, and P, = tr(K,,) Now by
Eemma 1 in Section I, (1-8)K, + SP,,I 15 nonsingular
and the AEP will apply. Note that the expected power
constramt on X is- satisfied, i.e.,

X w2y = Cu(k)sP ()

since (1/n)tr K, = (1/n)ytr((1~ 8)K,, + 8P, 1),

Transmission: To send W, the transmitler transmits

X(W,ZY=BZ+V{W).

Decoding: The seceiver Y declares W & 27% was sent if
(V(#), Y) is the only e-typical pair.

Error: An error is made if there is no typical VW), 1)
_ pair, moré than one such, or. W 2 W.

To analyze the probabﬁny of error P(”’, assume w1thout'

loss of genefality that W =1 was sent. Thus Y= X+ Z=
BZ+¥(1)+ Z. Dcfme the events

E=(V(i)Y)ed], i=12--2"% (61)
and’ Ef, the con;p]ement of £, Thcn

PO <Pr {Ef[W 1)+ 2"RPr{ E, W= 1} {62)
By the AEP, (47) and the jomt normality of ¥{1) and ¥,

Pr {EﬂW=1} < 3pnle-G/h M +20)

—n(h,,{V.Tr‘)+¢), - (58) .

forall n. (63)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 35, NO. 1, JANUARY 1989
Morecover, .

PriEV=1)=[  1(o)f(s)dody

< fz*n(h,,m—r)'z—nw.,m—e)gt',dy

by the e—typxca]ny of (V(l) Y) :

< 2 )= BV )= R (F)230),

~ by the volume bound on A”

— 2= A {T) =BV - 30)
= = alhA¥Y=h(BZ+ Z)—3¢)

= 272Nk (0)=30) ginee- iB+ I]-iI!—
= 2~ nQ/2) logtiKp+ (1= BYK, + 8P IV /1K)~ 30)
(64)
where K= (I + B}K,(]+B). By conununy of the de-

terminant as a function of 8, we have
1K p+{1- S)KV"-'SPVI’-)IK +KV!“|Kx+7L as 6 = 0,
(65)

Thus for 8 sufficiently small,

Pr Byl =1} 527 "Cars=40, (66}

Combining, we have
P? < Pr{ EfjW = 1}+2"RPr{E W=1}).
< Be—n((——(lﬂ)tn(l +2ﬂ) +2n(R Co, FD+4:) (67)

Thus there exists a sequence of (27(C.rs 59 n) codes with

Pi")— 0, as n — c0. Since e >0 is arbxtrary, the theoram is

provad

VIII. REMARKS ON POWER CONSTRAINT
Throughout this paper, we found the capacity under an
expected power constraint

ltr(KX) Ei ZX2(W yrY<P.  (68)

i=1

-

From a stricter poigt of view, we shoulcl declare an_etror -

whenever the feedback cavses X 10 use power greater than
P, Thus we require the stronger condition

{n XA, Y- 1)>p}<( | ":'(69)

i=1
- A simple sufficiency condition for satisfying the power
constraint (69) while achieving capacity would be

1 .
S u((KP)) 0,85 woveo (70)

.where K{* achieves capacity in-(] 0). This guarantees that

1 o
— {‘, XHw, Yy - P (71)

F=1 -
Stationarity of {Z;} certainly suffices.

s
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IX. CONCLUDING REMARKS

Distribution-free error bounds were found for achieving
rates C, 5. FR T 6 for each n. Thus no asymptotic statemént
as n — oo is required to impart significance to capacity. In
general, feedback does not increase the capacity of a
Gaussian channel by more than 1 bit/transmission.

31
21
]

]

REFERENCES

M. Pmsker talk dekivered at the Soviet Information Theory Mees-

‘ing, 1969 (no abstract published).

P. Ebert, "The capacily of the Gaussian channel with feadback,”
Bell Syst. Tech. J., pp. 1705-1712, Oct. 1970.

S. A, Butman, “A general formulation of linear feedback communi-
cation systems with solutions,” JEEE Trans. Inform. Theory: vol.
1T-15, no. 3, pp. 392-400, May 1969,

1. C. Tiernan and 1, P. M. Schalkwijk, “An upper bound 1o the
capacity of the band limited Gaussian autoregression channe] with

i3

6}

{n
183

* 11

110}

111}

12}

43

noiseless feedback,” JEEE Truns Inform. Theory, 1T-20. no.3, Pp-
31316, May 194,

Y. C. Tiernan, “Analysis of the optimum knear system for the
autoregsessive forward channel with noiseless feedback” JEEE
Trans. Inform. Théory, vol. IT-22, no. 3, pp. 359-363, May 1976,

S. A. Butinan, “Linear feedback rate bounds for regressive chap-

nels,” JEEE Truns. inform Theory, vol. 1T-22, no. 3, pp. 363-366,
May 1976.

A. Marshall and 1. Olkin, Jnequufities: Theory of Majorization und
s Applications.  New York: Academic, 1979

R. Gallager, Information Theory and Refinble Communication, New
York; Wiley, 1968.

M. Pinsker, Information and Injorm!mn Stability of Randem Vari-
abies und Processes. San Francisco, CA: Holden Day. 1964.

M. Kendal] and A. Stoart, The Advanced Theory of Statisties, vols. 1
and IL  New York: MacMiltan, 1977.

A. R. Barron, *The strong ergodic theorem for densities: General- -
ized Shannon McMillan Breiman theorem,” Ann. Prob., vol, 13, no,
4, pp. T292-1303, 1585,

T. M. Cover and J. A. Thomas, “Determinant inequalities via
information theory,” Matrix Anal. App! (SIAM.I) vob. 9, oo 3,
pp- 384--392, July 1988,







