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Quantization 1

Partitions and encoders

X a random object (variable, vector, Þeld, signal) taking values
alphabet A (e.g., ! k)

PX a probability distribution describingX

E.g., described by pdf f X

PX(F ) =
∫

F
f X(x) dx

or pmf pX

PX(F ) =
∑

x∈F

pX(x)
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Partition S = {Si; " I} of A:

Si # Sj = $, i %= j
⋃

i∈I

Si = A

UsuallyI = Z = {0, 1, 2, . . .}

partition Þnite if # atoms |S| = | I | = N (S) = N (I) < & .

Sometimesallow empty atoms for convenience,but count only
includesnonempty atoms.

Quantizerencoder: E : A ' Z

Indexset of the quantizerI = E(A) ( Z

Later consideralsoquantizerdecoder D : I ' Â
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Encoder and partition are equivalentconcepts:

E ) cellsSi = E−1(i ) = {x : E(x) = i}, i " I.

S ) E , e.g.,
E(x) =

∑

i∈I

i1(x " Si), (1)

where

1(x " S) =

{
1 x " S

0 otherwise.

E or S ) probability massfunction (pmf) p = {p(i ); i " I}:

p(i ) = PX(Si) = Pr(E(X ) = i ).
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Entropy

Shannonentropy of a partition and distribution

H (S) = ,
∑

i

P(Si) log P(Si), (2)

Usuallylog = log2 (bits) or ln (nats)

By convention0 ln 0 = 0.

Also denotedby H (E(X )) and

H (p) =
∑

i∈I

p(i ) ln
1

p(i )

Sincep(i ) " [0, 1] ) H (p) - 0.
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Partition S ′ reÞnesS or S ( S ′ if atomsof S are unionsof atoms
of S ′.

S is a subpartition of S ′

S ′ is a superpartition of S

S ( S ′ ) N (S) * N (S ′)

Similar property for entropy:
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Lemma 1. If S ( S ′, then H (S) * H (S ′).

Proof Each atom of S has the form Si = +j:S′j⊂Si
S′j and the

contribution of the atom to the entropy is

, P(Si) ln P(Si) = , P(+j:S′j⊂Si
S′j) ln P(+j:S′j⊂Si

S′j)

= ,




∑

j:S′j⊂Si

P(S′j)



 ln




∑

j:S′j⊂Si

P(S′j)



 (3)

= ,
∑

j:S′j⊂Si

P(S′j) ln




∑

l:S′l⊂Si

P(S′l)





* ,
∑

j:S′j⊂Si

P(S′j) ln P(S′j), (4)
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so that

H (S) = ,
∑

i∈I

P(Si) ln P(Si)

* ,
∑

i∈I

∑

j:S′j⊂Si

P(S′j) ln P(S′j)

= ,
∑

j∈I ′

P(S′j) ln P(S′j) = H (S ′).

!

) the Þnerthe quantization, the larger the entropy and codebook
size!
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Relative entropy

relativeentropy or Kulback-Leiblerdivergence

DeÞnedin termsof two distributions,P and Q, and a partition S:

H (P. Q,S) =
∑

i

P(Si) ln
P(Si)
Q(Si)

. (5)

Often expressedin terms of p(i ) = P(Si) and q(i ) = Q(Si)

H (p. q) =
∑

i∈I

p(i ) ln
p(i )
q(i )

. (6)

Requirethat if q(i ) = 0, then alsopi = 0 and deÞnepi ln(pi/q i) = 0.

p is absolutelycontinuouswith respect to q, p << q.
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Lemma 2. The divergenceinequality For any pmfs p and q,

H (p. q) - 0, (7)

with equality if and only if p(i ) = q(i ) for all i .

Proof Follows from elementary inequality

ln a * a , 1 (8)

for positivea, with equality if and only if a = 1:

∑

i

p(i ) ln
q(i )
p(i )

*
∑

i

p(i )(
q(i )
p(i )

, 1) = 0,

with equality if and only if p(i ) = q(i ) for all i .
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Also follows from JensenÕsinequality and the concavity of the ln
function:

, H (p||q) =
∑

i

p(i ) ln
q(i )
p(i )

* ln

(
∑

i

p(i )
q(i )
p(i )

)
= 0.

!

Implication: If S hasN = N (S) < & atomsSi; i = 0, 1, . . . , N ,
1, then setting q(i ) = 1/ N for all i yields

H (S) * ln N (S). (9)

A Þnite partition will havethe maximumpossibleentropy if all of its
atomshaveequalprobability.
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Decoders

Use encoder output i = E(X ) to provide an
estimate/approximation/classiÞcation/decision regarding the original
input X : D(i )

Often abbreviateoveralloperation to

q(x) = D(E(x)).

but alsouseq to meancollectionof components(E ,D).

The collection C = {D(i ); i " I} of possibledecoder outputs is
calledthe reproduction codebook or, simply, codebook

Decoder is equivalent to (ordered) codebook and can write q =
(S, C).
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Uniform quantization

Finite codebook size

Assumef X(x) has Þnite support [a, b] and carve up interval into
N equalpiecesof width (or bin width) ! = (b, a)/ N each(10).

q(x) =






quantizationlevels quantizationcells

D(N , 1) = b, ∆
2 ; x " SN−1 = [b, ! , b]

D(i ) = a + (i + 1
2)! ; x " Si = [a + i ! , a + (i + 1)! )

i = 1, · · · , N , 2

D(0) = a + ∆
2 ! ; x " S0 = [a, a + ! )

(10)
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Equivalently, the quantizercan be expressedas

q(x) =
N−1∑

i=0

[a + (i +
1
2
)! ]1[a+i∆,a+(i+1)∆)(x).

Can extend to entire real line by extendingtop and bottom cells,
S0 becomes(,& , a + ! )

but no longergenuinelyuniform.

InÞnite codebook size

If allow an inÞnity of levels,Þx ! and deÞne

q(x) =
∞∑

i=−∞
[a + (i +

1
2
)! ]1[a+i∆,a+(i+1)∆)(x).

wherea is a designparameter,e.g., a = 0.
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Distortion

d(x, y)

X " ! k, squared error distortion measure

d(X ,D(E(X ))) = . X , D(E(X ). 2, where

. x , y. 2 = (x , y)t(x , y) =
k−1∑

i=0

|xi , yi|2,

x = (x0, . . . , xk−1)t, y = (y0, . . . , yk−1)t " ! k are columnvectors and
xt denotesthe transposeof x.

QuantizerperformanceD (q) = D (E ,D) = E [. X , D(E(X )). 2]

Tractable,simplefor analysis,canmake perceptually meaningfulby
usingweightedquadraticdistortion measures.
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The centroid condition

Usingnestedor iterated expectation:

D (E ,D) =
∑

i

E [. X , D(i ). 2| E(X ) = i ] Pr(E(X ) = i ).

For eachi the conditional expectation E [. X , D(i ). 2| E(X ) = i ] is
minimizedby the conditionalexpectation

D(i ) = E (X | E(X ) = i ). (11)

In general:E (X |Y ) is the minimum meansquared estimate of X
givenY .

GeneralLloyd centroid: cent(S) = argminy E [d(X , y)|X " S]
(if minimum exists)
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Centroidal quantizers

If a quantizer(E ,D) is to be optimal, then necessarily the decoder
D must be optimal for the encoder E . A quantizer satisfying the
centroid condition is said to be a centroidalquantizer.

Recallthat q(x) =
∑

iD(i )1Si(x)

E [q(X )] = E [
∑

i

D(i )1Si(X )]

=
∑

i

D(i )E [1Si(X )]

=
∑

i

E (X |X " Si)PX(Si)

= E (X ), (12)
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First moment is preservedby a centroidalquantizer.

Similarly, correlation:

E [X tq(X )] = E [X t
∑

i

D(i )1Si(X )]

=
∑

i

E [X t1Si(X )]D(i )

=
∑

i

D(i )tD(i )PX(Si)

= E (. q(X ). 2), (13)

) the input and output are positivelycorrelated.
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Combiningthe two previousresultsproduces

E [q(X )t(q(X ) , X )] = 0, (14)

(orthogonality principal!)

DeÞnethe error vector ! = q(X ) , X , then

E (. ! . 2) = E
(
(q(X ) , X )tq(X ) , X )

)

= E
(
q(X )t(q(X ) , X )

)
, E

(
X t(q(X ) , X )

)

= 0 , E (X tq(X )) + E (. X . 2)

= E (. X . 2) , E (. q(X ). 2). (15)

Thus E (. X . 2) - E (. q(X ). 2)and

E (. q(X ). 2) = E (. X . 2) , E (. ! . 2) (16)
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Equalmeans)
E (. ! . 2) = " 2

X , " 2
q(X),

) " 2
X - " 2

q(X)

(15) )
E (X t! ) = , E (. ! . 2), (17)

which contradicts the common assumption that the input and
quantizererror are uncorrelated!
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Partition cost and rate

Sincean encoder implies an optimal decoder, questionis how small
the averagedistortion

D (E) = min
D

D (E ,D)

can be madeby choosingthe ÒbestÓencoder.

If no further constraints, this is generally0 (except for remote
sourceproblem).

Constraint: there is a cost R(E) associated with a partition E .

AssumeR(E) - 0,

Also: If S ( S ′, then R(E) * R(E ′).
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In general, arbitrarily small averagedistortion requiresarbitrarily
high cost.

) optimization goal is optimal tradeoff

Core of the subject of quantization theory, algorithms, and
applicationsof optimal (or at leastgood) distortion-rate tradeoffs.

Two candidatenotions of cost meeting these conditions are the
sizeof the partition N (S) and the entropy of the partition H (S).
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Fixed and variable rate codes

R(E) = ln N (S) assignsÞxed cost (called instantaneousrate)
r (i ) = ln N (S) to eachindex i ) averagecost (averagerate)

R(E) = E [r (E(X ))] =
∑

i

p(i )r (i ) = ln N (S).

R(E) = H (S) assignsvariable cost r (i ) = , ln p(i ) to eachindex
i ) averagecost

R(E) = E [r (E(X ))] =
∑

i

p(i )r (i )

=
∑

i

p(i ) ln
1

p(i )
= H (S).
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More general variable cost/rate assignment: r (i ) = #(i ), # is a
length function, a positive sequenceof numbers with the property
that ∑

i

e−!(i) * 1, (18)

KraftÕsinequality

The special case of #(i ) = , ln p(i ) known as the Shannon
codelengths

For generallength function

r (i ) = #(i )

R(E , #) = E [#(E(X ))]

=
∑

i

p(i )#(i ).
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In this generalform, q = (E ,D, #)

Note: Þxedrate a specialcasewith #(i ) = 1/ N .

Alternative characterization: each codeword has a weighting or
importance weighting

w(i ) = e−!(i)

KraftÕsinequality for # / w a sub-pmf:

wi - 0 all i ;
∑

i

w(i ) * 1.

#(i ) = & / w(i ) = 0, indexor codeword neverused.

N (w) = |{i : w(i ) > 0}| = N (#) = |{i : #(i ) Þnite}| (19)
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Combinedconstraint [Zador (1982)] for uniÞedtreatment:

rη(i ) = (1 , ' )#(i ) + ' ln N (#)

= (1 , ' ) ln
1

w(i )
+ ' ln N (w)

Rη(E , #) = (1 , ' )E [#(E(X ))] + ' ln N (#)

= (1 , ' )
∑

i

p(i ) ln
1

w(i )
+ ' ln N (w) (20)

= Rη(E , w)

' " [0, 1]. (Þxed-rateis ' = 1, pure variable-rateis ' = 0)

Quantization 26

Optimal quantizati on

SeveralpossibledeÞnitions:

operationaldistortion-rate function

$η(R) = inf
E,D ,w:R(E,w)≤R

D (E ,D),

operationalrate-distortion function (dual)

rη(D ) = inf
E,D ,w:D(E,D )≤D

R(E , w),

Lagrangianoptimization, Lagrangianmultiplier %> 0

&(%, ' ) = inf
E,D ,w

(D (E ,D) + %R(E , w))
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Effectively incorporates rate constraint into general Lagrangian
distortion.

Traditional cases' = 1, 0

The distortion-rate and rate-distortion formulationsare equivalent

Optimization theory: Lagrangianminimization yields distortiont-
rate points on convexhull of optimal distortion-rate pairs.

None of theseproblemsare in generalconvex.
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Optimalit y properties and the Lloyd algorithm: ' = 1

Already seen: necessary condition for optimality that given E ,
D(i ) = E [X | E(X ) = i ]

For ' = 1, Lloyd showed similarly that encoder must be optimal for
decoder:

D (E ,D) =
∫

dP(x). x , D(E(x)). 2

-
∫

dP(x) min
i

. x , D(i ). 2,

bound achievedby nearest neighbor or minimum distortion encoder

E(x) = argmin
i

. x , D(i ). , (21)
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Break ties in arbitrary fashion,e.g., by lowest indexvaluei

Implicit encoder in ShannonÕsdevelopment.

Lloyd arguedalsonecessary conditionfor optimality is that P(Si) >
0 for all i sinceotherwisecan strictly reducerate with no increasein
distortion. (True for all ' " (0, 1], but not necessary for ' = 0.)

Necessary conditionsfor optimality: Þxed-rate

• D(i ) = E (X | E(X ) = i ) for all i " I.

• E(x) = argmini . x , D(i ). for all x.

• Pr(E(x) = i ) > 0 for all i " I.
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Lloyd quantizer improvementalgorithm: Þxed-rate

Step 0 Let E0 be an initial encoder. Set m = 0.

Step 1 Optimizethe decoderDm for the encoderEm: Dm(i ) =
E (X | Em(X ) = i ) for all i " I.

Step 2 Optimize the encoder Em+1 for the decoder Dm:
Em+1(x) = argmini . x , Dm(i ). for all x " A.

Step 3 Prune uselesscodewords. If Pr(Em+1(X ) = i ) = 0,
removei from I and mergethe corresponding partition cell
into an arbitrary remainingpartition cell.

Step 3 Set m + 1 ' m and go to Step 1.
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Variation: intialize with a decoder

D (Em) is nonincreasing in m ) descentalgorithm, distort ion must
converge.

In practice: test the improvementand stop when somethreshold
was reached,e.g., when

D (Em−1) , D (Em)
D (Em−1)

* ! .

Lloyd algorithm is a clusteringalgorithm

Earliest exampleof alternating optimization (AO) algorithm

Also renamedk-means,principal points, . . .

Resultingpartition is a centroidalVoronoi partition.
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Simpleexample:
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Figure1: Lloyd algorithm
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Figure2: Two-dimensionalcentroidalVoronoi diagram
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The Lloyd algorithm: entropy constraint

Lloyd iteration almost works in the entropy-constrainedcasewith

R(E) = ,
∑

i

p(i ) ln p(i ) = H (S)

usinga Lagrangianformulation:

D (E ,D) + %H (S) =
∫

dP(x)
(
. x , D(E(x)). 2 , %ln p(E(x))

)

-
∫

dP(x) min
i

(
. x , D(i ). 2 , %ln p(i )

)
,
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Achievelower bound with minimum Lagrangiandistortion

E(x) = argmin
i

(
. x , D(i ). 2 + %ln

1
p(i )

)
. (22)

Problem: DeÞnition is circular, encoder deÞnedin terms of the
probabilitiesp(i ) = Pr(E(X ) = i ) which depend upon the encoder.

EasyÞx, introduceanother pmf w which when optimized givesp,
decoupleencoder from rate.

Usingdivergenceinequality,
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inf
E,D

(D (E ,D) + %H (E)) = inf
E,D ,w

(D (E ,D) + %[H (E) + H (p. w)])

= inf
E,D ,w

(
D (E ,D) + %

∑

i

p(i ) ln
1

w(i )

)

= inf
E

(
inf
D

D (E ,D) + %inf
w

∑

i

p(i ) ln
1

w(i )

)
.

inÞmumis overall w: p << w
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Slight extensionyieldsgeneralvariable-ratecase:

Lemma 3. Let E be an encoder with index pmf p = {p(i ); i " I}.
Then

H (E) = inf
w

∑

i

p(i ) ln
1

w(i )

where the inÞmum is over all sub-pmfÕsw, that is, all nonnegative
w = {w(i ); i " I} for which

∑

i∈I

w(i ) * 1. (23)
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Proof Divergenceinequality & constraint on w )

∑

i

p(i ) ln
1

w(i )
=

∑

i

p(i ) ln
p(i )

w(i )/
∑

j w(j )
+ H (E) , ln




∑

j

w(j )





- H (E).

achievableiff ∑

i∈I

w(i ) = 1 (24)

and

p(i ) =
w(i )∑
j w(j )

= w(i ) (25)

and hence

min
w

(
∑

i

p(i ) ln
1

w(i )

)
= H (E) !
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Extensionto combinedconstraint caseRη(E , w)

Corollary 1.

inf
E,D ,w

(D (E ,D) + %Rη(E , w)) (26)

= inf
E

(
inf
D

D (E ,D) + %inf
w

Rη(E , w)
)

= inf
E

(D (E) + %[(1 , ' )H (E) + ' ln N (E)]) , (27)

whereN (E) is the numberof indicesfor whichp(i ) = Pr(X " Si) > 0.
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Proof: The lemmaimpliesthat

D (E ,D) + %R(E , w)

= D (E ,D) + %

(
(1 , ' )

∑

i

p(i ) ln
1

w(i )
+ ' N (w)

)

- D (E ,D) + %((1 , ' )H (E) + ' N (w))

with equality if w = p. Furthermore, since p << w, N (E) =
N (p)* N (w), which is achievedif w = p. !

The necessary conditions on E ,D and w to minimize D (E ,D) +
%R(E , w) now become
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Necessary conditionsfor optimality of (E ,D, q)

• D(i ) = E (X | E(X ) = i ) all i " I.

• w(i ) = Pr(E(X ) = i ), all i " I.

• E(x) = argmini

(
. x , Dm(i ). 2 + %ln 1

w(i)

)
for all x.

• If ' %= 0, then PX(Si) > 0, all i : w(i ) %= 0.

Arguablya good idea to prune zeroprobability cellsevenif ' = 0
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Lloyd quantizerimprovementalgorithm
entropy cost function

Step 0 Let E0 be an initial encoder. Set m = 0. Fix %> 0.

Step 1 Optimize the decoderDm for the encoder Em:
D(i ) = E (X | E(X ) = i ) for all i " I.

Step 2 Optimize wm for E : set wm(i ) = Pr(Em(X ) = i ).

Step 3 Optimize the encoder Em+1 for the decoder Dm and
wm: for all x

Em+1(x) = argmin
i

(
. x , Dm(i ). 2 + %ln

1
wm(i )

)

Step 4 Set m + 1 ' m and go to Step 1.Quantization 43

Variation: initialize weightedcodebook insteadof partition

Quantization 44



Lloyd quantizerimprovementalgorithm
combinedconstraints

Step 0 Let E0 be an initial encoder. Set m = 0. Fix %> 0.

Step 1 Optimize the decoderDm for the encoder Em:
D(i ) = E (X | E(X ) = i ) for all i " I.

Step 2 Optimize wm for E : set wm(i ) = Pr(Em(X ) = i ).

Step 3 Optimize the encoder Em+1 for the decoder Dm and
wm:

Em+1(x) = argmin
i

(
. x , Dm(i ). 2 + %(1 , ' ) ln

1
wm(i )

)

Step 4 Set m + 1 ' m and go to Step 1.Quantization 45

As in the entropy constrained case,the algorithm can be initialized
with a reproduction codebook and codebook weighting instead of a
partition.
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Subcodes and supercodes:
pruning and growing codes

When can a code be improvedby removingor addingcodewords?

Might want better code for Þxed %, or good code at smaller %
(bigger codebook) or larger %(smallercodebook)

Supposehavequantizerq satisfyingLloyd conditions. Described by
eitherpartition S or by weighteddecoderD, w. Canform a subcode of
q eitherby usingsubpartition of or a subsetof the weightedcodebook,
similarly can form a supercode by using a superpartition of S or a
supersetof the weightedcodebook.

ObviousLloyd condition: a necessary condition for q to be optimal
is that no subcode or supercode yieldsbetter performance.
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Suggestsadditional Lloyd algorithm step: Find computationally
efficient meansof testing for better sub or supercodes (Þxed %) or
for Þndingcodes that provide best tradeoff if changing%(minimize
increaseof distortion per decreasein bits, or maximizedecreaseof
distortion per increasein bits)
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Partition subcodes and supercodes

A quantizer q determined by S is a partition subcode of the
quantizerq′ determinedby S ′ if S ( S ′. (The Lloyd conditionsthen
imply the correspondingdecoder and weighting)

Similarly, q′ is a partition supercode of q.

Lemma 4. If S ( S ′, then

D (S) - D (S ′)
H (S) * H (S ′)
N (S) * N (S ′)

Rη(S) * Rη(S ′)

wherethey appropriate optimal weightedcodebook for eachpartition
is assumed.
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A partition subcode (supercode) will havelarger (smaller) average
distortion and larger (smaller) average rate, but the Lagrangian
distortion might increaseor decreasedepending on the ratio of the
changeand %.
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Weighted codebook subcodes and supercodes

weightedcodebooks (D, w) (D′, w′) with indexsetsI ( I ′

(D, w) is a codebook subcode of (D′, w′) ((D′, w′) is a codebook
supercode of (D, w)) and write (D, w) ( (D′, w′) if

• the reproduction codebook of the subcode is a subset of the
reproduction codebook of the larger code: {D(i ), i : w(i ) > 0} (
{D′(i ), i : w′(i ) > 0} and the codewords are orderedso that that
D(i ) = D′(i ) for all i : w(i ) > 0.

• DeÞne J = {i : w′(i ) > 0, w(i ) = 0}, the set of all indices
corresponding to reproduction codewords removedfrom the larger
code. Then w′(i ) = ( w(i ) for all i %"J for some( " (0, 1].
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Note: Relativeweights for commoncodewords unchanged.

Can use ( = 1 for pruning existing codebook, but could violate
subpmfcondition if want to grow codebook with w alreadya pmf.

CanÞndsubcodebook by usinglist encoding.

Large literature exists for growing and pruning codes based on
partitions Ðtree-structuredvector quantization.

Relatively little done for growing and pruning codes based on
weighted codebooks. Similar ideas arise in agglomorative and
conglomorative clusteringalgorithms.

Weighted codebook sub and supercodes have similar behavior to
partition sub and supercodesin terms of distortion and rate, but not
quite the same:
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(D, w),(D′, w′), S = {Si} and S ′ = {S′i} corresponding Lloyd
optimal encoder partitions.

I ′ = {i : w′(i ) > 0}, J = {i : i " I ′, w(i ) = 0}

If x " S′i then

d(x, D′(i )) , %(1 , ' ) ln w′(i ) *

d(x, D′(j )) , %(1 , ' ) ln w′(j ), all j %= i

If i, j %"J , then also

d(x, D(i )) , %(1 , ' ) ln w(i ) *

d(x, D(j )) , %(1 , ' ) ln w(j ) ) x " Si) S′i ( Si
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For each j " J , deÞneSi,j = S′j # Si (part of removedatom S′j
put into Si)

Si = S′i +
⋃

j∈J

Si,j; i %"J

S′j =
⋃

i '∈J

Si,j; j " J

S′i = Si ,
⋃

j∈J

Si,j; i %"J

Let p′(i ) = P(S′i), p(i ) = P(Si) and observethat for i %"J , p(i ) -
p′(i ).
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Rate ObviouslyN (w) * N (w′). It alsofollows easilythat

,
∑

i

p′(i ) ln w′(i ) = ,
∑

i '∈J

p′(i ) ln w′(i ) ,
∑

i∈J

p′(i ) ln w′(i )

- ,
∑

i '∈J

p′(i ) ln w′(i )

- ,
∑

i

p(i ) ln w(i ). (28)

Thus,

Rη(E ′, w′) - Rη(E , w), (29)

as was the casewith partition suband supercodes.
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Averagedistortion

D (E ,D, w) =
∑

i∈I ′ −J

∫

Si

d(x, cent(Si)) dP(x)

=
∑

i∈I ′ −J

∫

S′i∪
S

j∈J Si,j

d(x, cent(Si)) dP(x)

=
∑

i∈I ′ −J

∫

S′i

d(x, cent(Si)) dP(x) +

∑

i∈I ′ −J

∫

S
j∈J Si,j

d(x, cent(Si)) dP(x).

Unfortunately this does not imply that D (q) * D (q′) in general. If,
however ( = 1, then
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min
i

d(x, D(i )) , %(1 , ' ) ln w(i ) - min
i

d(x, D′(i )) , %(1 , ' ) ln w′(i )

and hence

D (q) , %(1 , ' )
∑

i

p(i ) ln w(i ) - D (q′) , %(1 , ' )
∑

i

p′(i ) ln w′(i )

which with (28) impliesthat D (q) - D (q′). Thus

Lemma 5. If q is a subcode of q′ with ( = 1, then

D (q) - D (q′)

Rη(q) * Rη(q′)

that is, subcodeshave smallerdistortion and larger rate.
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Codebook size If a quantizer q is optimal there can be no
subcode or supercode q′ for which
D (q′) + %R(q′) < D (q) + %R(q). pruning/growing

Growing and pruning can be usedeither for improving a code at
a Þxed%, or Þndingcodes for smalleror larger %that optimize the
distortion/rate tradeoff.
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Step 0: Initialization Giveninitial (D0, w0).
Compute&0 = &(S(D0, w0),D0, w0). Set m = 1

Step 1: Partition improvement Given(Dm−1, wm−1), form
an optimum partition Sm = S(Dm−1, wm−1).

Step 2: Weighted codebook improvement Given
the partition Sm, form an optimum weighted
codebook (Dm, wm) = (D(Sm), w(Sm)). Compute
&m = &(Sm,Dm, wm).

Step 3: Test Test &m−1 , &m. If smallenough,go to Step 4.
Elseset m = m + 1, go to Step 1.

Step 4: Grow/Prune Test sub/super codes for possible
improvement for Þxed % or for changed %. Quit or go
to step 1.
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Shannon rate-disto rtion theory

Shannon(1949, 1959)

Branch of information theory: sourcecoding subject to a Þdelity
criterion

Information measures

So far:

X is a random vector with distribution P

( is a quantizeror a quantizerencoder

Then

H (( (X )) ∆=
∑

i∈I

P(( (X ) = i ) ln
1

P(( (X ) = i )
.
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GeneraldeÞnition of entropy for a random vector (Komogorov-
Sinai):

H (X ) ∆= sup
α

H (( (X ))

supremumoverall quantizers

If X continuous,H (X ) = & (except for trivial cases)

Giventwo distributions P and P ′ describinga randomvariable X
and a quantizer( , the relative-entropy or Kullback Leiblerdivergence
is

HP || P ′(( (X )) ∆=
∑

i∈I

P(( (X ) = i ) ln
P(( (X ) = i )
P ′(( (X ) = i )

Relativeentropy of the random vector X

H (P ||P ′) ∆= sup
α

HP || P ′(( (X )).
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If P and P ′ are discrete with pmfÕsf and g, then

H (P ||P ′) = H (f ||g) =
∑

i

f i ln
f i

gi
.

If P and P ′ are determinedby densitiesf and g, then

H (P ||P ′) = H (f ||g) =
∫

dxf (x) ln
f (x)
g(x)

Averagemutual information between quantizedrandomvectors X
and Y :

I (( (X ), ) (Y )) ∆= H (( (X )) + H () (Y )) , H (( (X ), ) (Y ))
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mutual information betweenthe randomvectors by

I (X , Y ) ∆= sup
α,β

I (( (X ), ) (Y )).

Alternatively,

I (( (X ), ) (Y )) = HPα(X),β(Y )|| Pα(X)×Pβ(Y )
(( (X ), ) (Y )),

and

I (X , Y ) = HPX,Y || PX×PY
.
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It is straightforward to prove the following usefulinequalities:

I (( (X ), ) (Y )) - 0

H (( (X )) * H (( (X ), ) (X ))

I (( (X ), ) (Y )) * H () (Y ))

I (X , Y ) * H (Y )

For example,the Þrst two follow from the divergenceinequality and
the third follows from the secondand the deÞnition.
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A lower bound to average distortion

X k-dimensionalrandomvector of samplesfrom a stationary source.

Quantizeby a quantizerq = (E ,D, #).

Focus on distortion-rate formulation variation on ShannonÕsrate-
distortion formulation

ShannonconsideredÞxed-rate codesof vectors, or block codes

But lower bound works for all cases(all ' " [0, 1])

Fix ' " [0, 1], R - 0 and assumeRη(E , w) * R
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From the basicinformation measureinequalitiesand Corollary 1,

Rη(E , w) = (1 , ' )
∑

i

p(i ) ln
1
wi

+ ' ln N (w)

- (1 , ' )H (E(X )) + ' ln N (w)

- H (E(X )) - H (D(E(X )))

- I (X ;D(E(X ))).

Thus for any code q = (E ,D, p) with Rη(E , w) * R,

D (q) = E [d(X , X̂ )]

- inf
fY |X:I(X;Y )≤R

E [d(X , Y )] ∆= Dk(R),

ShannonÕsdistortion-rate function (DRF) for X = X k.
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Sincetrue for all quantizers,$η(R) - Dk(R) all ' " [0, 1]

ShannonDRFÕsare not in generaleasyto compute,but

• there is a further lower bound, the Shannonlower bound, which is
easyto computeand providesa generaland useful, if conservative,
lower bound to averagedistortion.

• In somecases,suchasGaussianprocesses,the ShannonDRF can be
explicitly evaluated

• Arimoto-Blahut algorithm for numericalevaluation

Lower bound is a ÒnegativeÓ or ÒconverseÓresult Ð can do no
better, there is also a positive theorem, but requires limits of large
dimensionk
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Fix R and normalizerate and distortion by dimension.DeÞne

$(k)
η (R) =

$η(f Xk, kR)
k

$η(R) = inf
k

$(k)
η (R),

Then Shannonlower bound for the process{X n} is

$η(R) - inf
k

1
k

Dk(kR) ∆= D (R).

For stationary processes,inÞmaare limits as k ' &

Positivecoding theorem

$η(R) = D (R).

Much harder to prove. Existence proof, need asymptotically large
dimension.
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Result holds regardless of ' and ShannonDRF has no ' in its
formulation. For large dimension,optimizing for Þxedor variable rate
codesmakesnodifferenceÑ both havethe samelimiting performance!
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The Shannon lower bound

Shannon(1959)

For any conditional pdf f Y |X ( Òtest channelÓ) deÞne the
Lagrangianaveragedistortion

&(%, f Y |X) = E [d(X , Y )] + %I (X ; Y )

=
∫

dx
∫

dyf Y |X(y|x)f X(x) 0
(
||x , y||2 + %ln

f Y |X(y|x)∫
duf Y |X(y|u)f X(u)

)

Optimization problemis: givenf X, Þnd

&(%) = inf
fY |X

&(%, f Y |X),
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Rewritethe Lagrangian

&(%, f Y |X)

= %
∫

dyf Y (y)
∫

dxf X|Y (x|y)
(
||x , y||2

%
+ ln

f X|Y (x|y)
f X(x)

)

= %h(X ) + %
∫

dyf Y (y)
∫

dxf X|Y (x|y) 0

[, ln e−
|| x−y||2

λ + ln f X|Y (x|y)]

where

h(X ) =
∫

f X(x) ln
1

f X(x)
dx (30)

Shannondifferentialentropy.
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DeÞne

gλ(x) ∆=
e
− || x||2

2σ2
g

(2* " 2
g)k/2

where2" 2
g = %. Usingthe divergenceinequality,

&(%, f Y |X)

= %h(X ) + %
∫

dyf Y (y)
∫

dxf X|Y (x|y) ln
f X|Y (x|y)
gλ(x , y)

, %ln(2* " 2
g)

k/2

- %h(X ) ,
%
2

ln(* %)k,

achievedif f X|Y (x|y) = gλ(x , y). The conditional density f X|Y is
calledthe Òbackward channeldistribution.Ó

Quantization 72



Supposef Y |X is an arbitrary pdf yieldingI * R and distortion D .
Then

D + %I = &(%, f Y |X) - %h(X ) ,
%
2

ln(* %)k (31)

and hence

D - %h(X ) ,
%
2

ln(* %)k , %I

- %h(X ) ,
%
2

ln(* %)k , %R

= %[h(X ) , R ,
1
2

ln(* %)k]

Bound holdsfor any valueof %, so maximizeover%.
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Globallyoptimal value follows from the the ln r * r , 1 inequality:

%
k
2

ln
e

2
k(h(X)−R)

* %
= %

k
2

(
ln

e
2
k(h(X)−R)

* %e
+ 1

)

* %
k
2

e
2
k(h(X)−R)

* %e

=
ke

2
k(h(X)−R)

2* e

with equality iff

%=
e

2
k(h(X)−R)

* e
which yieldsthe lower bound

D (R) -
k

2* e
e−

2
k(R−h(X)) ∆= DSLB(R) (32)
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Dual argument yieldsthe Shannon lower bound to the RDF (what
Shannonderived)

R(D ) - h(X ) ,
k
2

ln(2* eD) ∆= RSLB(D )

Recallthe lowerboundholdswith equality iff f X|Y (x|y) = gλ(x, y).

This will be true if onecan Þndan f Y for which

f X(x) =
∫

gλ(x , y)f Y (y) dy,

which is not always possible.
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Example where it is possible: 1 dimensionalcase with f X =
N (0, " 2). Choosing f Y = N (0, " 2 , D ) yields the Shannonlower
bound with equality providedR > 0. f X|Y (x|y) = gλ(x , y)

h(X ) =
1
2

ln(2* e" 2)

R(D ) =
1
2

ln(2* e" 2) ,
1
2

ln(2* eD) =
1
2

ln
" 2

D
; D " [0, " 2]

and
D (R) = " 22−2R; R - 0

It is known that the Shannonlower bound is tight asR ' & , that
is, as R ' & , D (R) , DSLB(R) ' 0.
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High-rate quantization theory

BennettÕsapproximations

High rate, large N , large H , small distortion, Þxeddimension

Supposeq is a simple scalar uniform quantizer with bin width !
and N levelsas in (10).

DeÞnequantizererror ! = ! (x) = q(x) , x

Apply q to sequenceX n, ! n = q(X n) , X n

Sign chosenfor ÒadditivenoisemodelÓrepresentation
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xn !
!"

#$

+
"

! n

! x̂n = q(xn)

Quantizer

ÒModelÓbecausecommon in the literature to make assumptions
on ! n as behavinglike signal-independentadditive noise.

Considersystem when ! becomessmall and M becomeslarge
underthe assumptionthat the input probability density function f X is
smooth.

Quantization 78

First considermarginal cumulativedistr ibution function (cdf):

Fεn(( ) = Pr(! n * ( ); ( " (, ! / 2, ! / 2)

and pdf

f εn(( ) =
dFεn(( )

d(
.

Pr(! n * ( ) =
N−1∑

k=0

Pr(! n * ( and X n " Sk).

Sincethe pdf smooth, meanvaluetheorem )

Pr(! n * ( and X n " Sk) =
∫ a+k∆+α

a+k∆
f Xn() ) d)

1 f Xn(D(k))(
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so that

Pr(! n * ( ) 1
(
!

N−1∑

k=0

f Xn(D(k))! 1
(
!

,

Riemannsum approximation to integral

)

f εn(( ) 1
1
!

for ( " (,
!
2

,
!
2

),

consistentwith the assumedbehavior of the ÒadditivenoiseÓmodel.

In the high rate regime,averagedistortion of a uniform quantizer
1 ! 2/ 12 that predicted by addinguniform nose.

Origin of Ò6dBper bitÓimprovementin SNRof a quantizer with a
high bit rate.
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Look at vectors:

Pr(! l * ( l; l = n, . . . , n + k , 1) =
∑

i1,...,ik

Pr(! l * ( l and X l " Sil; l = n, . . . , n + k , 1),

For ( l " (, ! / 2, ! / 2), l = 1, . . . , k

Pr(! l * ( l and X l " Sil; l = n, . . . , n + k , 1) =
∫ A+k∆+α1

a+k∆
· · ·

∫ A+k∆+αk

A+k∆
f Xn,...,Xn+k−1

() 1, . . . , ) k) d) 1 · · ·d) k

1 f Xn,...,Xn+k−1
(D(i 1), . . . ,D(ik))( 1 · · · ( k

whence
f εn,...,εn+k−1

(( 1, . . . , ( k) 1
1

! k
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Thus in the high rate regime,the quantizererrors 1 independent,
hencewhite, and uniform!

But, requiresvery large N and very small cell size.

Theseapproximationshaveseveralimplications:

• E [! n] = 0

• " 2
εn

1 ∆2

12 .

• Rε(n, k) 1 E [! n! k] 1 " 2
ε$n−k

• f εn|Xl∈Sil
; l=n−m,...,n+k(( ) 1 1

∆ for ( " (, ∆
2 , ∆

2 )
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• Sinceq(X n) = D(l) iff X n " Sl,

Rq,ε(n, k) = E [q(X n)! k]

=
M−1∑

l=0

D(l)E [! k|q(X n) = D(k)] Pr(q(X n) = D(k)) = 0

so that the quantizeroutput is uncorrelatedwith the input.

• The previousformula impliesthat

RX,ε(n, k) = E [X n! k]

= E [(q(X n) , ! n)! k]

= E [q(X n)! k] , Rε(n, k)

= , Rε(n, k),
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i.e., that
RX,ε(n, k) = , " 2

ε$n−k.

input and quantizererror are not uncorrelated!

Hencecommonassumptionof independencebetweenthe quantizer
error and the input will yield incorrect results.

Bennett extended his approximations to nonuniform scalar
quantizers and used his approximations to quantify the optimal
performance in Þxed-ratesystems. His methods, however, do not
extend to the multidimensionalcase so we shall proceed to more
generalresultsfor vectors.
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High-rate theory for vector quantizers

Zador (1963, 1966,1982)

Bucklew,Wise,Gersho

Assume density f absolutely continuous and satisÞesmoment
condition

Ef(. X . 2+δ) < & (33)

for some$ > 0
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Fixed rate:
lim

N→∞
N

2
k$1(f , ln N ) = ak. f . k

k+2
, (34)

where
ak

∆= inf
N≥1

N
2
k$1(u, ln N ),

u is the uniform pdf on the unit cube [0, 1]k, and . f . p =
(∫

f p
)1/p

.

Variable rate:

lim
R→∞

e
2
kR$0(f , R) = bke

2
kh(f) (35)

where h(f ) = ,
∫

f ln f is the differential entropy and the positive
constantbk is givenby

bk = inf
R>0

R
2
k$0(u, R).
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Intuitively, for very large R

$1(f , R) 1 akN −2/k. f . k
k+2

Þxed-rate

$0(f , R) 1 bke−
2
k(R−h(X)) variable-rate

SinceÞxedrate casehasa strongerconstraint,

$1(f , R) - $0(f , R).

The lower bound to $0(f , R) strongly resemblesthe Shannonlower
bound of (32), differenceis constant bk in the Zador approximation
and the constantk/ 2* e in the Shannon bound. Canshow

ak - bk -
k

2* e
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and
lim

k→∞

ak

k
= lim

k→∞

bk

k
=

1
2* e

so the Shannonand Zador resultsare consistentand agreein the limit
of large dimension.
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The Þrst rigorous proof of (35) usedthe Lagrangian approachand
resultsare stated in terms of the Lagrangian distortion:

&(f , %, ' ) = inf
q

&(f , %, ' , q) (36)

&(f , %, ' , q) = D (q) + %Rη(q) (37)

wherefor the moment ' = 0.

RequiredÞnite h(f ) and requiredthat a uniform scalar quantized
versionof X with cubic cell volume1 haveÞnite entropy

lim
λ→0

(
&(f , %, 0)

%
+

k
2

ln %
)

= +k + h(f ) (38)

where

+k
∆= inf

λ>0

(
&(u, %, 0)

%
+

k
2

ln %
)

=
k
2

ln
2ebk

k
. (39)
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Two forms (traditional and Lagrangian)known to be equivalent,
i.e., eachholdsiff the other does.

Similar arguments show that in the Þxed-ratecase,(34) holds for
f iff

lim
λ→0

(
&(f , %, 1)

%
+

k
2

ln %
)

= , k + ln . f . k/2
k/(k+2) (40)

where
, k = (k/ 2) ln(2eak/k ). (41)

Same form as the variable-rate Zador result with ln . f . k/2
k/(k+2)

replacingh(f ) and , k replacing+k.
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More generally, recently shown that Lagrangian and traditional
formulationsequivalentfor generalcombinedconstraint case:

lim
R→0

e
2
kR$η(f , R) = $(f , ' ) (42)

existsfor a positiveÞnite $(f , ' ), then

lim
λ→0

(
&(f , %, ' )

%
+

k
2

ln %
)

=
k
2

ln
(

2e
k

$(f , ' )
)

.

Conversely, if

lim
λ→0

(
&(f , %, ' )

%
+

k
2

ln %
)

= +(f , ' ) (43)
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for a Þnite +(f , ' ), then

lim
R→0

e
2
kR$η(f , R) =

k
2

e(2/k)θ(f,η)−1.

+(f , ' ) =
k
2

ln
(

2e
k

$(f , ' )
)

includes(39) and (41) as specialcases.The Lagrangian form hasthe
the advantage of yielding a Lloyd algorithm for designand results in
simplerproofs of someresults.
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The details of the proofs of the high-rate resultsfor the traditional
casesdiffer signiÞcantly, but most proofs of these results follow the
original Zador approach.

1. Provethe result for u, the uniform pdf on the unit cube.

2. Extend the result to pdfs that are piecewiseconstant on disjoint
cubesof equalsidea.

3. Provethe result for a generalpdf on a cube.

4. Provethe result for generalpdfs.

The Þrst step is a key one both becauseit provides the primary
building block for the subsequentresults, and becauseit suffices to
study ZadorÕsconstants.
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The high rate resultshavebeenprovedundergeneralassumptions
only for the traditional cases' = 0, 1. The general form of the
resultsfor the combinedconstraint caseof general' " [0, 1] hasbeen
conjecturedbased on the argumentsdescribed next, and proved for
the special,but important, caseof the uniform density u.
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GershoÕsconjectures and approximations

Gershopopularized ZadorÕsresults, usedconjecturesand heuristic
argumentsto derivebasicresults.

GershoÕs conjecture involves two assumptions regarding
asymptotically optimal sequencesof Þxed-rate and variable-rate
quantizersqn:

1. There exists a quantizer point density function " (x)
(mathematically, a pdf) such that a sequenceof optimal codes
with N codewords, N = 1, 2, . . . will satisfy for all ÒreasonableÓ
S ( ! k

lim
N→∞

1
N

0 ( # of reproduction vectors in a set S) =
∫

S
" (x) dx.

Quantization 95

2. All encoder partit ion cellsasymptoticallyhavesameshape, that of
tessellatingconvexpolytope with minimum normalizedmoment of
inertia (can be stretched,rotated, shifted):

M (S) =
1

kV (S)1+2/k

∫

S
. x , y(S). 2 dx

wherey(S) = centroidof S with respect to the uniform distribution
on S,

ck = min
tessellatingconvexpolytopesS

M (S)
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Undertheseassumptions, Gershoarguedthat for largeN andsmall
cells

Df(q) 1 ckEf

(
(

1
N (q)" (X )

)2/k

)
(44)

Hf(q(X )) 1 h(X ) , Ef

(
ln(

1
N (q)" (X )

)
)

= ln N (q) , H (f . " ). (45)

Relatesasymptoticaveragedistortion, entropy, and codebook size.

Sketch GershoÕsdevelopmentof theseapproximations: assumethat
the input random vector X is described by a ÒsmoothÓpdf f
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DeÞnevolumeV (S) of a set S in ! k by

V (S) =
∫

S
dx

and the diameter of a set by

diam(S) = sup
a,b∈S

. a , b. 2.

Let q be a quantizerwith a large Þnitenumber N of partition cellsSi.
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Òhigh rateÓ or Òhigh resolutionÓassumption requires that the
averagedistortion 1 determined by cells with small diameter and
volume,that large cellsall togethercontribute a negligibleamount

Thus
D (q) 1

∑

i:Si small

∫

Si

||x , D(i )||2f (x) dx.

Practical interpretation: Òno-overloadÓregion

D (q) 1
N∑

i=1

PX(Si)
∫

Si

||x , D(i )||2f (x) dx,

let D(i ) be the Lloyd centroid of the cell Si. Since f is assumed
smooth and the cellsare small,

f (x) 1 f (D(i )); x " Si
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) from the meanvaluetheorem of calculus,

PX(Si) =
∫

Si

f (x) dx 1 V (Si)f (D(i ))

hence

f (D(i )) 1
PX(Si)
V (Si)

)

D (q) 1
N∑

i=1

PX(Si)
∫

Si

||x , D(i )||2

V (Si)
dx

Again assumingthat the cells are small and the pdf smooth, the
centroid of Si with respect to original density 1 the centroid with
respect to a uniform pdf.
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SinceD(i ) is the centroid of Si and hence

∫

Si

||x , D(i )||2

V (Si)
dx

yields the minimum possiblesquared error over y of
∫

Si

|| x−y|| 2

V (Si)
dx,

momentof inertia of the regionSi about its centroid if the total mass
is 1 and the massdensity is uniform.

Convenientto use normalized moments of inertia (invariant to
scale)

M (S) =
1

V (S)2/k

∫

S

||x , y(S)||2

V (S)
dx

wherey(S) denotesthe Euclideancentroid of S.
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Normalization makes M (S) invariant to scaling: c > 0 and cS =
{cx : s " S}, then

M (S) = M (cS)

so M dependsonly on shape and not upon scale.

Proof:

M (cS) =

∫
cS ||x||

2 dx
V (cS)

V (cS)2/k

=

∫
S ||cx||2 dcx

c2V (S)

[ckV (S)]2/k
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Now have

D (q) 1
N∑

i=1

PX(Si)M (Si)V (Si)2/k

=
N∑

i=1

f (D(i ))M (Si)V (Si)1+2/k
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Moment of inertia examples

S is a cube in ! k with sidelength ! , then

M (S) =
k∆2

12

k(! k)2/k
=

1
12

Partition cell shape if a vector quantizer were formed as a
combination of k identical uniform scalar quantizers on each
component with a commonbin width ! .

If S a regular hexagonin ! 2, then

M (S) =
5

36
2

3
.
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Now invoke GershoÕsconjecture on the existence of an
asymptoticallyoptimal quantizerpoint density function " (x).

AssumeN is sufficiently largeand the Si sufficientlysmallto ensure
that eachSi containsonly a singlequantizerreproduction codeword

Mean valuetheorem )

1
N

1
∫

Si

" (x) dx 1 V (Si)" (D(i ))

or
V (Si) 1

1
N " (D(i ))

.

Assumealso GershoÕs conjecture regarding optimal cell shapes: all
quantization cells are convexpolytopes which are scaledor rotated
versionsof a single polytope S∗ and hence have equal normalized
momentsM (S3) )
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D (q) 1
N∑

i=1

f (D(i ))M (Si)V (Si)1+2/k

=
N∑

i=1

f (D(i ))M (Si)V (Si)1+2/k

1 M (S∗)N −2/k
N∑

i=1

f (D(i ))
V (Si)

" (D(i ))2/k

1 N −2/kM (S∗)
∫

f (x)
1

" (x)2/k
dx

= M (S∗)N −2/kE [
1

" (X )2/k
] = ckN −2/kE [

1
" (X )2/k

]
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Tessellating convex polytop es

Intervalstesselate! 1 and

c1 =
1
12

= 0.08333 . . . .

It is known that a1 = b1 = c1.

For k = 2 FejesToth (1959) showed that the regular hexagonis
optimal and

c2 =
5

36
2

3
= 0.08019 . . . .

It is known that a2 = c2, but b2 is not known.
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For threedimensionsthe optimal tesselatingpolytope is not known,
but candidatesare the hexagonalprism, the rhombic dodecahedron,
the elongateddodecohedron,and the regular truncated octohedron.
It is generallythought that that c3 is M (S) for the regular truncated
octohedron, 19

192×21/3 = 0.07855 . . .

For generalk, the following lower bound is known:

ck - M ( sphere) =
∫

S ||x||
2 dx

V (S)1+2/k
=

kV−2/k
k

k + 2

whereVk is the volumeof a spherein k dimensionswith unit radius:

Vk =
* k/2

#(k
2 + 1)

=
2* k/2

k#(k
2)
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where

#(t) =
∫ ∞

0
xt−1e−x dx

e.g., #(1
2) =

2
* , #(n + 1) = n#(n). For example,if k = 3,

Ck -
kV−2/k

k

k + 2
= 0.07697 . . .

Can show that M (S) for a sphere of k dimensionsdecreasesto
1

2πe = 0.05955 . . . (compare with the Shannonlower bound).
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GershoÕsentropy approximation

Again make the approximation that

PX(Si) 1
f (D(i ))

N " (D(i ))
1 f (D(i ))V (Si)

so that

Quantization 110

H (E(X )) = ,
N∑

i=1

PX(Si) ln PX(Si)

= ,
N∑

i=1

f (D(i ))
N " (D(i ))

log
f (D(i ))

N " (D(i ))

= ,
N∑

i=1

V (Si)f (D(i )) ln f (D(i )) +

N∑

i=1

V (Si)f (D(i )) ln(N " (D(i )))

1 ,
∫

dyf (y) ln f (y) +
∫

dyf (y) ln(N " (y))

1 h(X ) , E (ln
1

N " (X )
) = ln N , H (f . " ) * ln N,
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Approximation relates the Shannon differential entropy to the
Shannonentropy of a quantizeroutput.

In the special casewhere" (x) = 1/V (A); x " A this becomes

H (E(X )) 1 h(X ) + ln
N

V (A)
,

simpleapproximation for the entropy for uniform quantizers (uniform
in onedimensionor lattice quantizersin higherdimensions).
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GershoÕsapproximati ons: general case

Fix ' " [0, 1]

Assumequantizer q has a quantizer point density " and a large
number N quantizationlevels

Then (using the ln r * r , 1 inequality in the Þnalstep)
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+(f , %, ' , q)
∆=

Df(q)
%

+ (1 , ' )Hf(q) + ' ln N +
k
2

ln %

1
ckEf

(
(N " (X ))−2/k

)

%
+ (1 , ' )[ln N , H (f . " )] + ' ln N +

k
2

ln %

=
k
2

[
2ckN −2/kEf

(
(" (X ))−2/k

)

%
, ln

2ckN −2/kEf

(
(" (X ))−2/k

)

%

, 1] +
k
2

ln
[
2eck

k
Ef

(
(" (X ))−2/k

)]
, (1 , ' )H (f . " )

-
k
2

ln
[
2eck

k
Ef

(
(" (X ))−2/k

)]
, (1 , ' )H (f . " )
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with equality iff

N =

[
2
k

ckEf

(
(" (X ))−2/k

)

%

]k/2

(46)

Sincegoal is to minimize+(f , %, ' , q), this is the optimal choiceof
N .

Thus for small%

+(f , %, ' , q) 1
k
2

ln
(

2eck
k

)
+ - (f , ' , " ) (47)
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where

- (f , ' , " ) =
k
2

ln
(

Ef

(
(" (X ))−2/k

))
, (1 , ' )H (f . " )

=
k
2

ln
∫

f (x)" (x)−2/k dx+(1, ' )
∫

f (x) ln " (x) dx+(1, ' )h(f ).

(48)

Bestpossibleperformancewill be that whichminimizes- (f , %, ' , q)
overall q. If

- (f , ' ) = inf
Λ

- (f , ' , " ) (49)

and the inÞmumis overall pdfs " for which - (f , ' , " ) is well-deÞned,
then

lim
λ→0

+(f , %, ' ) = (k/ 2) ln(2eck/k ) + - (f , ' ). (50)
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Functionals - (f , ' , " ) and - (f , ' ) of (48)Ð(49) called Gersho
functionals.

The functional - (f , ' , " ) can be expressedas

- (f , ' , " ) = (1 , ' )- (f , 0, " ) + ' - (f , 1, " )

= - (f , 0, " ) + ' (- (f , 1, " ) , - (f , 0, " ))

= - (f , 0, " ) + ' H (f . " )

= - (f , 1, " ) , (1 , ' )H (f . " ). (51)

The nonnegativity of the relativeentropy H (f . " ) impliesimmediately
that

- (f , 0, " ) * - (f , ' , " ) * - (f , 1, " ). (52)
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If the derivedapproximationsare valid, then (46) implies

ln N 1
k
2

ln
2eck

k
+ - (f , 1, " ) + ln %−k/2. (53)

No explicit dependenceon ' here! The dependenceis implicit through
the selection of a " minimizing- (f , ' , " ).
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Optimization for traditional cases

If ' = 1, HolderÕsinequality yieldsthe bound

- (f , 1, " ) =
k
2

ln
(∫

f (x)" (x)−2/k dx
)

-
k
2

ln . f . k/(k+2) = - (f , 1)

(54)
with equality iff

" (x) =
f (x)k/(k+2)

. f . k/(k+2)
k/(k+2)

(55)

the well-known solution for the Þxed-ratecase.

The moment condition (33) ensuresthat . f . k/(k+2) is Þnite and
the " minimizing- (f , 1, " ) is givenby (55).
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If ' = 0, then from JensenÕsinequality

- (f , 0, " ) =
k
2

ln
(∫

f (x)" (x)−2/k dx
)

, H (f . " )

-
k
2

∫
f (x) ln

(
" (x)−2/k

)
dx , H (f . " ) (56)

= h(f ) = - (f , 0) (57)

with equality iff " (x) is constant for the support set of X , again
agreeingwith the classicalresult.

(Here equality requires that the distribution of X has bounded
support.)

Inequality (57) alongwith (52) imply the bounds

h(f ) * - (f , 0, " ) * - (f , ' , " ) * - (f , 1, " ).
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Thus GershoÕsapproach gives heuristic developments of both the
classicalcases of Þxed-rate and variable-rate asymptoticallyoptimal
quantizers.
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General case

Open

The generalminimizationof - (f , ' , " ) for ' " (0, 1) doesnot seem
to havesucha nice form.

Canshow

- (f , ' , " ) - (1, ' )- (f , 0, " )+' - (f , 1, " ) = (1, ' )h(f )+' ln . f .
2
k
k/(k+2)

but the inequality is strict except for the endpoints since in general
distinct " yield thoseminima.

The bound does hold for u, in which case" uniform on the unit
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cube yields- (u, ' ) = 0. In this case(50) impliesthat

lim
λ→0

+(u, %, ' ) =
k
2

ln
(

2eck
k

)
(58)

and henceck characterizesthe performanceon the unit distribution
on the unit cube for all ' " [0, 1] if GershoÕsassumptionsare true.

Unfortunately - (f , ' , " ) not convexin " , but the following lemma
shows that a transformation yieldsan equivalentconvexoptimization
problem.
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Lemma 6.
- (f , ' ) = inf

ν
, (f , ' , . ) = , (f , ' )

where- (f , ' ) is givenby (48)Ð(49), where

, (f , ' , . ) =
k
2

(∫
f (x)eν(x) dx , (1 , ' )

∫
f (x). (x) dx , 1

)

+ ' ln
(∫

e−kν(x)/2 dx
)

+ (1 , ' )h(f ) (59)

wherethe integralsare over the support set of f , where the inÞmum
over . is over all measurable functions . for which , (f , ' , . ) is
well-deÞned.The functional , (f , ' , . ) is (strictly) convexin . .

There are proofs basedon the heuristicapproach,but they require
the assumptionthat the asymptoticpoint density and an asymptotic
normalizedmomentof inertia exist.

Quantization 124



The existenceof point density functionshasbeenrigorouslyproved
only for the Þxed-rate(' = 1) case. [Bucklew (1984), Graf and
Luschgy(2000)]

The existenceof the density for the variable-ratecasehasnot been
similarly proved, although GershoÕsheuristic argumentssuggestthat
it is uniform (and this is often assumed).
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Moving on

Have surveyed fundamental results in quantization theory and
algorithms for squared error distortion.

Remainderof coursewill go more deeplyinto severalof the topics.

Examplesof issuesto be consideredincludethe following.

• Losslesscoding and rate

• Generaldistortion measures

• Shannondistortion-rate theory

• Lloyd improvement algorithms: structured codes (tricks often
includedin real-world data compressionand classiÞcationsystems)
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• Examples

• Miscellaneoustopics, conjectures,open problems
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