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Quantization 1

Partition S = {S;; " 7} of A:

Usi = A
1€l
Usuallyz = Z2 ={0,1,2,...}
partition Pnite if # atoms|S|=|Z|=N(S)=N(7)< &.

Sometimesallow empty atoms for convenience,but count only
includesnonempy atoms.

Quantizerencaler: £:A' Z
Indexset of the quantizerz = £(A) ( 2

~

Later consideralsoquantizerdecader p: 7' A

Quantization 3

Partitions and encoders
X a random object (variable, vecta, Peld, signal) taking values
alphatet A (e.g.,! *)
Px a probability distribution describingX

E.g., descrited by pdf f x
Px(F) = / fx(X) dx
F

or pmf px

Px(F)=> px(x)

zeF

Quantization 2

Encader and partition are equivalentconcepts:

£) cellsS;=g-1(i)={x:£(x)=i},i" T.

S) & eq.,
gx) =Y ilx" Sy, 1)
i€l
where
1 x" S
I(x" S) = _
0 otherwise

g or §) probability massfunction (pmf) p= {p(i); i " 7}:

p(i) = Px(Si) = Pr(&(X) =1).
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Entropy

Shannonentropy of a partition and distribution
Z P(S;)logP(S)), 2)

Usuallylog = log, (bits) or In (nats)
By convention01n0 = 0.

Also denotedby H (£(X)) and

=> p(i)l

1€|

Sincep(i)" [0,1]) H(p)- 0.
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Lemma 1. If S( &, thenH(S)* H(S).

Proof Each atom of & has the form S; = +,.44S; and the
. . . Jj—
contribution of the atom to the entropy is

, P(S;)InP(S;) = ,P(+j:S§C5iS;)lnP(+j:S§C5iS;)

=, | X PES)|m| > PE)|E

j:S;CSi jzsgcsi

=, ) PS)Hn| > P(s)

j:85CS; 1:5]CS;
* E P(S ln P(S ) (4)
j: S" CS;
Quantization 7

Partition S’ rebPnesS or S ( S’ if atomsof S are unionsof atoms
of §'.

S is a subpatition of S’
S’ is a superpatition of S
S(8) N(S)* N(5)

Similar property for entropy:

Quantization 5

sothat

H(S) = . ) _P(S)InP(S

i€l

* Z Z lnP )
i€l jS’CS

=, Y P(S))InP(S)) =H(S).
j€l’

O

) the Pnerthe quantization, the larger the entropy and codebook
size!
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Relative entropy

relative entropy or Kulback-Leiblerdivergence

Debnedn termsof two distributions,P and Q, and a partition S:

H(P.QS) = ZP S; (5)

Often expessedn termsof p(i) = P (S;) andq(i) = Q(S;)

=> pl (6)

€|

Requirethat if q(i) = 0, then alsop; = 0 and dePnep; In(p;/q;) = 0
p is absolutelycontinuouswith resgectto g, p << q.
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Also follows from JensenOisequality and the concaviy of the In

function:
q(i)
H (plla) = Zp o) ln<2p )

O
Implication: If S hasN =N (S) < & atomsS;; i =0,1,...,N,
1, then settingq(i) = 1/N for all i yields
H(S)* InN(S). 9)

A Pnite partition will havethe maximum possibleentropy if all of its
atoms have equal probability.

Quantization 11

Lemma 2. The divergencanequalily For any pmfs p and q,

H(p.q)- 0, (7)
with equality if and only if p(i) = q(i) for all i.
Proof Follows from elementay inequality

Ina* a, 1 (8)

for positive a, with equality if and only if a = 1:
ooodi) (i) _
Pt 2R D=0

with equality if and only if p(i) = q(i) for all i.

Quantization 10

Decoders

Use encaler output i = g(X) to provide an
estimate/appoximation/classibation/decision regading the original
input X: D(i)

Often ablreviate overalloperation to

but alsouseq to meancollectionof components(&, D).

The collection ¢ = {D(i);i" 7} of possibledecaler outputs is
calledthe reproduction codebook or, smply, codebook

Decder is equivalentto (ordered) codebook and can write q =
(S,0).
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Uniform quantization

Finite codebook size

Assumef x(x) has Pnite support [a,b] and carve up interval into
N equalpiecesof width (or bin width) ! = (b, a)/N each(10).

(quantizationlevels guantizationcells

DN, 1)=b, &, x" Sy_1=[b, !,
ax)=4¢D()=a+ (i +3)!; x" S;=[a+il ,a+({+1)!)
i=1,---,N, 2

X" Sp=[aa+!)

(10)

Quantization 13

Distortion

d(x,y)
X " I * squaed erra distartion measure

d(X,D(EX))) =. X, DENX). 2 where

k—1
X, Y2 =G WG ) =)k Yl
1=0

X = (Xoy.. Xp—)HY = (Yo, ..., Yi—1)t " | ¥ are columnvectas and
x! denotesthe transposeof x.
QuantizerperfamanceD (q) = D(&,D) = E[. X , D(E(X)).?]

Tractable,simplefor analysis,can make percetually meaningfulby
usingweightedquadratic distortion measures.
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Equivalently the quantizercan be expgessedas

N—-1
Q00 = YA+ (4 5) Masinaserna) (0

1=0
Can extendto entire real line by extendingtop and bottom cells,
Sp becomes,& ,a+!)
but no longergenuinelyuniform.
InPnite codebook size

If allow an inbnity of levels,px! anddebne

oo

a0 = 3 1At (i +5)! Miuia s o (X):

i=—00
wherea is a designparameter,e.g., a = 0.
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The centroid condition

Usingnestedor iterated expectation:

D(£,D) = S ELX, D().%&(X) =i Pr(e(X) = ).

For eachi the conditional expectation E[. X , D(i).2|&(X) =i] is
minimizedby the conditional expectation

D(i) =E(X[e(X) =1). (11)
In general: E(X |Y) is the minimum meansquaed estimate of X

giveny.

GeneralLloyd centroid: cent(S) = argmin, E[d(X,y)[X " S]
(if minimum exists)
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Centroidal quantizers

If a quantizer(&, D) is to be optimal, then necessaily the decaler
D must be optimal for the encaler £. A quantizer satisfying the
centroid condition is saidto be a centroidalquantizet

Recallthat q(x) = >, D(i)1g;(X)

Ef(X)] = E[YD)15(X)]

= ZD(i)E[lsi(X)]
= Y E(X|X " S$)Px(S)
= EZ(X), (12)

Combiningthe two previousresultsproduces
E[a(X)"(a(X), X)] =0, (14)

(orthogonality principal!)

Debnethe errar vecta ! =q(X ), X, then

E(.1.7%) E ((aX), X)a(X), X))
= E (aX)"(a(X), X)), E(X"(a(X), X))
0, E(XgX))+E(.X.?)
= E(.X.?), E(.qX).? (15)
ThusE(.X.2)- E(.q(X).?%)and
E(.a(X).?)=E(.X.?%), E(.1.7) (16)

First moment is preservedby a centroidalquantizer.

Similaly, carrelation:
EXq(X)] = E[XtZD(i)lsi(X)]
= ZE[;tlsi(X)]D(i)
= iD(i)tD(i)Px(Si)
= EZ(-Q<X)-2), (13)

) the input and output are positively carrelated.
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Equalmeans)
) "X e

(19))
EX) =, E(.1.%), (17)

which contradicts the common assumption that the input and
guantizererra are uncarelated!

Quantization 20



Partition cost and rate

Sincean encader implies an optimal decader, questionis how small
the averagedistortion

D(¢) = minD(£, D)

can be madeby choosingthe OlestOencader.

If no further constrairts, this is generallyO (except for remote
sourceproblem).

Constraint: thereis a cost R(£) asseiated with a partition £.
AssumeR (&) - 0,
Also: If S ( &', thenR(&) * R(&).

Quantization 21

Fixed and variable rate codes

= InN(S) assignsbxed cost (called instantaneousrate)
N (S) to eachindexi ) averagecost (averagerate)

R(E)
r(i)=In

R(E) = Zp =InN(S).

R(£) = H(S) assignsvariable costr (i) =, Inp(i) to eachindex
i ) averagecost

R(E) = E[r(é’(x)ﬂzzp(i)r(i)
. 1
= Xi:p(l)an:H(S).

Quantization 23

In general, arbitrarily small averagedistartion requiresarbitrarily
high cost.

) optimization goal is optimal tradeoff

Core of the subject of quantization theay, algaithms, and
applicationsof optimal (or at leastgood) distortion-rate tradedfs.

Two candidate notions of cost meeting these conditions are the
sizeof the partition N (S) andthe entropy of the partition H (S).

Quantization 2

More generd variable cost/rate assignment: r(i) = #i), #is a
length function, a positive sequenceof numbers with the property

that
D et (18)
KraftOdnequalily
The special case of #i) = , lnp(i) known as the Shannon

codelengths

For generallength function

(i) = #i)
R(e.#H = EMEX))]
— > p()#0)

Quantization 24



In this generalform, g = (&, D, #)
Note: bxedrate a special casewith #i) = 1/N.

Alternative characterization: each codeword has a weighting or
importance weighting
w(i) =e )
KraftOdnequaliy for #/ w a sub-pmf:

wi- Oalli; Y w(i)*
#i)=& |/ w(i) =0, indexor codeword neverused.

N (W) = |{i :w(i)> 0} =N @# = |{i : %i) bnite}|  (19)

Quantization 25

Optimal gquantizati on
Severalpossibledepnitions:
operational distortion-rate function

R) = inf D(&. D),
$’7( ) E,D,w:}%n(Eﬂu)gR (5 )

operationalrate-distation function (dual)

r,(D)= inf R(&, W),
W( ) E7D,w:g%E,D)§D (5 W)

Lagrangianoptimization, Lagrangianmultiplier %> 0
&%') = inf (D(£,D)+IR(EW))

Quantization 27

Combinedconstraint[Zada (1982)] for unibpedtreatment:

) = (L) N
= (1, "YIn—= () "InN (w)
R4 = (1, EMEX )]+ InN(#
= (1 el Vﬁ““'“(W) (20)
= Rn(é’,W)

' [0,1]. (Pxed-rateis' = 1, purevariable-rateis' = 0)

Quantization 26

Effectively incaporates rate constraint into general Lagrangian
distartion.

Traditional cases = 1,0
The distartion-rate and rate-distation formulationsare equivalent

Optimization theary: Lagrangianminimization yields distaortiont-
rate points on convexhull of optimal distortion-rate pairs.

None of theseproblemsare in generalconvex.

Quantization 28



Optimalit y properties and the Lloyd algorithm: ' =1

Already seen: necessg condition for optimality that given &,
D(i) = EX|&(X) =]

For' =1, Lloyd shaved similaly that encaler must be optimal for
decdler:

D(£,D) = /dP(x).x, DE(x)). 2
- /dP(x)miin.x, D(i). 2,
bound achievedby neaest neighlor or minimum distortion encader
E(x) = argmin. x, D(i)., (21)

1
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Lloyd quantizerimprovementalgaithm: bxed-rate

Step O Let & be aninitial encader. Setm = 0.

Step 1 Optimizethe decalerD,,, for the encaler&,,: D, (i) =
EX|&En(X)=1i)foralli" 7.

Step 2 Optimize the encoder &,,; for the decaler D,,:
Em+1(X) = argmin; . X, D,,(i). forallx" A.

Step 3 Prune uselesscodewords. If Pr(&,+1(X) =1i) =0,
removei from 7 and mergethe carespnding partition cell
into an arbitrary remainingpartition cell.

Step 3 Setm+1' m andgoto Stepl.

Quantization a1

Breakties in arbitrary fashion,e.g., by lowestindexvaluei
Implicit encader in ShannonOdevelopment.

Lloyd arguedalsonecessgy conditionfor optimality isthat P (S;) >
0 for all i sinceotherwisecan strictly reducerate with no increasein
distortion. (Truefor all* " (0, 1], but not necessey for ' = 0.)

Necessey conditionsfor optimality: bPxed-rate

e D(i)=EX|EX)=i)foralli" 7.

e £(X) = argmin;.x, D(i). for all x.

o Pr((x)=1i)>0Oforalli" 7.

Quantization 30

Variation: intialize with a decaler

D (&) isnonircreasing in m ) descentalgaithm, distortion must
converge.

In practice: test the improvementand stop when somethreshold
wasreached,e.g., when

D(gm—l) ’ D(gm) *

D (Em 1) I

Lloyd algaithm is a clusteringalgaithm
Ealiest exampleof alternating optimization (AO) algorithm
Also renamedk-means,principal points, . . .

Resultingpartition is a centroidal Voronoi partition.

Quantization 2



Simpleexample:

X X
S4 S Sy 51
D(1)
x 11X x \11 Xe®
X 4 X
X N X D.( ) >/
1 X 1 a1 K 1
X /\ X
X X X .XD(2)
°
X L1 D(¥) 11
X X
S3 Sa S3 Sa

Figure 1: Lloyd algaithm
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The Lloyd algorithm: entropy constraint

Lloyd iteration almostworks in the entropy-constrainedcasewith
R(&) =, Zp(i)lnp(i) =H(S)
usinga Lagrangianformulation:
D(€,D) + %1 (S) — /dP x) (., DEX)).2, %np(EX)))

i /dP(x)miin(.x, D). 2, %np(i)),

Quantization 35

Figure 2: Two-dimensionaktentroidal Voronoi diagram

Quantization 2

Achievelower bound with minimum Lagrangiandistartion

E(x) = arglifnin < x, D().%+ ‘Vdnﬁ) . (22)

Problem: Debnitionis circula, encaler debnedin terms of the
probabilitiesp(i) = Pr(£(X ) = i) which depend upon the encaler.

EasyPx, introduce another pmf w which when optimized givesp,
decoupleencader from rate.

Usingdivergencanequality,
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inf (D(£,D) + W (£)) = _inf (D(£,D)+%H () +H (p.w))

. 0, H 1

. 1
I o
= Héf (HleD(S,D) + /olgf % p(l)ln—) .

w(i)

inbmumis overall w: p<< w

Quantization a7

Proof Divergencenequaliy & constrainton w )

Zi:p(i)lnﬁ = ;p(i)lnﬁ%—i—H(é‘), In (EJ:W(])
- H(&).
achievablaff
D wii)=1 (24)
and €| W(I)
) =577 = W) (25)
and hence !

Quantization 39

Slight extensionyieldsgeneralvariable-ratecase:

Lemma 3. Let £ be an encader with indexpmf p = {p(i);i " Z}.
Then

H(S):ingp(i)lnﬁ

wherethe inbmumis over all sub-pmfsw, that is, all nonnegative
w = {w(i);i " 7} for which

D wii)* 1. (23)

i€l

Quantization a8

Extensionto combinedconstraintcaseR,,(£,w)

Corollary 1.
inf (D (£,D) + Wy (£, W)) (26)

= irElf <iIle D (&, D) + %inf R,,(S,W))

= if(D(E) +%(1, IH(E)+ WNE)]), @)

whereN (&) isthe number of indicesfor whichp(i) = Pr(X " S;) > 0.

Quantization 20



Proof: The lemmaimpliesthat

D(&,D) + WR(E,w)

::D@ﬁyw<u,wzpmmiijmﬂ

w(i
- DED)+%W(, IH(E) +"N(w))

with equality if w = p. Furthermae, sincep << w, N (&) =
N (p)* N (w), which is achievedf w = p. O

The necessg conditionson £, D and w to minimize D (£, D) +
YR (£, w) now become

Quantization M

Lloyd quantizerimprovementalgaithm
entropy cost function

Step 0 Let & be aninitial encader. Setm = 0. Fix %> 0.

Step 1 Optimize the decaler p,, for the encaler &,,:
D) =EX|&X)=1i)foralli" 7.

Step 2 Optimizew,, for £: setw,,(i) = Pr(&,(X) =1).

Step 3 Optimize the encder &,,., for the decaer p,,, and
w,,,: for all x

1
= i i).240
Em+1(X) arglmln ( X, Dm(i).*+ %n Wm(i))

aanzaBtep 4 Setm+1' m andgoto Stepl. 43

Necessey conditionsfor optimality of (&, D, Q)

o D(i)=E(X|&(X)=i)alli" T.
o W(i)=Pr(g(X)=1),alli" T.

e £(X) = argmin, < X, Dm(i).2+ %lnﬁ) for all x.

o If ' %0, thenPx(S;)> 0, alli :w(i) %0.

Arguablya good ideato prune zero probability cellsevenif * =0

Quantization 2

Variation: initialize weighted codebook insteadof partition

Quantization 44



Lloyd quantizerimprovementalgaithm
combinedconstraints

Step 0 Let & be aninitial encader. Setm = 0. Fix %> 0.

Step 1 Optimize the decaler D,, for the encaler &,,:
D(i)=EX|&X)=i)foralli" 7.

Step 2 Optimizew,,, for £: setw,, (i) = Pr(&,.(X) =1).

Step 3 Optimize the encder &,,,1 for the decaler p,,, and
W,

Em+1(X) = argmin < X, Dm(i).2+%1, " )lanj(i)>

(]

aanfrat€p 4 Setm 4+ 1" m andgoto Stepl. s

Subcodes and supercodes:
pruning and growing codes

When can a code be improved by removingor adding codewords?

Might want better code for bPxed% or good code at smaller %
(bigger codebook) or larger %(smaller codebook)

Supposehavequantizerq satisfyingLloyd conditions. Descriled by
eitherpartition S or by weighteddecaler D, w. Canform a subcode of
g either by usingsubpatition of or a subsetof the weightedcodebook,
similaly can form a supercade by using a superpatition of S or a
supersetof the weighted codebook.

ObviousLloyd condition: a necessg condition for g to be optimal
is that no sulbcode or supercade yieldsbetter perfamance.

Quantization 47

As in the entropy constraired case,the algaithm can be initialized
with a reproduction codebook and codebook weighting instead of a
partition.

Quantization 26

Suggestsadditional Lloyd algaithm step: Find computationally
efficient meansof testing for better sub or supercades (bPxed %) or
for Pnding codesthat provide best tradedf if changing% (minimize
increaseof distortion per decreasein bits, or maximize decreaseof
distartion per increasen bits)

Quantization 8



Partition subcodes and supercodes

A quantizer q determinedby S is a patition subcode of the
quantizerq determinedby S’ if S ( S’. (The Lloyd conditionsthen
imply the carespnding decaler and weighting)

Similaly, ' is a partition supercade of q.

Lemma 4. If S( &', then

D(S) - D(S)
H(S) * H(S)
N(S) * N(5)
Ry(S) * Ry(S)

wherethey appropriate optimal weighted codebook for eachpartition
is assumed.

Quantization 49

Weighted codebook subcodes and supercodes
weightedcodebooks (D, w) (D', w’) with indexsets7 ( 7’

(D, w) is a codebook subcode of (D', w’) ((D',w’) is a codebook
supercade of (D, w)) andwrite (D,w) ( (D', w') if

e the reproduction codebook of the subcode is a subset of the
reproduction codebook of the larger code: {D(i),i : w(i) > 0} (
{D'(i),i : W(i) > 0} and the codewords are orderedso that that
D(i)="D'(i) for alli : w(i)> 0.

e DebPneJ = {i : w/(i) > 0,w(i) = 0}, the set of all indices

coresmpnding to reproduction codewords removedfrom the larger
code. Thenw/(i) = (w(i) for all i %3 for some( " (0, 1].

Quantization 51

A partition subcode (supercade) will havelarger (smaller) average
distartion and larger (smaller) averagerate, but the Lagrangian
distartion might increaseor decreasedepending on the ratio of the
changeand %

Quantization 50

Note: Relativeweightsfor commoncodewords unchanged.

Canuse( = 1 for pruning existing codebook, but could violate
subpmfcondition if want to grow codebook with w alreadya pmf.

Can bndsubcodebook by usinglist encaling.

Large literature exists for growing and pruning codes baseal on
partitions D tree-structuredvecta quantization.

Relatively little done for growing and pruning codes based on
weighted codebooks. Simila ideas arise in agglomaoative and
conglomaative clusteringalgaithms.

Weighted codebook sub and supercades have simila behavig to
partition sub and supercodesin terms of distortion and rate, but not
quite the same:
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(D,w),(D',w), § = {S;} and &' = {S]} corespnding Lloyd
optimal encaler partitions.

I’'={i:w()>0},J={i:i" 7/,w(i) =0}
If x " S/ then

dix, D'(i)), %1, ')Inw'(i)*
dx,D'(j)), %1, ')Inw'(j), allj %i

Ifi,j %3, then also

dix, D)), %1, ")lnw(i)*
dx, D)), %L, )mw()) x"S) S/( S,

Quantization 53

Rate ObviouslyN (w) * N (w’). It alsofollows easilythat

Zp ) Inw/( C Y P H)nw(i), D pi)nw/(

iZJ ieJ
> P Inw/(
iZJ
, Zp(i)lnwm. (28)
Thus,
R,(E W) - R,(E w), (29)

aswasthe casewith partition suband supercades.
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For eachj " J, debneS; ; = S # S; (part of removedatom S
put into S;)

S; = Sj+JSii %Y

jeJ
s; = |Jsipi"d
igJ
S = Si, |JSii %9
JjeJ

Let p'(i) = P(S)), p(i) = P(S;) and observethat for i %'J, p(i) -
P(i).

Quantization 54

Averagedistortion

D&, D,w) = Z /chent ) dP (x)

= > / d(x, cent(S;)) dP (x)
icl ' —g 7 SV es Sij

= Z chent (S;))dP(x) +
el ' —J

> / d(x, cent(S;)) dP (x).

il ' — Y Ujes Si

Unfortunately this does not imply that D(q) * D(q) in general. If,
howeve ( =1, then
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miind(X, D)), %1, ")Inw() - miind(x, (i), %1, ')Inw'(i)

and hence
D(q), %1, Zp Inw(i)- D(q), %1, Zp Inw'(

which with (28) impliesthat D(q) - D(q). Thus
Lemma 5. If qisasubcode of g with ( = 1, then

that is, subcodeshave smallerdistartion and larger rate.

Quantization

Step 0: Initialization Giveninitial (Do, Wo).
Compute& = &S (Do, Wo), Do, Wp).- Setm =1

Step 1: Partition improvement GivenD,,—1,W,,—1), form
an optimum partition S,,, = S(Du—1, Wyn_1).

Step 2: Weighted codebook improvement Given
the patition S,,, form an optimum weighted
codebook (Dp,Wp,) = (D(Sm), W(Sm))- Conpute
& = &Sy, Dy Win).

Step 3: Test Test&,,_1, &,. If smallenough,goto Step4.
Elsesetm = m + 1, goto Step1.

Step 4. Grow/Prune Test sub/super codes for possible
improvement for bPxed % or for changed% Quit or go
step 1.

Quamlzatlon
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59

If a quantizer q is optimal there can be no
subcode or supercade g for which
D(d) +%R(q) < D(q) + 9%R(q). pruning/growing

Growing and pruning can be usedeither for improving a code at
a bxed% or pndingcodesfor smalleror larger %that optimize the
distartion/rate tradedf.

Quantization 58

Shannon rate-disto rtion theory

Shannon(1949, 1959)

Branch of information theary: sourcecoding subjectto a bdelily
criterion

Information measures
Sofar:
X is arandom vecta with distribution P
( isaquantizeror a quantizerencaler
Then
A . 1
2 ;P(( (X) = ')IHW'
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Generaldebnition of entropy for a random vector (Komogaov-
Sinai):
A
H (X') = supH (( (X))
supemum over all quantizers

If X continuous,H (X ) = & (exceptfor trivial cases)

Giventwo distributions P and P’ describinga random variable X
and a quantizer( , the relative-entropy or Kullback Leiblerdivergence

is
P(((X) =)
Honr((06)) £ 3P PR =1)

i€l

Relativeentropy of the random vecta X

H(P|IP') = SupHPHP’(( (X))
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mutual information betweenthe randomvectas by

1(X,Y) ésugl (((X),) (Y)).

Alternatively

O () = H iyl ooy (4D (Y)),

and

1(X,Y) = HPX,YHPXXPY'

Quantization 63

If P and P’ are discrete with pmfOd and g, then
H(P||P)=H(f|lg) = Zf ln—
If P and P’ are determinedby densitiesf and g, then

H(P|IP) = H (f ||g) = /dxf F(x)

X

Averagemutual information between quantizedrandomvedors X
andY:

L) (YD) ZHEXO))+HO (), H((X),) (Y))
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It is straightfarward to prove the following usefulinequalities:

HC(X),) () - 0
H((X)) = H{((X),) (X))
HC(X),) (V) = HO(Y))
L(X,Y) = H(Y)

For example,the prst two follow from the divergenceinequality and
the third follows from the secondand the dePnition.
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A lower bound to average distortion

X k-dimensionatandomvecta of samplesrom a stationary source.
Quantizeby a quantizerq = (&£, D, #).

Focus on distartion-rate formulation variation on ShamonOsate-
distortion formulation

Shannonconsideredoxal-rate codesof vectas, or block codes
But lower bound works for all casegq(all * " [0, 1])

Fix' " [0,1], R - 0 andassumeR,(£,w)* R
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Sincetrue for all quantizers,$,(R) - Dg(R) all' " [0,1]
ShannonDRFOsre not in generaleasyto compute, but
e there is a further lower bound, the Shannonlower bound which is

easyto compute and providesa generaland useful, if conservative,
lower boundto averagedistortion.

¢ In somecasessuchas Gaussiamrocessesthe ShannonDRF can be
explicitly evaluated

¢ Arimoto-Blahut algaithm for numericalevaluation

Lower bound is a OregativeO or OconveseOresult B can do no
better, there is also a positive thearem, but requires limits of large
dimensionk
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From the basicinformation measurenequalitiesand Caollary 1,

R,(&,w) = (1, ')Zp(i)ln%jt'lnN(W)

- (1, DH(EX)) +" InN (w)
- H(EX)) - H(D(EX)))
- HX5D(E(X))).

Thus for any code q = (&, D, p) with R,,(§,w) * R,

D(g) = E[d(X,X)]

- inf

E[d(X,Y)] 2 Dx(R),
Fyx: I(X;Y)<R [< )] k( )

ShannonQdistortion-rate function (DRF) for X = X .

Quantization 66

Fix R and normalizerate and distartion by dimension.Debne

$7(7k)(R) _ $f7(f le’ kR)

$,(R) = inf §°(R),
Then Shannonlower bound for the process{X} is

$,(R) - inf Dy(kR) 2D(R).

For stationay processesinPmaare limits ask ' &

Positive coding thearem

$,(R)=D(R).

Much harder to prove. Existence proof, need asymptotically large
dimension.
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Result holds regadlessof ' and ShannonDRF hasno ' in its
formulation. For large dimension,optimizing for Pxedor variable rate
codesmakesno differenceN both havethe samelimiting perfarmance!
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Rewritethe Lagrangian

&%y x

)
= %/ ayty(y) [ o y(xly) (Hx T +1nf);|;§:;y>>

= W(X)+% dyfy(y)/deX|Y(X|Y)0

2
[lz—yll

[ Ine” 5 4+ Infxy(X]y)]

where
1

f x(x)

h(X) = /fX(x)ln dx (30)

Shannondifferential entropy.

Quantization n

The Shannon lower bound

Shannon(1959)

For any conditional pdf fyx ( Otest channelO) dePne the
Lagrangianaveragedistortion

&%fyix) = E[dX,Y)]+%(X;Y)
= /dx/dyfy|X(y]x)fX(x)O

fy1x(y[X) >
[ duf v x (y|u)f x(u)

(Hx, yII? + 9%in

Optimization problemis: givenf x, bnd
&% = inf &%fy|x),
fyix
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Debne
||:c||22

g (X) e 2Jg
\ = —
(‘3* 2)k‘/2

where2"§ = % Usingthe divergencanequality,

&%y x)
fxv (X]y) N
= % (X)+%/[ dyf /dxf Xly)In ———=, %n(2*"
(X)+%/[ dyfy(y) x1y (X]y) R n(2*"7)
0
- (X)), 2in(%"

achievedif f x|y (x|y) = gx(x, y). The conditionaldensiy f x|y is
calledthe Obackwrd channeldistribution.O
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Supposef v x is an arbitrary pdf yieldingl * R and distortion D.
Then

%
D +% = &%fyx) - W(X), (%" (31)
and hence
0,
D - %(X), g’ln(*%k, %

0 % *0pk o
- /dn(X),Eln(@,/R

= %h(X), R, JIn(*%"

Bound holdsfor any value of % so maximizeover %
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Dual argumentyieldsthe Shannon lower boundto the RDF (what
Shannonderived)

R(D)- h(X), gln@*eo)éRSLB(D)

Recallthe lower boundholdswith equality iff f x|y (X]y) = gx(X, y).

This will be true if onecanbndan fy for which

fx(x) = / on(X, Y)fy(y)dy,

which is not always possible.
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Globallyoptimal value follows from the the Inr * r, 1 inequaliy:

z(h(X)—R) 7(h(X)—R)
%kz—ln A %k2— (111 & + 1)

*% * e
) Oere%(h(X)fR)
2 *o%
ket (h(X)—R)
N 2% e
with equality iff
er(h(X)—R)
%= ——
*e
which yieldsthe lower bound
K 25 A
D(R)- g8 HEZM) 2 Dg g(R) (32)
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Example where it is possible: 1 dimensionalcase with fx =
N(0,"%). Choosingfy = N(0,"2%, D) yieldsthe Shannonlower
bound with equality providedR > 0. f x|y (X]y) = gx(X, V)

h(X) = %111(2* e'?)

n 2

1 1 1
R(D) = 51n(2* e"?), 511[1(2* eD) = g D" [0,"?]

D (R) — n 22—2R’ R - O

It is known that the Shannonlower boundistight asR ' &, that
is,asR' &,D(R), Dgs(R)" 0.
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High-rate quantization theory

BennettOsapproximations
High rate, large N, large H, small distartion, Pxeddimension

Supposeq is a simple scala uniform quantizer with bin width !
andN levelsasin (10).

Debnequantizererra ! =!(x) =q(x), X
Apply g to sequenceX,,, !, = q(X,), X,

Sign chosenfor OadditivenoisemodelOrepresentation
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First considermarginal cumulativedistribution function (cdf):

Fe.(()=Pr(tn* (); (" (112,112

and pdf

fe () = dFd_(«)

N—-1
= ZPr(!n* (andX, " Sp).

Sincethe pdf smaoth, meanvaluetheorem)

at+kA+a
Pr(l,* (andX," S;) = / fx,0)d)
at+kA

1 fx.(D))
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Xn ‘,‘+ )A(n = q(Xn)

Quantizer

OMalelObecausecommonin the literature to make assunptions
on!,, asbehavinglike signal-indegndentadditive noise.

Considersysten when! becomessmall and M becomeslarge
underthe assumptionthat the input probability densiy functionf x is
smaoth.
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sothat
L (N L
Pr(! 14 Z .

k=

Riemannsum approximation to mtegral

)

1 Pt
(O for (7 (55,

consistentwith the assumedehavia of the OadditivenoiseOmodel.

In the high rate regime, averagedistartion of a uniform quantizer
1 ! 2/12 that predicted by addinguniform nose.

Origin of O6dBper bitOimprovementin SNR of a quantizer with a
high bit rate.
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Look at vectas: Thus in the high rate regime,the quantizererras 1 independent,
hencewhite, and uniform!
Pr(y* (s 1=n,...,n+k, 1)=
Z Pr(;* (;andX;" Si; l=n,...,n+k, 1),
RIS Theseapproximations have severalimplications:
For (;" (,'/2,11/2),1=1,...,k

But, requiresverylarge N and very small cell size.

e E[',]=0
Pr(l;* (yandX;" S;; l=n,...,n+k, 1)=
A+kA+a; A+kA+ay, . A2
/ - ST SPN) FRUUD PO FRRT 214
a+kA A+kA
L (D) D) G ¢ RN K) 1 E[L,1]1 " 28,
whence 1
Feneninoa (e () Ty o feuxies; i=n—m,.ntk(() 1 Ffor (" ( 2,%)
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e Sinceq(X,) =D(l) iff X,," S, i.e., that
Rx.(n k)=, "2$, 4.
Ree(n k) = E[a(Xn)!k]
M—1 input and quantizererra are not uncorrelated!
= D(HE['x[a(Xn) = D(K)] Pr(q(X») = D(k)) =0

Hencecommonassumptionof independencebetweenthe quantizer
errar and the input will yield incarect results.

sothat the quantizeroutput is uncarelatedwith the input. Bennett extended his appoximations to nonunifom scala

quantizers and used his approximations to quartify the optimal
perfomance in bxed-ratesystems. His methods, however, do not
extend to the multidimensionalcase so we shall proceed to more
generalresultsfor vectas.

e The previousformula impliesthat

RX,e(nlk) = E[ankz]

= E[[a(Xn), ')
E[a(X )], Re(n, k)

= , R¢(n, k),
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High-rate theory for vector quantizers

Zada (1963, 1966,1982)
Bucklew, Wise, Gersho

Assume densiy f absolutely continuous and satisPesmoment
condition
Ef(.X.2T)< & (33)
for some$> 0
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Intuitively, for verylarge R

$(f,R) 1 ayN~%*f. , bxed-rate

k-’ic-Q
®(f,R) 1 be t(E-1X) yaiable-rate

Sincebxedrate casehasa strongerconstraint,

(f.R) - &(f.R).

The lower boundto $(f, R) strongly resembleshe Shannonlower
bound of (32), differenceis constantby in the Zada approximation
and the constantk/ 2* e in the Shamon bound. Canshowv

k

a - bk- e
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Fixed rate:
lim N (f,InN) = az.f. &, (34)

N—oo k+2
where

a, 2 inf N$(u,InN),
N>1
u is the uniform pdf on the unit cube [0, 1]%, and . f ., = ([ f7)"/”.

Variable rate:

lim effg)(f,R) = byeth(f) (35)
whereh(f) =, [f Inf is the differential entropy and the positive

constantby, is givenby
) 2
b, = Jg;fo Ri$(u,R).
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and
hm b, 1
oo K ke Kk 2%e
sothe Shannonand Zada resultsare consistentand agreein the limit

of large dimension.
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The Prstrigorous proof of (35) usedthe Lagrangan approach and
resultsare stated in terms of the Lagrangian distortion:

&f.%') = mt&f, %" ,q (36)
&f, %" ,q) = D(q)+%R,(q) (37)

wherefor the moment' = 0.

RequiredpPnite h(f ) and requiredthat a uniform scala quantized
versionof X with cubic cell volume 1 have bnite entropy

i &f,%0) k
where &Uu,%0) Kk k.  2eh,
A . u, % e
+. = — 21 n%| = —-—In—=.
K iﬁ%( % +21n/‘> SR (39)
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More generally recently shovn that Lagrangianand traditional
formulations equivalentfor generalcombinedconstraintcase:

Lim er$,(f,R) = $(f,") (42)

existsfor a positive bnite $(f ,' ), then

i (450 Ko 1 (25,

A—0 % k

Converselyif

lim <&(f’—%l)—|—gln%> = +f,") (43)

A—0 %

Quantization o1

Two forms (traditional and Lagrangian)known to be equivalent,
i.e., eachholdsiff the other does.

Similar arguments shaw that in the bxed-ratecase,(34) holds for
f iff

) &f,%1) k k/2

where
, & = (k/2)In(2ea/k ). (41)

. . k/2
Same form as the variable-rate Zada result with In.f. K/ (k+2)

replacingh(f ) and, , replacing+.

Quantization %

for a Pnite +(f," ), then

> k
lim exB% (f R) = —e(2/R)0(fm)—1
A & 5(.R) 2°

, k 2e ,
+(f y ) = 5 In <?$(f , ))
includes(39) and (41) asspecialcases.The Lagrargian form hasthe

the advartage of yielding a Lloyd algaithm for designand resultsin
simplerproofs of someresults.
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The details of the proofs of the high-rate resultsfor the traditional
casesdiffer signibcantly but most proofs of theseresultsfollow the
original Zada approach.

1. Provethe resultfor u, the uniform pdf on the unit cube.

2. Extend the result to pdfs that are piecewiseconstant on disjoint
cubesof equalsidea.

3. Provethe resultfor a generalpdf on a cube.

4. Provethe result for generalpdfs.

The Pbrst step is a key one both becauseit providesthe primary
building block for the subsequentresults, and becauseit sufficesto
study ZadaOsonstants.
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GershoOsgonjectures and approximations

Gershopopulaized ZadaOgeallts, usedconjecturesand heuristic
argumentsto derivebasicresults.

GershoOs conjecture involves two assumptions regading
asymptotically optimal sequencesof Pxed-rate and variable-rate
quantizersg,:

1. There exists a quantizer point densiy function " (x)
(mathematically a pdf) such that a sequenceof optimal codes

with N codewords, N = 1,2,... will satisfy for all OreasonableO

S(1*
1 . .
Nlim WO ( # of reproduction vectasin asetS) = / " (x) dx.
—00 S
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The high rate resultshave beenproved under generalassumptions
only for the traditional cases’ = 0,1. The generalform of the
resultsfor the combinedconstraintcaseof general' " [0, 1] hasbeen
conjecturedbased on the argumentsdescrited next, and proved for
the special, but important, caseof the uniform densiy u.

Quantization 04

2. All encaer partition cellsasymptoticallyhave sameshape, that of
tessellatingconvexpolytope with minimum normalized moment of
inertia (can be stretched,rotated, shifted):

M(S):m/s.x, y(S). % dx

wherey(S) = centroidof S with resgect to the uniform distribution
onsS,

k= _ min M (S)
tessellatingconvexpolytopes s
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Undertheseassumptiors, Gershoarguedthat for largeN and small DebnevolumeV (S) of asetSin! * by
cells

1 ) V(S) = dx
Dy(a) 1 cEy ((W) /k> (44) | /5
1 and the diameter of a set by
Hia0) 1 hex) s Er (g g
_ " diam(S) = sup .a, b.2
= InN(@), H(f."). (45) a,bes

) ) ) ) Let g be a quantizerwith a large Pnite number N of partition cellsS;.
Relatesasymptotic averagedistartion, entropy, and codebook size.

Sketch GershoQievelopmenbf theseapproximations: assumethat
the input random vecta X is descrited by a OsmothOpdf f
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Ohigh rateO or Ohigh resolutionOassumption requires that the ) from the meanvaluethearem of calculus,
averagedistation 1 determinedby cells with small diameter and
volume,that large cellsall together contribute a negligibleamount Px(S)) :/ f(x)dx 1 V(S)f (D(i))
Thus 5
D(q) 1 Z(ﬁv ()12 (x) dx ence
i-s; smalll P (S:
- | . f(pi) 1 "X
Practical interpretation: Ono-overload€égion V(S;)
)

2
|| dx

12% /w (1)1 () o 12% /||X

let D(i) be the Lond centr0|d of the cell S;. Sincef is assumed
smooth and the cellsare small, Again assumingthat the cells are small and the pdf smaoth, the

centroid of S; with respect to original densiyy 1 the centroid with
f(x)1f(D(i)); x" S; respect to a uniform pdf.
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SinceD(i) is the centroid of S; and hence

/ I, DM !!2

yields the minimum possiblesquaed erra overy of fS ”‘”i(g'; dx,

momentof inertia of the regionS; about its centroid if the total mass
is 1 and the massdensiy is uniform.

Convenientto use normalized moments of inertia (invariant to

scale) | H?
X,
M(S) = g |

wherey(S) denotesthe Euclldeancentr0|d of S.
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Now have

D(a@) 1 D Px(S)M(S)V(S)**
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Normalization makes M (S) invariant to scaling: ¢ > 0 and cS =
{cx:s" S}, then

M (S) = M (cS)

soM dependsonly on shape and not upon scale.

Proof:

Jes X1 725y
V (cS)2/k

fS ‘CX||2 CQC‘l/(':ms)

[c*V (S)]*/*

M (cS)
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Moment of inertia examples

Sisacubein! * with sidelength! , then

k& 1
M(S) = k(! Ii§2/k ~ 12

Partition cell shapgpe if a vecta quantizer were formed as a
combination of k identical uniforom scala quantizers on each
componentwith a commonbin width ! .

If S aregula hexagonin ! 2, then

M (S) = —2_.

36 3
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Now invoke GershoOsconjecture on the existence of an
asymptoticallyoptimal quantizerpoint densiy function " (x).

AssumeN is sufficiently large and the S; sufficiently smallto ensure

that eachS; containsonly a singlequantizerreproduction codeword

Mean valuethearem)

Nil /S " (x)dx 1 V(S)" (D(i))

%

or
1

N" (D(i))

Assumealso Gersho® conjecture regading optimal cell shages: all
guantization cells are convex polytopes which are scaledor rotated
versionsof a single polytope S* and hence have equal normalized
momentsM (S3) )

V(S)1
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Tessellating convex polytop es

C ().()E; :;:;....

It is known that a; = b; = ¢;.

For k = 2 FejesToth (1959) shaved that the regula hexagonis

optimal and
Co :—g—_:0.08019....
36 3

It is known that as = ¢y, but b, is not known.
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N
D(a) 1 Zf (D(I))M (S;)V (S;) +2/F
z]:Vl
= D f(D)HM (S)V (S)F*
N —2 V(Si)
1 /ka W
2 _9 1
= M(S)N™ /kE[W] — N /kE[W]

Quantization 106

For three dimensionghe optimal tesselatingpolytope is not known,
but candidatesare the hexagonalprism, the rhombic dodecahedron,
the elongateddodecohedron,and the regula truncated octohedron.
It is generallythought that that c; is M (S) for the regula truncated
octohedron, W = 0.07855...

For generalk, the following lower bound is known:

Jolx|Zdx kv, 2

G - M (sphere) = yigiimam = k13

whereV; is the volumeof a spherein k dimensionswith unit radius:

* k/2 ok k/2

#E11) k#(E)

Vi, =
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#(t) = / x'""lem " dx
2 0
e.g.#(3) =¥, #(n+1) =n#(n). For example,if k = 3,

v,/
Tk 2

= 0.07697. ..

Can shov that M (S) for a sphereof k dimensionsdecreaseso
-1 =0.05955... (compae with the Shannonlower bound).

2me

HEX)) =, ZPX(Si)lnPX(SZ-)
o~ f((0) | f(D)
&N (D) TN (D(0)
= . D_V(S)f (D) Inf (D(0) +

Y V(S)f (D) In(N" (D(i)))

1 / dyf (y)Inf (y) + / dyf (y) In(N" (y))
1
X

1 h(X), E(lnN"—(X)):lnN, H(f.")* InN,
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GershoOsntropy approximation

Again make the approximation that

sothat
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Approximation relates the Shannon differential entropy to the
Shannonentropy of a quantizeroutput.

In the spedal casewhere” (x) = 1/V (A);x " A this becomes

H (X)) 1 h<x>+1n%,

simpleapproximation for the entropy for uniform quartizers (uniform
in one dimensionor lattice quantizersin higherdimensions).
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GershoOspproximati ons: general case

Fix' " [0,1]

Assumequantizer d has a quantizer point densiy " and a large
number N quantizationlevels

Then (usingthe Inr * r, 1 inequaliy in the Pnalstep)
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with equality iff

2GE s (" (X))29) ]

(46)

Sincegoal is to minimize+(f, %" , q), this is the optimal choiceof
N.

Thus for small %

+Hf,%',0) 1 E1n<2‘f<°’“>+-(f,',") (47)
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+Hf,%",q)
é Df<q) 1 [ E 0,
£ L= + (L, H#(@) +" N + 5%

cEf (N (X)~%/%)

+(1, ")InN, H(f.")]+"' InN +gln°/

%
2N IR () e R (1 (6))
- & { i (
g | B (C 00 | )

. gln FGTC’“E (€ (X))_Q/kﬂ, (1, IH@E.")
where

ooy K —2/k "

(1) =g (B (C ) )) 0 HE")
:gln/f(x)"( )2/ dx+(1 /f )In" (x)dx+(1, *)h(f).

(48)

Bestpossibleperfaomancewill be that which minimizes- (f, %", q)
overall g. If

-(f,'):i%f-(f,',") (49)
andthe inPmumis overall pdfs" for which- (f," ," ) is well-dePned,
then

;irr%) +f,%") = (k/2)In(2ec/k ) +- (f,"). (50)
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Functionals - (f,",") and -(f,") of (48b@9 called Gersho
functionals.

The functional - (f," ," ) can be expessedas

-(f, ") = (1, ")-(F,0,")+"-(f,1,")

(1, H@E."). (51)

The nonnegativiy of the relativeentropy H (f . " ) impliesimmediately
that

-(F,0,7)* - () - (L. (52)

Quantization 117

Optimization for traditional cases

If ' =1, HolderOmequaliy yieldsthe bound

() = gm (/f x)" (X)—2/k:dx) : gln.f.k/(m) — (1)

(54)
with equality iff
: F )/t
(x) = o RIGT2) (55)
Tk h42)

the well-known solution for the Pxed-ratecase.

The moment condition (33) ensuresthat . f . /.0 is Pnite and
the " minimizing- (f,1," ) is givenby (55).
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If the derivedapproximationsare valid, then (46) implies

InN 1 gln%Tc’“+-(f,1,")+1n%k/2. (53)

No explicitdependenceon’ here! The dependencads implicit through
the seletion of a" minimizing- (f,"," ).
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If ' =0, then from JensenQOgequaliy

-(f,0,") = gln(/f(x)“ (x)—z/’fdx>, H(f.")

. g/f(x)ln(" (x)‘z/k> dx, H(f.") (56)
= h(f)=-(f,0) (57)

with equality iff " (x) is constant for the support se of X, again
agreeingwith the classicalresult.

(Here equality requiresthat the distribution of X has bounded
support.)

Inequaliyy (57) alongwith (52) imply the bounds

h(E)* - (F,0," )% -(F,",")* -(F,1,").
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Thus GershoOapproach gives heuristic developments of both the
classicalcases of bxed-rae and variable-rate asymptotically optimal
quantizers.
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cube yields- (u,"' ) = 0. In this case(50) impliesthat

. k. [2eq
%' )= —1In [ =
>l\1r% +u, %" ) = 5 In ( " ) (58)

and hencec; chaacterizesthe perfaomanceon the unit distribution
on the unit cube for all * " [0, 1] if GershoQassumptionsare true.

Unfortunately - (f," ," ) not convexin ", but the following lemma
shaws that a transfamation yieldsan equivalentconvexoptimization
problem.

Quantization 123

General case

Open

The generalminimizationof - (f,* ," ) for' " (0,1) doesnot seem
to havesucha nice form.
Canshav

2

() - @, - (F,0,")+ - (F, 1L, ) = (1, )h(f)+ ln.f.,’;/(HZ)

but the inequality is strict exceptfor the endpoints sincein general
distinct " yield those minima.

The bound does hold for u, in which case" uniform on the unit
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Lemma 6.
-(f,")=1f, (f,",.)=, (f,")
where- (f," ) is givenby (48)B(49), where

,(f,',.):%(/f(x)e”(“’)dx, (1, ')/f(x).(x)dx, 1)
+'In (/e—kV@)/?dx) + (1, ")h(f) (59)

wherethe integralsare over the support set of f , where the inbmum
over . is over all measurable functions . for which , (f,",.) is
well-dePned.The functional, (f,",.) is (strictly) convexin . .

There are proofs basedon the heuristicapproach, but they require
the assumptionthat the asymptotic point densiy and an asymptotic
normalizedmoment of inertia exist.
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The existenceof point densiy functionshasbeenrigorously proved
only for the bxed-rate(' = 1) case. [Bucklew (1984), Graf and
Luschgy(2000)]

The existenceof the densiy for the variable-ratecasehasnot been
similaly proved, although GershoOiseuristic arguments suggestthat
it is uniform (and this is often assumed).
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e Examples

e Miscellaneougopics, conjectures,open problems
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Moving on

Have surveyd fundamental results in quantization theay and
algaithms for squaed erra distartion.

Remainderof coursewill go more deeplyinto severalof the topics.

Examplesof issueso be consideredncludethe following.
e Losslesgzoding and rate
e Generaldistortion measures
e Shannondistartion-rate theary

e Lloyd improvement algaithms: structured codes (tricks often
includedin real-world data compressionand classibcatiorsystems)
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