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1. Introduction

This document describes the Stanford digital circuitsrojation framework. The general purpose of the software is
to enable automatic global device sizing, supply and tholelstoltage optimization for optimal delay,area or energiis
is achieved by representing the digital circuit netlist asstrained optimization problem (speci cally a geomepiogram
- described in Appendix 1). The problem is formulated usinglgtical delay, area and energy models and solved using
a solver called MOSEK (http://www.mosek.com), which is @ewf routines for solving convex optimization problems.
A bunch of programs are used as wrappers around this packagygable the assimilation of the device model data into
equations, conversion of spice netlist schematic into dermaatical form and back-annotating the results of the dpétion
in the spice netlist. The models and equations are in the édigeneralized posynomials(Appendix 1). The software stas
of ve main components. Each component includes a colleatibperl scripts, C++ code and interface to other standealon
tools like schematic editors (SUE), IRSIM, MOSEK, SPICE andn. A brief description of the sections in the order the
user is most likely to use them, is as follows:

1. Schematic Entry. This includes the schematic editor SUE, used to enter thermsatics and design constraints (as an-
notated comments). The spice le generated from SUE is thedi ed with perl scripts to interpret all the commands
provided by the user in the SUE le. Using SUE, one can alscegate SIM le used for activity factor measurements
and functional veri cation of the design in IRSIM prior to timization. SCOT uses the modi ed spice le as its main
input. Though SUE can generate this le most convenientlyposchematic editors can be used and modi ed to obtain
the required spice format.

2. Generating Models and Switching Statistics This consists of generating analytic delay and energy msdde the
various channel connected components (CCCs) in the nétlistes the data from a le that contains the basic transisto
current models for a chain of transistors. This tool sectilso generates the activity and duty factor of the nets in the
netlist by performing switch level simulations using IRSIM

3. Problem formulation: This section contains software to read in the CCC delay apcyy model les, the spice netlist
and a user speci ed command le to generate the circuit giaad-Vth allocation problem as a geometric program
with the constraints speci ed by the user during schematicye The the user can also specify other post analysis
operations like drawing PDFs, obtaining vector path detagsn the command le.

4. GP solver. This program takes in the formulated Geometric program) @i solves it using MOSEK. This creates a
solution le that contains the optimal values of the objeetand design variables.

5. Back-annotation: This section consists of various scripts to back annoteaeMOSEK results in spice le or SUE
le, for veri cation and validation, or viewing the results

The tool ow and the various components are shown in gure 8 dascribed in the following sections.

For ease of understanding, we shall consider an examplstcay adder32, which we will take through the tool ow. All
the interfaces between the various sections of the designisdy easily readable text les. Users can modify them in the
middle of the ow, if they want to make their own scripts foerative data generation. Though this is not recommendisd, it
useful at times to get around some of the constraints thabtiiémposes and also to get quick results from a re-run auste
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Figure 1. The overall tool ow




of having to go through the entire ow again. Hence it is becial to know what information is contained in the interface
les. The entire framework is encapsulated in a perl scradtexd optim.pl which is run with various options at different
points in the tool ow. To obtain a quick summary of the vargooptions, just run optim.pl at the prompt. A snapshot of the
result is shown below. Running optim.pl with just the optaand no arguments will display the information about its @sag

elainell ™> optim.pl

Usage: optim.pl [option] respective_fileNames

Run the various optimization commands on the circuit netlis t.
Options and the corresponding files needed (in order) are:

-sp : convert a typical spice file into the
modified_spice_file needed by the
optimizer.

-mod : obtain the delay and leakage models for
the CCCs in the netlist. The netlist_file
is also modified in the process to record
any transmission gates in the
netlist.

-psn : Name all the blocks in the SUE hierarchy.
Also name all the nets which have the name-net
hook attached to them. Nets that are buses
cannot be named. The names help to track mistakes
and block names are a must for back-annotation in SUE.

-sol : optimize the netlist using the generated
models and the optimization and analysis
tasks specified by user.

The files produced as a result are
according to the names given in opt_file.

-irsim : run IRSIM (provided IRSIM is installed)
on the netlist to find out the
activity factors, and include them in the
optimization file.
If the user is providing the command file
for IRSIM commands, then the number of runs
should be entered correctly by the user.

-paf : put the activity factors in the mod-file from
the already available activity factors file. Used
when the modified spice file gets over-written or
otherwise modified and the power section is deleted.

-pdf . like paf, put duty factors into the modified file
from a file containing a list of duty factors.

-bsu : back annotates the results in the sue file
and produces a new sue netlist with optimized
sizes.

-bsp : back annotate the results in spice file. The
file used by the optimizer is used.



-beldo : same as -bsp except that the spice_file
is then converted in to an eldo compatible
spice file.

-ggp : solve the GGP problem using ggpsol and MOSEK.

-psvo : Take Vth values from the solution file, shap
them to discrete values within a specified
margin and substitute them back into the
ggpsol input file to make a new problem for
iterative optimization. Also record the snapped
Vth values in a separate file.

-gplter : Change one constraint and generate multiple solut ions
to obtain a tradeoff curve.

-extract : Given a file containing a list of solution file nam es and
variable names, go thru these solution files and gather the
optimal values of the specified variables. Dump the values i nto
the specified file in a MATLAB loadable format.
elainell ™>

2. Schematic Entry
2.1 General Rules

As mentioned before, the input le speci cation for the sgétre is similar to a spice format (described later). We can
generate such a le most conveniently with SUE (though ottolilematic editors with similar capabilities will work aslije
Here we describe the design entry using SUE.

The circuits are entered in SUE and can be hierarchical. Haitlof the hierarchy is called a module. The most basic
module is a channel connected component (CCC) module(aradtramsistor). A CCC is a collection of transistors whic ar
connected through their source-drain channel. Most conmogia gates fall in this category. For correctness of thebfm
speci cation users are constrained to ensure the following

1. The smallest module in the netlist hierarchy consistsantof transistors, forms a complete CCC and no net inside
the CCC (except the inputs) connects to the gate of any stansi

2. The CCCs can have multiple outputs. Users can also havipfeyparallel CCCs inside the basic unit. For example
having two inverters in one CCC is ne. It will make a CCC withd inputs and two outputs.

3. No module can contain other modules and transistors sameusly. Transistors can only be speci ed inside a CCC.

4. The input names of all the CCCs should start with letter3 find the output names with letters [a-h]. The higher level
modules are allowed to have any suitable input output names.

5. It is recommended that all the nets and modules (inclutiegCCCs) are given instance names. While this is not
necessary for optimization, it is a must for back annotatierl scripts are provided to help name the instances and
nets automatically. For nets the user has to provide the frianke-net from the menu) on the net to be named. Busses
have to be named by the user.

6. All CCCs must be parameterized to have a handle on thémgsiariables at the upper level. These will be used by
the optimizer to size the CCCs. These parameters are tjypfoakize, but you can have other parameters as well like
Vth.
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Figure 2. A typical NAND CCC speci cation

2.2 Features

Following are the design rules for schematic entry for efrei and unambiguous problem speci cation.

1. The various speci cations and optimization constraares given at various levels in the hierarchy as annotated tex
These are pre xed with in the beginning so that they appear in the resulting spie@d comments. Atthe CCC level,
one can specify the relation between individual transigtidiths, which would be useful for limiting the skewing of
the inverter, specifying the size of a keeper relative tophédown chain etc. An example of a CCC speci cation is
shown in gure 2. Using the keyworlbcalcnst, we can specify a local constraint involving local and glofzaiables.

All the local variables will be pre xed with their hierarchtp make the constraint global. All constraints are speci ed
as aposynomial < monomial . Hence in some cases things have to be rearranged.

2. The CCC can be parameterized for each of the transistdhwidone can have fewer variables by having the internal
transistors sized in a xed ratio with each other. This dejseon the model one is using. In the latter case the width of
each transistor can be speci ed in terms of the parameteusing a monomial inside parenthesis and inverted quotes
as shown in gure 2 for the pmos on the left. It is importanttttias expression for width be in parenthesis since it will
be used as a unit (like in the denominator of a delay model).

3. Structures like keepers are included in the same CCC adytemic gate (since they are channel connected to it).
Similarly one of the back to back inverter in a latch would betie same CCC as the CCC driving the back to back
inverter. In such a case we do not want to have a delay pathdhrsuch structures since not only is it not a delay path,
it will cause a cycle in the problem formulation (renderihgnsolvable). This can be avoided by naming the inputs
of that CCC which go to such transistors with the pre x “inKThe optimizer takes care to see that such inputs are
not involved in the timing graph, though their loading is swiered on the gates driving them. The optimizer however
does not take into account any current ght that can occunfrsing such a structure. It should be included in the
model by the user.



4. Some CCCs can be quite big (like barrel shifters for exagohd can have long wires inside them. For such cases one
can specify a capacitor inside a CCC just like usual. Theevafutthe capacitor can be a posynomial. The software will
normally pre x any variable in this posynomial by the CCQ'stance name in the global netlist (in order to make the
variable global), but if the variable is already global dikit pitch for example), then it has to be speci ed at the top
level as a global variable.

5. Capacitors can also be included anywhere in the netlisidrithe CCC. But outside the CCC, no pre x is added to
the variables in the expression for the value of the cap. Elémrcsuch capacitors one has to provide the value in terms
of global variables (i.e if the wire caps are expressiorsn tine capacitance should be speci ed with its global name
of the width).

6. The global speci cations about input arrival times, slefand max input loading capacitances, the output load €ondi
tions and other global constraints are given at the top leaedule, again as annotated text. These are interpreted by
the perl scripts that modify the spice le produced by SUE amake it suitable as an input to the optimizer. Figure 3
shows a cartoon example containing all the possible comsand

The various commands are interpreted as follows:

(a) Input speci cations: This command speci es the namehaf inputs, their arrival times, the input rise and fall
slopes, and the maximum allowed input capacitance. Themmanicapacitance can be a monomial. The input
name can be speci ed as a bus.

(b) Output speci cations: The outputs are speci ed as naaresload. The output load can be a posynomial.

(c) A <A max : The area is assumed to be the sum of the transistor widths.coblmmand results into a constraint
which speci es that the sum of the widths is less tafax . We can similarly hav& < E nax or D < D max
whereE is a sum of dynamic and leakage energy Viithax being the maximum you can have, whideis the
overall delay of the circuit given as the maximum of the airtime of all the outputs.

(d) MAX_WIDTH and others: These specify the maximum and minimum dewm width Vi, for nmos(pull down)
and pmos(pull up) structures inside each CCC ¥gd For specifying the maximum and minimu¥g it is
necessary to use the MAXDD and MIN_VDD since these also tell the optimizer to U&g as a variable and
not use its default value for energy calculations.

D(all) : This speci es that the delay per stage is lessithaertain number. One can also specify a monomial
here. This is done to control the slope of every signal. Stheeslope is dif cult to model, we constraint the
delay of the gate, that is basically correlated with the slopthe output. Instead of "all”’, one can also more
speci c delay per stage constraints for a particular calldspeci c rise fall transition. This speci ¢ constraint
overrides the one provided by D(all).

(f) DoNotUniquify: When multiple instances of the same miedare instantiated, by default they are considered
unigue and get sized differently. For sizing them the samedfample to size the bit PG generators for all bits
the same), the corresponding module name (not the instae)ns speci ed to not be uniqui ed using this
command.

(g) GlobalVar: By default, the optimizer appends the naminefCCC to any of the variables found inside the CCC
delay or energy model. This is the way to uniquely identify tariable at the top level. But some variables like
Vqd, bit pitch b, etc are common to all CCCs, i.e. they are gloBaich variables are speci ed using the above
command. This prevents their pre xing.

(h) OnlyFormulateProblem: The problem formulation steptgrthe optimization problem in a le and automatically
calls the GP solver. Many times we want to tweak the problgatine independently for changing a particular
constraint to generate a tradeoff curve. This command stegpgrogram after the problem formulation step.

(i) NoAllEdgeTimeConstraint: In general all the net timggre automatically less than the overall delay vari-
able(represented by the variable POMAX in this framewoBQt in case of dynamic logic, the dynamic inputs
have no bound (mathematically) on their fall edge, since itat a part of the delay formulation. This can blow
up the fall time variable of these nets beyond proportionsndé by default the optimizer puts in a constraint
that limits says that the rise and fall timing of all the netshe circuit is less than POMAX. Now for self reset-
ting circuits, the reset signals continue to transitiomeatter POMAX since POMAX is the delay of the signal
transition of our interest to the output. In such case we aseparately specify to the optimizer not to use the
AllEdgeTimings less than POMAX. Syntax shown in gure 4
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Figure 3. A typical top level speci cation in SUE

.GLBCNSTR
NoAllEdgeTimingsConstraint;

.ENDS

Figure 4. No All Edge Timing Constraint



.GLBCNSTR

setUniformKappas;

.ENDS

Figure 5. Set Uniform Kappas Constraint

.GLBCNSTR

DoNotIncludelLeakage;

.ENDS
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Figure 6. Spec to not include leakage

setUniformKappas : This is used in the context of sta#dtoptimization. As the name suggests it tells the
optimizer to use the same kappa (and not scale it accorditigtpath length) for all the nodes. Syntax shown in
gure 5

DoNotincludeLeakage : As the name suggests it is useglltthe optimizer not to include leakage in the energy
constraint (if you have one). Since leakage is not very waltielled and may not be signi cant at all at higher

feature sizes. In that case this option can speed up therdnfmemoving a large expression from the energy
constraint. One can always use leakage as a xed % penaltydrgg. Syntax shown in gure 6

LogicDepthFactor : The total energy is equal to the suneakage and dynamic energy. While the dynamic
energy can be calculate per transition, for leakage enemgyhas to specify the amount of time between the
switching activity. Most logic blocks that are optimizede supposed to consume one clock cycle and hence the
overall delay is the right amount of time to be speci ed faakage. But, if we are optimizing only a subset of the
logic, say only a single inverter, then the leakage energh@inverter is roughly logic-depth times the leakage
energy spent during its switching delay. Here this commangséed. It speci es the ratio of the logic-depth w.r.t.
the depth of the circuit you are simulating. By default théueas 1 and is greater than 1 for circuits that are
deemed by the user to be smaller than a clock cycle. Syntdvoigrsin gure 7

UseDefActFact : This command allows the optimizer to tiigedefault activity factor as speci ed by the user in
the global parameter section. Sometimes the user may nplgbiv the switching factor or may only simulate
the activity factor of some nets. This command can be usettribute the desired activity factors for all other
nets. The user should be careful using this command as ita@oew age an error in the switching simulation
that did not generate the activity factor or some net. Syigtakown in gure 8

AntiCorr : This command is used to indicate that a centaiin of inputs to a CCC are anti-correlated, so that the
delay modeling routine excludes the transistor stacksadoinig both the input and its complement. This is useful
in dual rail domino case or in other places where a certaatiozl of the inputs is known. This helps in accurate
modeling. Syntax is as follows. “AntiCorr” is a key word. Alat a given time only two mutually complementary

.GLBCNSTR

LogicDepthFactor = #;

.ENDS

Figure 7. Specify the Logic Depth Factor



.GLBCNSTR
UseDefActFact;

.ENDS

Figure 8. Allow the use of default activity factor for nets

.GLBCNSTR
AntiCorr CCC_type_name inl in2;

.ENDS

Figure 9. Specify the AntiCorr inputs

inputs can be speci ed. 9

(o) IntPrecharge : Similar to the the AntiCorr command, ttasnmand tells the modelling routine to exclude the
delay paths that include the precharge transistor. Thisdbe provided even of the internal precharge input is
named as a dummy (“inK*”). Again this is useful mostly in demilogic to avoid the modeling of a fall to rise
delay from any of the NMOS only inputs to the output throughititermediate precharge, when the input signals
go low. Syntax is as follow. IntPrecharge is a key word. 10

(p) OtherConstraints: In general any global constraintlwanvritten just as is at the top level as far as there is no
ambiguity between the constraint and the above speciatr@amis A couple of such examples are shown in gure
3. Note that all the constraints have to hawe' felation so > " has to be inverted. Also=" can be represented
by two inequalities, though it is recommended not to useniteiit makes the optimizer unstable.

The spice le generated by SUE is then given to a netlist a&escript that removes all the extra hierarchy, preserving
only the two level hierarchy of CCCs and main netlist. Thepdsrinclude the technology parameters from the technology
le into the spice le. The annotated SUE comments are intetpd and expanded into various constraints and specbeati
The resulting le is ready to be used for problem formulatidine command line
$$optim:pl  sp adderd32:sp gltBOparam:sp adder32.mod:sp
does all the above tasks. The resulting le looks likes the simown in gure 11.

3 Generating Models and Switching Statistics

The delay models for the CCCs are generated from the delaglisifid chain of transistors. These delay models are based
on velocity saturated current models. The delays modelsvtiret case delay from any input to any (excitable) output of
the CCC. The modeling software (originally written by AM@iheung) takes in the modi ed spice le adder&®d.sp, goes
through the CCC subcircuit de nitions, and makes the detagdn and standard deviation ) models for rising and falling

.GLBCNSTR

IntPrecharge CCC_type_name inl in2 in3 ... ;

.ENDS

Figure 10. Specify the Intermediate Precharge inputs
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3 =CURRENT IS IHN uf UMNLESS MENTIOMED OTHERWISE;
N
L .GLEFARAM
6 CouH = B.465;
T wemiercs
g ....
9 def_act_factor = 0.25;
18 .ENDS
11
12 _SUBCKT t_2nand egress : in1 in2 WP=0.5 WUN=0.3 ...other useful/fuseless paramemters ;
i3 M_8 egress in1 int1 gnd nmos W=WH L=8.1 GEO=8;
L
15 M_3 egress in2 Udd Udd pmos W=WP L=8.1 GED=08;
16 _EMDS
17
18 _OTHER CCCs in SUBCIRCUITS
19 ...
20 .EMDS
21
22 =xMAINLIST BEGINS HERE;
23 .CONNECT
24 Xbuf1_ Xt inv 1 Xbuf1_din b : cin 9 : t inv WP=08.5 WH=6.5
25 Xbuf1_ Xt inv 2 cin[8] : Xbuf1_in b = t inv WP=6.5 WH=6.5
260 ...
27 CXpg_block1_Xpg_ 8 1. 1_C_2 : gnd Xor_b[2] c=15;
28 ...
29 CXpg_blockd C 1 : gnd Xpg_blockid net 16 c=b=cw=h;
38 ...
31 Xaoi_nand_1__Xt_aoi_15 g4[7] : p4_b[7] mynet_1 g4 b[7] : t_aoi WP1=0.5 WP2=0.5 WN1=0.5 WHZ=0.5;
32 .EHDS
33
34 .PI
35 pame=A[ 8], at=0.6, s={0.87,08.67), c=Cin;
36 ...
37 name=in1, at=08.08, s={(0.087,0.87), c=100080;
a8 ...
39 _ENDS
4a
L I o]
42 name=sum[ 8], c=g=*Cin;
43 ...
44 name=c_out, c=2xCin+25;
45 _ENDS
L6
47 .GLBCHSTR
48 Xbuf1_ Xt inuv 1.WP"-1 Xbuf1_ Xt inv 1.WN < 1;
49 ...
58 A<4000;
51 D{all) < 6.86;

MAX_WIDTH = 106008;
b*-1 < 67-1;

MIM UDD = B.7;
GlobalVar Udd b cw q;
-EHDS

Figure 11. The modi ed spice le adder32
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transitions of the CCCs. The command

$Poptim:pl  mod adder32.mod:sp bsimO0OM odels:dat adder32 mod:dio

is used to generate the delay models. The command also m®ds@ by product, the parasitic capacitance at the output of
gate (used in the dynamic energy calculations of the ciramid a crude leakage model for the gate, used for leakaggyener
calculations. Also the modeling routine nds out all thertsanission gates in the CCCs and creates a new section for them
in the adder32anod.sp le. This section is used in their delay speci catiduring problem formulation.

Using the SIM le for the netlist generated from SUE, the wit$i factors and duty factors can be obtained using the
command
$optim:pl  irsim adder 32 opt:sp addei32. mod:sp scmo®0:prm 10000 < testvectors:cmd >
The SIM le is also used to functionally verify the design bed optimization in the rst place.

Since the circuit is not sized yet, this might be a inaccur&e alternatively one can do a quick optimization w.r.t area
or just specifying input and load capacitances (which doneetd the activity or duty factors) and obtain a reasonabbysi
circuit. The SIM le can then be produced from the back-amted SUE or SPICE le. IRSIM needs a command le
containing input stimuli and a speci cation of the nets totbée recorded. By default the command produces a command
le with random inputs. If such is not the case (like in clockelements like domino logic or latches) a user generated
command le (like the one used in functional veri cation)rtdoe used. In that case its up to the user to ensure that the
number of inputs speci ed are same as the number of stimtiliadly applied. There are default parameters (which can
be changed by changing the global parameter section in tthera2mod.sp le) for minimum activity factor (in case the
activity factor of some net is zero), default activity facfm case the activity factor of some net is not speci ed) default
duty factor (if the duty factor of some nets is not speci e@ihe script attaches the section of activity factors and tadiors
to adder32mod.sp.

While the model generator accepts inputs going to many plélde the select lines in a barrel shifter for example), it
does not handle CCCs in which the inputs are correlated iressay so that one input activates two or more pull down or
pull up paths simultaneously (as in a 6T Xor gate for examplée modeling routine considers the output delay as simply
the maximum of the delay of the two paths. If this is a hugereusers can write a model themselves in adder32.dio le
generated by the modeling routine.

Since the le adder32.dio is in an easy text format, users azange it and add models independently. The model
generation routine is just an add on to enable fast modefingmmmon gates. For funky gates and some other logic families
one has to directly modify the adder32.dio le.

Currently the model generation works well with static CMQ@@l transmission gates) and dynamic logic.

4 Problem Formulation

This program (originally written by Sunghee Yun) takes ia #lder32mod.sp and adder3@od.dio and a le specifying
the kind of optimization and post optimization utilitiesesped by the user and formulates a Geometric Program (G&) |
This speci cations le (called adder32.opt below) is credimanually by the user and determines the names of the desult
generated by the optimizer. Its general structure is showind gure 12.

The problem formulator interprets the constraints in ag8@enod.sp le and the user speci ed tasks from adder32.opt
and forms the delay and energy equations accordingly. Téaés then solved by internally (unless the command OnlyFor-
mulateProblem is speci ed in the adder8#d.sp le) using the command described in the next sectikris is achieved
using the command:

$optim:pl  sol adder32.mod:sp adde32.mod:dio adder32:opt

The intermediate GP le generated in the process (lets tallder320PT) contains the mathematical problem in a text
format. Figure 13 shows an example. Users can easily reakktaed modify it at this level too, though it is more confugin
to do that. The le contains labeled constraints. The solutle “adder320PT.out”, produced as a result of the optiatian
contains the optimal values of the variables and also thsithgty (labeled as DUAL variables) of the constraints het
overall objective. From the labels of the constraints onetcace which constraint in the adder320PT le is relativelgre
important for the objective function and its sensitivitythe objective. The problem can be formulated to do delay ars
energy optimization. It can do robust optimization using thethod described in [XXX ISQED paper reference]. Besides
optimization, it can do timing analysis, draw PDFs, getthe scatter plot vectors, from optimization result les of piews
runs and/or the present one, so that we can do comparisontheitblder results without having to produce them again. The

11
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.OPTIMIZE
minimize D{optname=tmpMVV};
*minimize D{optname=tmpv,kappas=(1,1.5,2,2.5));
*draw(
*slopeV.m,
*pdf(normal,10000,0.9,
#*{ tmpDDET . out,1, pomax),
*{ tmpulUSTT4.0out,1,pomax),
*(tmpv,l,pomax]),
*(tmpv,4,pomax),
*({slopeVUSTTL.out,1,pomax),
*{slopeVUSTTZ.0ut,1,pomax},
*{slopeD2DDET. out,1,pomax)
*(shift32_wvar,pomax,4)
L

}I
*cdf(normal, 5000,0.9,(shift32_det,pomax),
*({shift32_wvar,pomax,4)

*1).

*write{ anal_stat, analysis{ optname=test.out,l}};

*write( anal_statl, analysis( optname=shift32_new2US5TT1.out,1));
*draw(

*chift32_newl.m,

*pdf (normal ,10000,0.9, (anal_stat,l,pomax),
*{anal_statl,pomax,1l),

#{shift32_wvar,pomax,l)}

*write( anal_stat3, analysis( optname=shift32_war,3));
*write{ anal_statd4, analysis{ optname=shift32_wvar,4));
i 5

*draw(

*shift32_1f_ slopell0_chandu.m,

*pdf(normal ,10000,0.9,
*({shift32Varl100USTT3. out ,pomax,1),
*{UAshift32Det100DDET . out,pomax, 1)

*1)

*mwrite { meanSigmaPlots.m,

* path_lengths{m_var_name=pll,opt(slopeDDDET.out})},
path_variances(m_var_name=pvV2,opt(slopeVUSTTZ. out)),

path_lengths({m_var_name=plV3,opt(slopeVUSTI3.0ut)),
path_variances{m_var_name=pv2V2,opt(slopeVZUSTTZ.out)),
path_lengths(m_var_name=pl2V3,opt(slopeV2USTT3 . out)),
path_variances(m_var_name=pvZV3,opt(slopeV2USTT3.0ut)}

® % % ® ok

L 6
.ENDS

Figure 12. The optimization speci cation le
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Figure 13. The problem le for optimization
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result of some operations is a MATLAB le (like delay PDF geation for example), since one need to view the results as a
plot. These les can be executed directly in MATLAB to obtaie desired plots.

5 GP solver

This software (originally written by Sunghee Yun) integaavith the MOSEK optimization package. To understand this
section completely needs an introduction to It takes twaiinles, one containing the problem and the other contairiive
various tolerances that determine the termination of therapation procedure. An excerpt from an example input ¢e i
shown in gure 13. The structure of the le is typically as folvs:

The rst line speci es a posynomial to minimize. In this caBOMAX is our variable for maximum delay of all
primary outputs.

From second line onwards we start the constraints. The mstrepresents that the maximum of signal arrival time at
any of the outputs is less than POMAX.

Following the above constraint, there are constraints tinguit capacitance, constraints on width, andVyq etc.
This is followed by the recursive constraints of the delagpagation of various CCCs. For each CCC we can write
RecursiveConstraintForRiseToF all : delayinpuroouput  + iNPUtRiseTime = outputFallT ime

All the stages are assumed to be inverting and both rise dirdkfay are considered separately.

The output is written in a ".out” solution le that can be reag the software in the previous section for doing post
optimization analysis etc. It is also read by various baakoa&tion scripts. The accuracy of the solution depends en th
amount of error tolerated for termination of the iteratioriBhis is decided by the user and is recorded in a le called
“paramFile”. By changing the tolerances in this le, one agat solutions of arbitrary accuracy.

In general one can just generate such a le directly by handfleer geometric problems like repeater insertion etc. The
basic structure of the le being very simple (A minimize satent followed by a bunch of constraints), the GP solverimeut
can be used independently to solve any generic GP probleimen Guch a le, say tmpOPT one can solve for it directly
using
$$optim:pl  ggp tmpOPT
resulting in the le tmpOPT.out. The structure of this leshown in gure 14. As shown, the output le contain the optima
objective value, the optimal values of the design variabled the data about the inequality constraints. Some imprta
variables are generated by the problem formulation progt#sers needs to have a knowledge of what the variables esgires
so that they know what to extract. A list of the important aaies is as follows.

1. POMAX : Denotes the overall delay of the circuit. It is comgd as the maximum of the rise and fall arrival times at
all the outputs.

2. ETOTAL : The total energy of the system. It is the sum of theltdiamamic and leakage energy.
3. A_TOTAL The total area of the circuit, calculated as the sunhefwidths of all the transistors.

4. LeakageEnergy : Energy leaked by all the gates in theitirEixpressed as the sum of the leakage energy of each
CCcC.

5. CircuitEnergy : Dynamic energy dissipated in driving gates of the circuits (except the primary input gates).
6. InputEnergy : Energy consumed in driving the primary itspef the netlist.

7. WireEnergy : Energy dissipated in wires in the circuitlimding the wires inside the CCC. The wire capacitance is
given by adding a capacitor. Note that for the optimizer, exglicitly de ned capacitance is wire capacitance.

8. LoadEnergy : The energy dissipated in the load. It is irtgrdrto separate this value, as in a cascade of systems this is
equivalent to the InputEnergy of the next block.

9. Vdd : The supply voltage.
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Figure 14. The result le containing optimal variables
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10. netname.Trise/netname.Tfall : The rise and fall timtésagiven net. Note that these might be subject to degeaprat
as described in section 5.1.

11. meanTransitionNameF/FR : The delay from a given input to a given output of a CCC. Téable name consists
of the input and output name, the CCC name as well as riseifédll-rise information.

12. CCCname.WN/WP/VthN/VthP : These are as the name sugtfestvalues of the sizing and threshold parameters
associated with every CCC.

13. other variables : Users can have their own variablesrasde they ensure that they are bounded above and below, else
the optimization results in an error. Some examples areitioit pspacing, wire capacitance. It is better to have these
as variables rather than hard coded numbers, so that yolheaige them once at the top level to specify a different
fabrication environment for example.

If the problem is not feasible, it just indicates that in thrst line of the le and no more information is provided. The
designer has to gure out by him/herself what the offendingstraints was. This is one of the main limitations of thd.too

5.1 Slacking Variables

When there multiple constraints in the problem, some aiigeaahd others have a slack. This can create situations where
some variable in the entire problem speci cation can pdggike a range of values and still not change the result agroth
variable values. In this case there is a degeneracy and the returned by the optimizer need not be the value you are
looking for. For example, if the problem is to nd delay under energy constraint, but the energy is high enough so that
the problem is constrained by input and output constragaghat under these active constraints total ener@gds. But
the variable ETOTAL can take any value betwe&h,; andEnax , WhereEmax is the speci ed energy constraint. Hence it
is important to verify that the constraint is active befosing the value of the variable in that constraint. For avgdhis
degeneracy, one can run an analysis step that essentladlyttae optimal solution you generated and replacelly “=" to
remove degeneracy and get the real value of all the variables

5.2 lterative solving to obtain tradeoff curve

One typically needs to sweep one of the constraint (say thttal energy) in the adder320PT le over a range and
optimize for the delay to obtain the energy delay tradedfiisTan be done using the command
$$optim:pl  gplter tmpOP T fooV AL _.MARKbar ConstraintName logFile 800 900 1000::(list of numbers )

This command takes the le tmpOPT changes the RHS of the minsConstraintName and replaces it by the numbers
in the list. It creates new les called fooVAMARKbar where VALMARK is replaced by the numbers to produce new
independent les. The optimization is run on these le to guge new “.out” les.

To get a tradeoff one needs to extract the values of the releeaiables from the solution les. For this the following
command can be used.

$Poptim:pl  extract solutionF ileN ames data:dat

The le solutionFileNames contains the names of all the .lastto read the solutions from and the variables to record. |
storesitin a le data.dat in a matrix format that can be reaMIATLAB. A format of the solution le is as shown in gure
15

6 Back Annotation

The back annotation perl scripts can put the values back I@ESBr SUE le. Putting them back in SUE is especially
helpful since the user can see at a glance, how the devicessizexd and can deduce if there is a need for buffer insertion
at a point. Along with the optimal values, MOSEK also outpthis sensitivities to various constraints, which can be used
to further understand which constraints are most importé@his information can be used to snap the widths, Vths etc to
discrete values. The back annotation can be done in SUE tiggngobmmand
$ > optim:pl bsu top;uey ile data; ile
This will generate a whole new hierarchy of SUE les. The kmes are appended withdpt”. If the DoNotUniquify
option is not set and there are multiple instances of the daloek, the script will create multiple different blocks Wit
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Solution Files:

add16ED10000DET.out add16ED16000DET.out

add16ED2400DET.out add16ED1000DET.out add16ED1600DET. out
add16ED2600DET.out add16ED1100DET.out add16ED1700DET. out
add16ED2800DET.out

add16ED12000DET.out

add16ED1800DET.out

add16ED3000DET.out add16ED1200DET.out  add16ED180DET.o ut
add16ED300DET.out add16ED120DET.out add16ED1900DET.ou t
add16ED3300DET.out add16ED1300DET.out  add16ED20000DET .out
add16ED4000DET.out

Variable Names:
POMAX E_TOTAL
CircuitEnergy
LogicEnergy WireEnergy
Cin Vvdd

Figure 15. The le containing lenames and variable names

different sizes. So with the data le being tmpOPT.out angl tibp level sue le being adder32.sue, the script will getera
adder32opt.sue le and its schematic hierarchy. For back annaggtirspice we use the command
$ > optim:pl bsp datafile original _spiceFile modified _spiceFile new_spiceFile

The new spice le (name speci ed by user) is produced by baukodating the data from date into the modi ed spice
le. The original spice le is used to just get the header artdey information if necessary. Note that the new spice Is ha
hierarchy like the modi ed spice le and not like the origihspice le.

7 Limitations and work around

1. Buffer Insertion: For optimal design, it is necessarydwéthe optimal number of logic stages for driving a partcul
load. Also in a given topology, a slow gate might be drivingumé fanout, in which case, putting an buffer there
would really help. The tool does not have the buffer inserfeature. So the designer has to try out various buffering
topologies from the sizing the tool returns to get the mosinaug design.

2. Pulse shaping: For optimizing structures like pulsed dps, you need to guarantee a minimum pulse and maximum
pulse size. At the same time you need to minimize the oveeddlyd This is easy to specify if one edge of the pulse is
the input, but its dif cult if the pulse is in the middle of ttaata path. In such cases, while guaranteing the minimum
pulse size is possible, it is not possible to guarantee amrmani pulse size in the canonical geometric form. But we
can play tricks to change the constraints in order to givems@mum pulse timing.

3. Transmission gate inputs: The transmission gate inpatsupposed to arrive within a certain time of each others Thi
constraint is again non-convex. We cannot guarantee tlegtietween the nMOS and the pMOS input of a transmission
gate to be less than a certain value, but we can constraimptimaizer such that it makes the logic between the two
inputs to have as small a time as possible. This is done byfgmgrthe timing of the transmission gate as arising from
the maximum of the arrival times at either of the inputs. Iteak but it directs the optimizer in the right direction.

4. Accounting for leakage in the CCC accurately:

5. Specifying the activity factors for nets inside a CCC:
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8 A Condensed example

Consider a 32-bit adder to be optimized for delay given enérbe following are the steps to obtain an optimized adder.
Since the design ow starts with SUE, a le called adder32.ss1 rst entered in sue following all the design entry rules
mentioned earlier. Lets say we are designin@:ih m technology. Following are the steps you would take to geadeoff
curve.These steps do not cover the entire range of posisibitiut give a good avor of how to work with the tool. We shall
use the perl script optim.pl to navigate through the desmm. For quick reference, just typing optim.pl at the prongttirns
various options and a brief description of their actionstams in section 1. Then one can type optim.pl with any one (and
only one) of these options and see the syntax and le inputraents for that operation.

1. Files needed a priori:

Global parameters le(glb9Qpar.sp) that de nies the various prameters of the technojay are designing in.
This le can be produced from characterization scripts like one in ee371.

Basic delay model le(Tech9015var.dat): It de nes the detaodel for a chain of transistors. This le contains
the mean and std. dev. expressions for the delay expresseftiastion of sizing (or additionally Vdd, Vth etc).
The std. devs. are used if one wishes to do statistical ogditiein or analysis.

IRSIM tech le (scmos90.prm): This le de nes the RC constatfior the technology for switch level simulations
in IRSIM done to obtain the activity and duty factors.

2. Schematic entry: Once the adder32.sue is made in SUE, and the primary camst@ input capacitance, output
load, width bounds, slope bounds etc. are mentioned at fhievel.

It is important that all nets be named so that if one needsnergee the spice le again, once can still use the activity
factor and duty factor results from IRSIM for the new optiatipn (for doing energy optimization). Also it is impor-
tant to name all the cells and blocks for back annotation e The following command takes the top level sue le
and names all nets (that are attached to the name-net habk)stances recursively throughout the hierarchy.

$3 optim.pl -psn adder32.sue

The spice netlist generated for this schematic (adderB@.sigsed for further processing.

3. Generate Modi ed Spice le The spice le adder32.sp generated by sue is hierarchichtantains commented con-
straints that have to be extracted for the optimizer. Thisespe is converted to a modi ed spice le which can be
interpreted by the optimizer using the following command.

$3$ optim.pl -sp adder32.sp glb9@mar.sp adder3gnod.sp

The le adder32mod.sp is the modi ed spice le produced (like the one showngure 11

4. Model generation: The adder32mod.sp le is now the le of relevance. Itis used to generagdag models using the
command

$3$ optim.pl -mod adder3thod.sp Tech9015var.dat adden®dd.dio

You can generate the AFs and DFs also, but since the circndtisized properly, it is possible that the switch level
simulation can give wrong answers. Hence one can rst ogénthe circuit with a reasonable area (or Cin Cout
constraints) and then back annotate the sizes in a spicehlehacan be used for generating the switch statistics. One
can use the option “-irsim” to get the AFs and DFs. These wihloducesin the adder32.sp.power and adder32.sp.duty
les and also included automatically in the adden®®d.sp le. If you happen to change the adder@ad.sp le from

SUE, you can still just copy paste the date from the .duty podier les and so do not have to run the switch level
simulation again.
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5. Circuit optimization : We are now ready for doing area-delay optimization. Firstubker needs to make a le called
adder32.opt which speci es the optimization tasks s/hetatmget done. These include optimizing for delay , draw-
ing PDFs using the previous or current solutions, gettirggath mean and std. dev. for scatter plots, doing timing
analysis using the solution in from a different optimizations for comparison etc. Having made this le we can use
the command

$3$ optim.pl -sol adder3tod.sp adder32nod.dio adder32.opt

to formulate the problem and launch the solver. An interratedile/s (hamed according to the speci cation given
in adder32.opt) is/are generated and solved. Lets call btieeee les tmpDDET. If the “OnlyFormulateProblem”
option is set in adder3thod.sp, the solver is not launched. The solution is obtaingbe le tmpDDET.out(if the
solver is launched). The post-analysis continues as spedtiy the user in adder32.opt. For solving the tmpDDET le
separately one can use

$3$ optim.pl -ggp tmpDDET

to get tmpDDET.out.
6. Solving the tmpDDET le iteratively: The le tmpDDET can be solved using the following command.
$$ optim.pl -ggp tmpDDET

This will produce the tmpDDET.out le. The user might wantdbhange some constraint and run the optimization
repetitively to get a tradeoff curve. This can be done udiregollowing command.

$3$ optim.pl -gplter tmpDDET fooVALMARKDbar totalarea run.log 800 900 ....

The command takes in the tmpDDET le, changes the RHS of thestraint labeled “totahrea”, generates a le
foo800bar for say simulation with area spec of 800 (foo90@ba) and solves it. The simulation statistics are stored
in the le run.log and the output le that result are foo800kait, foo900bar.out and so on. Note that the token
“VAL _.MARK” in the argument name is a necessary key and indicatesatimes of the new les generated. The
relevant variables need to be extracted from the soluties for analysis purpose. A le called solutionFileName-
sAndVariables is created by the user with the syntax showguire 15. Then using the command

$3$ optim.pl -extract solutionFileNamesAndVariables #afi.dat

the user generates the le tradeoff.dat that can be loadedATLAB for drawing tradeoff curves.

7. Back annotation : After the optimization, the results can be back annotatéoérmdder32.sue or adder32.sp le using
the following two commands.

$3 optim.pl -bsu adder32.sue tmpDDET.out
$3$ optim.pl -bsp tmpDDET.out adder32.sp adden3@d.sp adder3®pt.sp

As explained earlier adder3ipt.sue is the top level cell generated for the new SUE hibgathat has optimal sizes,
while adder32opt.sp is the spice le with optimal sizes.
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Appendix 1: Basic geometric programming

Monomial and posynomial functions

Letxy;:::; X, denoten real positive variables, and= ( xy;:::;X,) avector with components. A real valued function
f of x, with the form
f(x)=exi'™x3®  xir; 1)
wherec > 0anda; 2 R, is called amonomial functionor more informally, anonomial(of the variablexs;:::;xn). We

refer to the constant as thecoef cient of the monomial, and we refer to the constaats: ::; a, as theexponent®f the
monomial. As an examplél:?,xfx2 915 is a monomial of the variables; andx,, with coef cient 2:3 andx;-exponent
0:15.

Any positive constant is a monomial, as is any variable. Moiats are closed under multiplication and divisionf i&nd
g are both monomials then so dig andf=g. (This includes scaling by any positive constant.) A moradmaised to any
power is also a monomial:

f(x) =(cxi'x3  x2) =cx/'x2?  x2n:

The term "monomial’, as used here (in the context of geomptagramming) is similar to, but differs from the standard
de nition of ‘'monomial’ used in algebra. In algebra, a moriahihas the form (1), but the exponeismust be nonnegative
integers, and the coef ciemtis one. Throughout this paper, ‘'monomial’ will refer to theerdtion given above, in which the
coef cient can be any positive number, and the exponentdeasmy real numbers, including negative and fractional.

A sum of one or more monomialise., a function of the form

f(x)= CX§Hexge Bk (2)
k=1

The term “posynomial’ is meant to suggest a combination a$itive' and “polynomial’.

Any monomial is also a posynomial. Posynomials are closetuaddition, multiplication, and positive scaling. Posyn
omials can be divided by monomials (with the result also apomial): Iff is a posynomial and is a monomial, thefi=g
is a posynomial. If is a nonnegative integer ands a posynomial, theh always makes sense and is a posynomial (since
it is the product of posynomials).

Let us give a few examples. Suppose/, andz are (positive) variables. The functions (or expressions)

2x;  0:23; 22p x=y;  3x%y 1’z
are monomials (hence, also posynomials). The functions
0:23+ x=y; 2(1+xy)®; 2x+3y+2z
are posynomials butot monomials. The functions
1:1; 2(1+ xy)*l; 2x+3y 2z; x?+tan x
are not posynomials (and therefore, not monomials).

Standard form geometric program

A geometric progranfGP) is an optimization problem of the form

minimize f(x)
subjectto fi(x) 1, i=1;:::;m; 3)
g(x)=1; i=1;:p
wheref; are posynomial functiong; are monomials, ang; are the optimization variables. (There is an implicit coaisit
that the variables are positivee.,, X; > 0.) We refer to the problem (3) as a geometric progranstandard form to
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distinguish it from extensions we will describe later. In@aslard form GP, the objective must be posynomial (and it imeis
minimized); the equality constraints can only have the fofra monomial equal to one, and the inequality constraints ca
only have the form of a posynomial less than or equal to one.

As an example, consider the problem

minimize x 'y 172z 1+2:3xz +4xyz
subjectto (1=3)x 2y 2+ (4=3)y'?z 1 1;
Xx+2y+3z 1,
(1=2)xy =1,;

with variablesx, y andz. This is a GP in standard form, with = 3 variablesm = 2 inequality constraints, ang = 1
equality constraints.

We can switch the sign of any of the exponents in any monowial tn the objective or constraint functions, and still have
a GP. For example, we can change the objective in the exarbpledox 1y'*2z 1+2:3xz ! +4xyz, and the resulting
problemis still a GP (since the objective is still a posynainiBut if we change the sign of any of the coef cients, oreba
any of the additions to subtractions, the resulting probiemot a GP. For example, if we replace the second inequality
constraintwithx +2y 3z 1, the resulting problem isota GP (since the lefthand side is no longer a posynomial).

The termgeometric progranwas introduced by Duf n, Peterson, and Zener in their 196@koon the topic P]. It's
natural to guess that the name comes from the many geongtriddems that can be formulated as GPs. But in fact, the
name comes from the geometric-arithmetic mean inequalitich played a central role in the early analysis of GPs.

It is important to distinguish betweageometric programmingwhich refers to the family of optimization problems of
the form (3), andyeometric optimizatiorwhich usually refers to optimization problems involvingagnetry. Unfortunately,
this nomenclature isn't universal: a few authors use “gagmprogramming' to mean optimization problems involving
geometry, and vice versa.

Simple extensions of GP

Several extensions are readily handled. 1§ a posynomial and is a monomial, then the constraintx)  g(x) can be
handled by expressing it 8§x)=g(x) 1 (sincef=g is posynomial). This includes as a special case a consbtiné form
f(x) a, wheref is posynomial an@d > 0. In a similar way ifg; andg, are both monomial functions, then we can handle
the equality constraird; (X) = g2(x) by expressing it agi (x)=g(x) = 1 (sinceg;=g is monomial). We can maximize a
nonzero monomial objective function, by minimizing its @mge (which is also a monomial).

As an example, consider the problem

maximize x=y

subjectto 2 x 3;
x2+3y=z Py,
x=y = z2;

(4)

with variablesx; y; z 2 R (and the implicit constraint; y; z > 0). Using the simple transformations described above, we
obtain the equivalent standard form GP

minimize x ly

subjectto 2x * 1, (1=3)x 1;
X2y 17243y1%2; 1 1.
xy 1z 2=1:

It's common to refer to a problem like (4), that is easily sformed to an equivalent GP in the standard form (3), also as
a GP.

Example

Here we give a simple application of GP, in which we optimtze $hape of a box-shaped structure with helightidth w,
and depthd. We have a limit on the total wall areédhw + hd), and the oor areavd, as well as lower and upper bounds
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on the aspect ratids=w andw=d. Subject to these constraints, we wish to maximize the velofithe structureqwd. This
leads to the problem
maximize hwd
subjectto 2(hw+ hd) Ayar; wd A, (5)
h=w ; d=w :

Hered, h, andw are the optimization variables, and the problem paramateis,s; (the limit on wall area)A ; (the limit
on oor area), and; ; ; (the lower and upper limits on the wall and oor aspect ratioehis problem is a GP (in the
extended sense, using the simple transformations dedaltimse). It can be transformed to the standard form GP

minimize h 1w 1d 1

subjectto (2=Apan )hw + (2=Ayai)hd 1, (1=A;)wd 1,
h *w 1, (1=)hw ! 1;
wd 1, (1=)w d 1

How GPs are solved

As mentioned in the introduction, the main motivation for @Bdeling is the great ef ciency with which optimization
problems of this special form can be solved. To give a rough idf the current state of the art, standamtgrior-point
algorithms can solve a GP wittD0Ovariables and0000constraints in under a minute, on a small desktop compuger (s
[?]). For sparse problems (in which each constraint depenasbna modest number of the variables) far larger problems
are readily solved. A typical sparse GP witb000variables and 00000Cconstraints, for example, can be solved in minutes
on a desktop computer. (For sparse problems, the solutitndiepends on the particular sparsity pattern.) It's alssibte
to optimize a GP solver for a particular application, exiitgj special structure to gain even more ef ciency (or satven
larger problems).

In addition to being fast, interior-point methods for GPg afso very robust. They require essentially no algorithm
parameter tuning, and they require no starting point orainguess of the optimal solution. Theyways nd the (true,
globally) optimal solution, and when the problem is infédesi(i.e., the constraints are mutually inconsistent), they proaide
certi cate showing that no feasible point exists. Generattmods for NLP can be fast, but are not guaranteed to nd the tr
global solution, or even a feasible solution when the prolkfeasible. An initial guess must be provided, and canttyrea
affect the solution found, as well as the solution time. Idiidn, algorithm parameters in general purpose NLP sslhere
to be carefully chosen.

In the rest of this section, we give a brief description ofitiethod used to solve GPs. This is not because the GP modeler
needs to know how GPs are solved, but because some of thende@surface in later discussions.

The main trick to solving a GP ef ciently is to convert it to @mlinear butconvex optimization probleme., a problem
with convex objective and inequality constraint functipaad linear equality constraints. Ef cient solution medsofor
general convex optimization problems are well develogdd The conversion of a GP to a convex problem is based on a
logarithmic change of variables, and a logarithmic tranmsfation of the objective and constraint functions. In platéhe
original variablex;, we use their logarithmg; =log x; (sox; = &'). Instead of minimizing the objectivig, we minimize
its logarithmlogf . We replace the inequality constraiits 1 with logf; 0, and the equality constraings = 1 with
logg = 0. This results in the problem

minimize logfg(e¥)

subjectto logfi(e¥) O; i=1;:::;m; (6)
loggi(e¥)=0; i=1;:::;p;
with variablesy = (y1;:::;yn). Here we use the notatia, wherey is a vector, to mean componentwise exponentiation

(¢); = &'.

This new problem (6) doesn't look very different from theginal GP (3); if anything, it looks more complicated. But
unlike the original GP, this transformed version is comaax socan be solved very ef ciently(See ] for convex opti-
mization problems, including methods for solving them;5 gives more details of the transformation of a GP to a conve
problem.)

It's interesting to understand what it means for the prob(énto be convex. We start with the equality constraints.
Supposg is a monomial,

o) = @G X
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Under the transformation above, it becomes

logg(e’)

log c+ a;logx; + + an logxy
logc+ ajy1 +  + anyn;

which is anaf ne function of variabley;. (An af ne function is a linear function plus a constant.)ud)a monomial equality
constrainig = 1 is transformed to énear equationin the new variables,

ailyi1+  +anyan = logc:

(In a convex optimization problem, all equality constrdimictions must be linear.)
The posynomial inequality constraints are more intergstifif is a posynomial, the function

F(y) =log f (¢")

is convex, which means that for agy y, and any with 0 1, we have

Fly+@ )y FWM+Q HF: (7)

The pointy + (1 )y is a (componentwise) weighted arithmetic meary@ndy. Convexity means that the function
F, evaluated at a weighted arithmetic mean of two points, imoece than the weighted arithmetic mean of the funcion
evaluated at the two points. (For much more on convexity[ 2ge

In terms of the original posynomiéland variablex andx, the convexity inequality above can be stated as

fxpe soinxext ) fF(xriinixa) FOesiin)t (8)

The point with coef cientsx; xil is a weightedgeometricmean ofx andx. The inequality (8) above means that the
posynomiaf , when evaluated at a weighted geometric mean of two posits) more than the weighted geometric mean of
the posynomial evaluated at the two points. This is a very basic propertyosf/pomials, which we'll encounter later.

We emphasize that in most cases, the GP modeler does notakeovwt how GPs are solved. The transformation to a
convex problem is handled entirely by the solver, and is detafy transparent to the user. To the GP modeler, a GP solver
can be thought of as a reliable black box, that solves anyi@moput in GP form. This is very similar to the way a numerical
linear algebra subroutine, such as an eigenvalue subegiginsed.

Feasibility, trade-off, and sensitivity analysis
Feasibility analysis

A basic part of solving the GP (3) is to determine whether tlobjem is feasible,e., to determine whether the constraints
fix) 1, i=1;:::5;m; g(x)=1; i=1;::5;p (9

are mutually consistent. This task is called fhasibility problem It is also sometimes called thphase | problemsince
some methods for solving GPs involve two distinct phasethenrst, a feasible pointis found (if there is one); in thesad,
an optimal point is found.

If the problem is infeasible, there is certainly no optimalusion to the GP problem (3), since there is no point that
satis es all the constraints. In a practical setting, tislisappointing, but still very useful, information. Rolghpeaking,
infeasibility means the constraints, requirements, ocispetions are too tight, and cannot be simultaneously raéteast
one constraint must be relaxed.

When a GP is infeasible, it is often useful to nd a poithat is as close as possible to feasible, in some sense.allypic
the point® is found by minimizing some measure of infeasibility, or straint violation. (The point is not optimal for the
original problem (3) since it is not feasible.) One very coammethod is to form the GP

minimize s
subjectto fi(x) s; i=1;:m;
i 10
g(x)=1; i=1;::5p; (10)
s 1
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where the variables avg and a new scalar variabse We solve this problem (which itself is always feasible ussing the
monomial equality constraints are feasible), to nd an py@ix ands. If s = 1, thenx is feasible for the original GP; if
s > 1, then the original GP is not feasible, and we t&ke x. The values tells us how close to feasible the original problem
is. For example, i§ = 1:1, then the original problem is infeasible, but, roughly dpeg, only by10% Indeedx is a point
that is within10% of satisfying all the inequality constraints.

There are many variations on this method. One is based ardinting independent variablgsfor the inequality con-
straints, and minimizing their product:

minimize S;  Sm

subjectto fi(x) sj; i=1;:::;m;
. 11
g(x)=1; i=1;:::55p; (11)
si 1, i=1;::5;m;
with variablesx ands;; :::;s,. Like the problem above, the optimsl are all one when the original GP is feasible. When

the original GP is infeasible, however, the optimabbtained from this problem typically has the property thagaitis es
most (but not all) of the inequality constraints. This isyweseful in practice since it suggests which of the constsahould
be relaxed to achieve feasibility. (For more on methods btaiming points that satisfy many constraints, see]1.4].)

GP solvers unambiguously determine feasibility. But thiéfgdin what point (if any) they return when a GP is determine
to be infeasible. In any case, it is always possible to setngphsalve the problems described above (or others) to nd a
potentially useful “nearly feasible' point.

Trade-off analysis

In trade-off analysisve vary the constraints, and see the effect on the optimakval the problem. This re ects the
idea that in many practical problems, the constraints ateeaily set in stone, and can be changed, especially if iseae
compelling reason to do so (such as a drastic improvemehgeioljective obtained).

Starting from the basic GP (3), we fornparturbed GR by replacing the number one that appears on the righthded si
of each constraint with a parameter:

minimize f (x)
subjectto fi(x) u; i=1;:::;m; (12)
g(xX)=v; i=1;::5p:

Hereu; andv; are positive constants. When = 1 andv; = 1, this reduces to the original GP (3). We pu; v) denote the
optimal value of the perturbed problem (12) as a function ahdv. Thus, the valu@(1; 1) (wherel denotes a vector with
all components one) is equal to the optimal value of the nagGP (3).

If uj > 1, then thdth inequality constraint for the perturbed problem,

fix) ui;
is loosenedcompared to the inequality in the standard problem,
fix) L

Conversely, ifu; < 1, then theth inequality constraint for the perturbed problentightenedcompared to théth inequality
in the standard problem. We can interpret the loosening ightening quantitatively: fou; > 1, we can say that thigh
inequality constraint has been loosenedlB@(u; 1) percent; folu; < 1, then we can say that thth inequality constraint
has been tightened Hy00(1 u;) percent. Similarly, the numbe&r can be interpreted assaiftin theith equality constraint.

It's important to understand whatu; v) means. It gives the optimal value of the problem, after wéypbithe constraints,
and thenoptimize again Whenu andv change, so does (in general) the associated optimal pol@reTare several other
perturbation analysis problems one can consider. For ebeamp can ask how sensitive a particular paimng, with respect to
the objective and constraint functiong(, we can ask how mudh andg, change when we changg. But this perturbation
analysis is unrelated to trade-off analysis.

In optimal trade-off analysis, we study or examine the fiorcp(u; v) for certain values ofi andv. For example, to see
the optimal trade-off of théth inequality constraint and the objective, we can plat, v) versusu;, with all otheru; and all
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Figure 16. Optimal trade-off curves of maximum volume V versus maximum oor area A , for three values of
maximum wall area  Awal -

v; equal to one. The resulting curve, called tptimal trade-off curvepasses through the point given by the optimal value
of the original GP whem; = 1. As u; increases above one, the curve must decrease (or stay mipnsiiace by relaxing
theith constraint we can only improve the optimal objective. Bpémal trade-off curve attens out whan is made large
enough that théth constraint is no longer relevant. Whenis decreased below one, the optimal value increases (o stay
constant). Ifu; is decreased enough, the perturbed problem can becomsibiéea

When multiple constraints are varied, we obtainogtimal trade-off surfaceOne common approach is to plot trade-off
surfaces with two parameters as a set of trade-off curvesefearal values of the second parameter. An example is shrown i
gure 16, which shows optimal trade-off curves of optimalgrimum) volume versua ; , for three values of\ 4 , for the
simple example problem (5) given on page 21. The other propl@rametersare=0:5, =2, =0:5 =2.

The optimal trade-off curve (or surface) can be found byisglthe perturbed GP (12) for many values of the parameter
(or parameters) to be varied. Another common method forngdhe trade-off curve (or surface) of the objective and one
or more constraints is theeighted sum methodn this method waemovethe constraints to be varied, and add positive
weighted multiples of them to the objective. (This resultaaiGP, since we can always add a positive weighted sum of
monomials or posynomials to the objective.) For exampleyrsng that the rst and second inequality constraints areet
varied, we would form the GP

minimize f(x)+ 1f1(X)+ 2f2(X)
subjectto fi(x) 1, i=3;:::;m; (13)
g(x)=1; i=1;:::;p:
By solving the weighted sum GP (13), we always obtain a painthe optimal trade-off surface. To obtain the surface, we
solve the weighted sum GP for a variety of values of the wsigfihis weighted sum method is closely relatedit@lity
theory, a topic beyond the scope of this tutorial; we refer the resmlg?] for more details.
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