Robust Optimization

e definitions of robust optimization
e robust linear programs
e robust cone programs

e chance constraints

EE364b, Stanford University



Robust optimization
convex objective fy : R" — R, uncertainty set U, and f; : R" xU — R,

x — fi(x,u) convex for all u € U
general form
minimize fo(x)
subject to fi(z,u) <Oforalluel,i=1,...,m.
equivalent to
minimize fo(x)

subject to sup fi(z,u) <0,i=1,...,m.
ueU

e Bertsimas, Ben-Tal, EI-Ghaoui, Nemirovski (1990s—now)
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Setting up robust problem

e can always replace objective fy with sup, ¢, fo(z,u), rewrite in
epigraph form to
minimize t
subject to sup fo(x,u) < t,sup fi(x,u) <0, i=1,...,m
u u

e equality constraints make no sense: a robust equality a’ (z + u) = b for
all w e U?

three questions:

e is robust formulation useful?
e is robust formulation computable?

e how should we choose U7
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Example failure for linear programming
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e what happens if we vary percentages .01, .02 (chemical composition of
raw materials) by .5% and 2%, i.e. .01 + .00005 and .02 + .00047?
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Example failure for linear programming
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Frequently lose 15-20% of profits
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Alternative robust LP

minimize ¢z

subject to (A+ A)x <b, all Aeld

where |A11] < .00005,

A12| < 0004, Aij — 0 otherwise

e solution z,onLust has degradation provably no worse than 6%
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How to choose uncertainty sets

e uncertainty set ¢/ a modeling choice

e common idea: let U be random variable, want constraints that

Prob(f;(x,U) >0) <e

e typically hard (non-convex except in special cases)
e find set U such that Prob(U € U) > 1 — ¢, then sufficient condition

for (1)
filx,u) <0 forallueld
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Uncertainty set with Gaussian data

minimize ¢!«

subject to Prob(alz > b;) <e€, i=1,...,m
coefficient vectors a; i.i.d. N'(a,X) and failure probability €
e marginally al'x ~ N(a! z, 27 Xx)
e for e = .5, just LP

T2 subject to a;:-ra: <bj,1=1,....m

minimize c

e what about ¢ = .1,.97
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Gaussian uncertainty sets

{x |Prob(ajz >b) <e}={z|ajz—b —d '(e)VaTIz <0}

e =.9 € =.) e =.1
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Problem is convex, so no problem?

not quite...
consider quadratic constraint

|Az + Bul||, <1 forall |ul|l <1
e convex quadratic maximization in u
e solutions on extreme points u € {—1,1}"

e and NP-hard to maximize (even approximately [Hastad]) convex
quadratics over hypercube
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Robust LPs

Important question: when is a robust LP still an LP (robust SOCP an
SOCP, robust SDP an SDP)

minimize ¢!z

subject to (A4+U)x <b for U € U.
can always represent formulation constraint-wise, consider only one

inequality
(a +u)fx<b foralluel.

e Simple example: U = {u € R" | |jul|,, < d}, then

aTw 4 5], < b
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Polyhedral uncertainty
for matrix ' € R™*", g € R™,

(a+u)lz<b foructd ={ucR"|Fu+g>0}.

duality essential for transforming (semi-)infinite inequality into tractable
problem

e Lagrangian for maximizing u’ x:

+oo if FIA+2 #0

T T _
L(u,\) =z u+ X (Fu+g), sgpL(u,A)— {)\Tg FFTN 2 —0.

e gives equivalent inequality constraints
alz+2g<b F'X+z=0X>0.
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Portfolio optimization (with robust LPs)

e n assets 1 = 1,...,n, random multiplicative return R; with
ER]=pi>1, 1 > po> -2 iy

e ‘certain” problem has solution x,om = €1,

maximize ,uT:c subject tox'l=12>0

e if asset ¢ varies in range u; = u;, robust problem

maximize Z mf (s + u)x; subject to 17y = 1,z =0

—uy, U'z

and equivalent

maximize ,LLT:I: —ul'x subject to 17y = 1,x >0
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Robust LPs as SOCPs

norm-based uncertainty on data vectors a,
(a+Pu)lz<b foruecld ={ucR"™||u| <1},
gives dual-norm constraint

"z +||PTa, <b
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Portfolio optimization (tigher control)

e Returns R; € [u; — u;, pt; + ug] with E R; = p;

e guarantee return with probability 1 — €

mn
maximize t subject to Prob (Z Rix;, >t

w,t
’ i=1

e value at risk is non-convex in x, approximate it?
e approximate with high-probability bounds

e less conservative than LP (certain returns) approach
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Portfolio optimization: probability approximation

e Hoeffding's inequality

Prob (Z(RZ — ;) < —t) < exp (—22?:1 xfuf) .

i=1
e written differently

z”: Rix; < plow —t ( Zn: u?azf)

Prob

e set t = /2log(1/e), gives robust problem

1
maximize pu'z — {/2log~ ||diag(u)x||, subject to 172z =1, x = 0.
€
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Portfolio optimization comparison

B(n z)

e data u; = 1.05 + , uncertainty |u;| < u; =

e nominal minimizer T om = €1

e conservative (LP) minimizer x.,, = e, (guaranteed 5% return),

e robust (SOCP) minimizer x, for value-at risk e = 2 x 10™*
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Portfolio optimization comparison
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LPs with conic uncertainty

e convex cone K, dual cone K* = {v € R" | vlz >0, all x € K}
o recall r gy iffx —y e K

e robust inequality

(a+u)fz<b foralueld ={uecR"| Fu+g >k 0}

e under constraint qualification, equivalent to

alz+2Mg<b, AN=g«0, 2+ F'X=0

EE364b, Stanford University 18



Example calculation: LP with semidefinite uncertainty

e symmetric matrices Ay, A1,..., A, € S” robust counterpart to
ale <b

(a + Pu)Tx <b forallust. Ag+ ZuiAi =0
i=1

e cones K = Slj_, K* = S’_i

e Slater condition: @ such that Ayg + > . A;u; > 0
e duality gives equivalent representation
(Tr(AA;) |
a’x + Tr(AAy) <b, Pla+ 5 =0, A>0.
Tr(AA,)
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Robust second-order cone problems

e Lorentz/SOCP cone, nominal inequality

Az + b, < 'z +d

e R™*™ allow A, ¢ to vary

[ ) A f— [al .« o o an]
e interval uncertainty

e ellipsoidal uncertainty

e matrix uncertainty
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SOCPs with interval uncertainty
entries A;; perturbed by A;; with |A;;| < J, ¢ by cone:

A+ Az +b|l, < (c+uw)lz+d al |A] <6, uel
e split into two inequalities (first is robust LP)

A+ A +bl,<t, t<(c+uwle+d

second
m 1/2
sup H(A + A)x + sz = sup (Z[(az + Ai)T:lj + bz’]Q)
A A< A:A<6 N5

= sup {2l |z = e+ ATz 4 by, A, < 5)
AER?’I’L)(’n

=inf {|z|, | z; > |a; x +b] + 0 |||, } -
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SOCPs with ellipse-like uncertainty

e matrices Py,..., P, € R"" v e R™ with |Ju|| <1

e robust/uncertain inequality

1=1

® rewrite z; > Sup|, <1 lal'x + b; + u! Px|, equivalent

2], <t 2z > |af x4+ by + HPZ-T:CH*, i=1,...,m.
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(Z[(CL@' + Pu)'x + bz-]2> <t forall us.t. [ul,<1.
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SOCPs wtih matrix uncertainty

e Matrix P € R™*" and radius §, uncertain inequality

I(A+ PA)z+b||, <t, for AeR™™st. Al <6,

e tool one: Schur complements gives equivalence of

t ot

<
fell <t and |* 3

-

e tool two: homogeneous S-lemma

T Az >0 implies I Bx >0 if and onlyif dA>0s.t. B> \A.
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SOCPs with matrix uncertainty

I(A+ PA)z +b||, <t, for A e R™™st. ||A] <6,

equivalent to

t (A+ PA)z +b)T

(A+PA)x +b tI =0 for [|Al < 1.

or

ts®+2s((A+PA)x +b)lv+t ||UH§ >0 forall se R,v e R, ||A]| < 1.
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SOCPs with matrix uncertainty: final result

I(A+ PA)z +b|, <t, for A e R™™st. ||A] <4,

equivalent to
t (Az +b)T 2T
Ax+b t—APPT 0 | =0.
x 0 M,
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Example: robust regression

minimize || Ax — b||,

where A corrupted by Gaussian noise,
A:A*+A for Aij NN(O,l)

decide to be robust to A by

e bounding individual entries A;;
e bounding norms of rows A;

e bounding (¢s-operator) norm of A
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Choice of uncertainty in robust regression

Theorem [e.g. Vershynin 2012] Let A € R™”*"™ have i.i.d. N(0,1) entries.
For all ¢ > 0, the following hold:

e For each pair i,

42
Prob(|A;;| > t) <2exp (—§> :

e For each ¢ 2
Prob([|Aill, = vn+1t) < exp (_5) .

e For the entire matrix A,

t2
Prob(||A| > Vi + Vi + 1) < exp (—5) |
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Choice of uncertainty in robust regression
idea: choose bounds ¢(d) to guarantee Prob(deviation > t(d)) <9

e coordinate-wise: t(6)* = 2log 2™,

too(0)?
Prob(max |A;;| > ts(0)) < 2mnexp | — =0
0,
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Robust regression results

minimize sup |[(A 4+ A)z — b,

AeU

where U is one of the three uncertainty sets

Us = {A
Us = {A
Uy, = {A
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Alloe < too(d)],

AZH2 < \/ﬁ—l—t2<5> for ¢ = 1,

All < Vi + Vi + top(8)).
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Robust regression results
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Robust regression results
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e residuals for the robust least squares problem ||(A + A)z — b||,

e uncertainty sets Unom = {0} vs. U, U, Uy

e experiment with N = 10° random Gaussian matrices
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