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Mirror descent

® due to Nemirovski and Yudin (1983)
® recall the projected subgradient method:

(1) get subgradient g*) € 9 f (x(*))
(2) update

1 2
2D = argmin {g(k)Tx + — Hx —z® H }
zeC 2a, 2

replace ||||§ with an alternate distance?-like function



Convergence rate of projected subgradient method

Consider mingec f(7)

® Bounded subgradients: ||g||o < G for all g € Of

® Initialization radius: ||z(") —z*|]; < R

Projected sub-gradient method iterates will satisfy

B e R2HGYL o
best f S Lk
2 Zi:l Q;
setting o;; = (R/G)/Vk gives
(k) o= < RG
fbest f — \/E

G = maxgec [[0f(x)||2 and R = max, yec ||z — y||2 The analysis
and the convergence results depend on Euclidean (¢2) norm



Bregman Divergence

h convex differentiable over an open convex set C.

® The Bregman divergence associated to h is defined by

Di(z,y) = h(z) — [h(y) + Vh(y)" (x — y)]

can be interpreted as
distance between x and y as measured by the function h
Example: h(z) = ||z||3



Strong convexity

h(z) is A-strongly convex with respect to the norm || - || if

ha) > hiy) + V(o) (@~ y) + Sl — ol



Properties of Bregman divergence

For a A-strongly convex function h, Bregman divergence

Di(z,y) = h(z) — [h(y) + Vh(y)" (z — y)]

satisfies

A
Di(ay) 2 Slle =yl 20



Pythagorean theorem
Bregman projection

Ph(y) = arg min D, (v, y)

D (x,y) = Du(, Pi(y)) + Du(PE(y). y)



Projected Gradient Descent

1
2k = Poarg min {f(xk) + 97T (@ — ™) + ﬂ”ff - x(k)Hg)}
T k

where Pg is the Euclidean projection onto C.



Mirror Descent

X 1
5D = Pl argmin {f(xk) + g®T(z — z*)) 4 a—th(x, x(k))}
where Dy, (z,y) is the Bregman divergence

Di(z,y) = h(z) — [h(y) + Vh(y)" (x — y)]

and h(z) is strongly convex with respect to || - ||
P} is the Bregman projection:

Pl(y) = arg min Di (2, y)



Mirror Descent update rule

1
2 1) = Pl argmin {f(xk) + gWT (z — ™)) 4 Q—Dh(aj, x(k))}
T k

1
= Pl argmin {g(k)Tx + —Dp(z, :E(k))}
x Qg
B aremmin 4 074 4 L 1 (1)) T
= Pgargmin< ¢\ ¢+ —h(z) — —Vh(z'"") x
x g 75
optimality condition for y = argmin:g"* + aith(y) — aith(x(k)) =0
Dy, (z,y) is the Bregman divergence
Dy(@,y) = h(z) = [h(y) + Vh(y)" (z — y)]
P(’} is the Bregman projection:
h o . o . o T
P (y) = argmin Dy(z,y) = argmin h(z) — Vh(y)" =
= argmin h(x) — (Vh(z®™) - arg®) @

T
= arg mircl Dp(z,2%) + apg®™ " 2
TrE
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Mirror Descent update rule (simplified)

1
2D = Pl argmin {f(xk) + g (2 — W) 4 Q—Dh(az, x(k))}
T k

= arg mlg Dh(.T,J?(k)) + akg(k)Tl'
e

where Dy, (z,y) is the Bregman divergence

Di(z,y) = h(z) — [h(y) + Vh(y)" (x — y)]
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Convergence guarantees

Let [|g[|« < G|} for all g € Of, or equivalently
f@) = fy) < Gypyllz =yl
Let 2 = argmingec h(z) and R}t | = (2max, Dh(a:h,y)/)\)l/Q, then
|z —2"(| < RJY,

General guarantee:

k
> als@®) - fa) < DG, a) + Za2||g<>||2

. AR} . : .
Choose step size oy, = Gi% Mirror Descent iterates satisfy
111

Rft Gy

(k) *
- <
Vk

best
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Standard setups for Mirror Descent

1
2 1) = Pl argmin {f(xk) + gWT (z — ™)) 4 Q—Dh(aj, m(k))}
T k

T
= arg mig Dh(x,a:(k)) + apg® 2
€

where Dy, (z,y) is the Bregman divergence

Dy (z,y) = h(z) — [h(y) + Vh(y)" (x — y)]

® simplest version is when h(z) = 1|23, which is strongly convex
w.r.t. || - ||2. Mirror Descent= Projected Subgradient Descent
Di(z,y) = ||z - yll3

® negative entropy h(z) = Y ., x;logz;, which is 1-strongly
convex wrt w.r.t. ||z||1 (Pinsker's inequality).
Dy(z,y) = > 1", ;log o1 — (2; — y;) is the generalized
Kullback-Leibler divergence
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Negative Entropy

negative entropy h(z) = >, z;logx;

Dy (2,y) = 3o/ @ilog 3+ — (z; — y;) is the generalized
Kullback-Leibler divergence

® unit simplex C = A, ={z R} : > x; =1}

® Bregman projection onto the simplex is a simple renormalization

Y
PhY) =
[yl
Mirror Descent:
1
2D = Phargmin {f(xk) +g®T (2 — ™) + Q—Dh(m‘, x(k))}
x k
y € argmin = Vh(y) = log(y) + 1 = Vh(z®)) — apg*
= y; = xik exp (—aggl)
Mirror Descent update:

k k
(kD) _ :Cg )exp(fagl( ))

? n k k
> =1 xg )exp(—agj(» ))
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Mirror descent examples

® Usual (projected) subgradient descent: h(z) = % Hx||§

* With constraints of simplex, C = {z € R} | 172 = 1}, use
negative entropy

h(z) = Z z; log x;
i=1

(1) Strongly convex with respect to ¢1-norm
(2) With 2() = 1/n, have Dy,(z*,2(1)) < logn for z* € C
(3) If ||lgllc £ Gu for g€ 0f(x) for x € C,

logn

() _ pr o .
(6%

& 2
best + §Goo

(4) Can be much better than regular subgradient decent...
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Example

Robust regression problem (an LP):

m
minimize f(z) = [[Az —b||; = Z lalx — by
i=1
subject toz € C = {z € R} |17z =1}

subgradient of objective is g = > sign(al z — b;)a;

® Projected subgradient update (h(x) = (1/2) Hx||§) homework
® Mirror descent update (h(z) = Y1 | z; logz;):
(k1) _ 2t exp(—ag")

Zi n k k
s 2l exp(—agi)
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Example

Robust regression problem with a; ~ N(0, I,,x,) and
b; = (ai,l + ai,g)/Q + &; where g; ~ ]\7(07 1072), m = 20,n = 3000

— Entropy
— Gradient

stepsizes chosen according to best bounds (but still sensitive to
stepsize choice)
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Example: Spectrahedron

minimizing a function on the spectrahedron S,, defined as

S, ={Xes : tr(X)=1}
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Example: Spectrahedron

S, ={Xes? : tr(X)=1}

® von Neumann entropy:

Z)\ )log s (X)

where A1(X), ..., A\ (X) are the eigenvalues of X.
] % strongly convex with respect to the norm

1 X ] |er = Z)\i(X
i=1
® Mirror Descent update:
Yiy1 = exp(log Xy — a: V f(Xy))
Xip1 = PE(Y; +1) = Yipr/||Yega|ler
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Mirror Descent Analysis

distance generating function h, 1-strongly-convex w.r.t. ||-||:
T 1 2
h(y) = h(z) + Vh(2)" (y = 2) + 5 ll= — yll

Fenchel conjugate

h*(0) = sgg {07z — h(z)} , VAh*(0) = argmax {672 — h(x)}

zeC

Vh, Vh* take us “through the mirror” and back

miror descent iterations for C = R"

2D = argmin {akg(k)Tx + Dp(x, x(k))} = Vh* (Vh(ac(k)) - akg(k))
zeC

h(z) =1 ||a:||g recovers standard case
20



Convergence analysis

g e af(x®) , ot+D = k) _ oy g0 gD — gpx(gk+1))
Bregman divergence
Dy (60',0) = h*(0') — h*(0) — Vh*(0)T (¢’ — 0)
Let 6* = Vh(z*),

Dp- (6% ,6%) = D= (6, 6%)
+ (0D — gtNT(VR*(60)) — VR*(6*))
+ Dy (0, 68))

and

(004D — 60N T (T (61)) = VA" (67)) = —ang® (2 — ")
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Convergence analysis continued

From convexity and ¢(*) € 9 f (z(*)),

Fa®) = fat) < g® 7 @® — 2%
Therefore
ap[f(z®)) = f(2*)] < Dp- (0%, 0%) — Dy (0% 9%)
+ Dy (9*+D gR))

Fact: h is 1-strongly-convex w.r.t. ||-|| & Dy(a/,2) > 5 [|2/ — z||?
h* is 1-smooth w.r.t. |-||, & Dy (0,0) < 110" — 0|

Bounding the Dj,- (81D () terms and telescoping gives

k

S ailf (@) = f(a)] < Dy (60),6%) + Za2||g D)2

=1
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Convergence guarantees

Note: D« (01, 60%) = Dy, (z*, 2(1)

Most general guarantee,
k .
Y ailf@?) = fa)] < Dp(ar,2W) ZQQIIQ( |12
i=1

Fixed step size o = «

k
1 . 1 « .

- (1) _ *) < * (1) = (1))2
230 £ D) - f@) < Dl 2 D) + S max g0

in general, converges if

® Dy(x*,2M) < 00
® Y ,a,=o00and ap =0
e forall g € f(z) and z € C, ||g||, < G for some G <

Stochastic gradients are fine!
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Variable metric subgradient methods

subgradient method with variable metric Hy, > O:

(1) get subgradient g®) € o f (x(*))
(2) update (diagonal) metric Hy
(3) update b+ = z(®) — 1 -14(k)

® matrix Hj generalizes step-length «y

there are many such methods (Ellipsoid method, AdaGrad, ...)
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Variable metric projected subgradient method

same, with projection carried out in the Hy metric:

(1) get subgradient g*) € f (x(*))
(2) update (diagonal) metric Hy,
(3) update z(F+D) = pfs (2®) — 7o)

where
1% (y) = argmin ||z — yl|3
TeEX

and ||z||lg = VaTHz.
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Convergence analysis

. Hy - . .
since IT;* is non-expansive in the || - ||, norm, we get

2
a0 *\|Hk—]\PHk(<’f> 1Y) = P

< e — H g™ a1,

= [lo® = a*|IF, — 206" @™ —2%) +llg ™17,

< ® — w13, = 2(£ ) = ) + g7, -

using f* = f(a*) > f(@) 4+ T (2% — o)
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apply recursively, use
i k
S () =) =k (A - 1)
i=1
and rearrange to get
* k 7
R EE R P iy LI
best S 2%
k .
N Dizo (”x(z) — x|

H, = e — a7

2k

2
H;_1
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numerator of additional term can be bounded to get estimates

e for general Hy, = diag(hy)

k 2
R || Hi +Z||9(l)||§{;1 RZ> ||H: — Hia |
i=1 i=2

k_ p* < i
fbcst f = 2% + 2%

o for Hy = diag(hy) with h; > h;_; for all 4
k .
S 161,

= R2 (Al
k_ px < 2 1 o
fbest f = 2% + 2%

where max [|z(? — 2o < Roo
1<i<k

28



converges if
® Ry < oo (e.g. if X is compact)

o« Yk, 19 |2 _. grows slower than k

. Zf:z |H; — H;—1]||1 grows slower than k or
h; > h;_y for all i and ||hg||1 grows slower than &
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AdaGrad

AdaGrad — adaptive subgradient method

(1) get subgradient g®) € o f (x(*))
(2) choose metric Hy:
* set S, = Y°F | diag(¢™)?

1
® set Hy, = 152

(3) update 2(k+D) = PiI* (2(0) — -1 g(R))

where o > 0 is step-size
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AdaGrad — motivation

for fixed H, = H we have estimate:

k
1 1 i
éebt < I(x(l) _ x*)TH(x(l) — ) + 5 Z ||9(')H%171
i=1

idea: Choose diagonal Hj, > 0 that minimizes this estimate in
hindsight:

T
Hie = argmin mpe (v — )" diag()(x +Z||g Binscr-
optimal HFRLdiag( St zf_1<g$f>>2>

intuition: adapt step-length based on historical step lengths

31



AdaGrad — convergence

by construction, H; = édiag(hi) and h; > h;_1, so

k i
beat f*,%an“n g Bl

< El\thﬁr RZ il

%

(second line is a theorem)

also have (with o = R2 ) and for compact sets C

2
fion— f*<kmf{sup (¢ —y)" diag(h +Z||g [Fne }

h>0 z,yeC
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Example

Classification problem:

¢ Data: {a;,b;}, i =1,...,50000

e

® be{-1,1}

® Data created with 5% mis-classifications w.r.t. w =1, v =0
® Objective: find classifiers w € R'%% and v € R such that

e sTw+v>1ifb=1

. a?w+v< 1ifb=-1
¢ Optimization method:

® Minimize hinge-loss: Y max(0,1 — b;(aj w + v))

® Choose example uniformly at random, take sub-gradient step

w.r.t. that example
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Best subgradient method vs best AdaGrad

10 T T T T
subgradientmethodmethod
adagrad

o 10° 1
o
<
[
<
[
>
=
=}
o
19
=
®
[
RS E
107

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
k

Often best AdaGrad performs better than best subgradient method
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AdaGrad with different step-sizes «:

T T
alphaalphaalphat
alphaalphaalpha2
alphaalphaalpha3
alphaalphaalpha4

relativeconvergence
=

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
k

Sensitive to step-size selection (like standard subgradient method)
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