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• Algorithms review

• Example: Network rate optimization

• ℓ1.5 optimization
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Optimality conditions

• Unconstrained convex problem with differentiable objective

minimize f(x)

• Optimality condition: ∇f(x⋆) = 0

• Convex problem with equality constraints, A ∈ Rm×n:

minimize f(x)
subject to Ax = b

• Optimality conditions: ∃ν ∈ Rm

Ax⋆ = b, ∇f(x⋆) + ATν = 0
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Inequality constrained problems

• Problems with inequality constraints:

minimize f0(x)
subject to fi(x) ≤ 0, i = 1, . . . , m

Ax = b

• Exact reformulation with indicator function:

minimize f0(x) +
∑m

i=1 I−(fi(x))
subject to Ax = b

where I−(u) = 0 if u ≤ 0, I−(u) = ∞ otherwise
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• Approximation via barrier function:

minimize tf0(x) +
∑m

i=1 h(fi(x))
subject to Ax = b

• h convex (twice differentiable) increasing function with domain −R++

• Approximation improves as t → ∞

• Logarithmic barrier function: φ(x) = −
∑m

i=1 log(−fi(x)), with
domφ = {x | f1(x) < 0, . . . , fm(x) < 0}

• Approximation via log-barrier:

minimize tf0(x) + φ(x)
subject to Ax = b

is an equality constrained problem
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• Example:
minimize x2 + 1
subject to 2 ≤ x ≤ 4,

• Feasible set is [2, 4], and optimal point x⋆ = 2

• Log-barrier function φ(x) = − log(x − 2) − log(4 − x)
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Figure 1 f0 + (1/t)bI, for t = 10−1, 10−0.8, 10−0.6, . . . , 100.8, 10.
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Newton Method

• Newton step for the approximate problem:

[

t∇2f0(x) + ∇2φ(x) AT

A 0

] [

∆xnt

νnt

]

= −
[

t∇f0(x) + ∇φ(x)
0

]

• Gradient and Hessian of the logarithmic barrier function φ are given by

∇φ(x) =

m
∑

i=1

1

−fi(x)
∇fi(x),

∇2φ(x) =

m
∑

i=1

1

fi(x)2
∇fi(x)∇fi(x)T +

m
∑

i=1

1

−fi(x)
∇2fi(x)
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Network rate optimization

• Graph with L edges, each with positive capacity ci

• n flows with rates x1, . . . , xn ≥ 0 moving along predetermined paths in
the network

• Total traffic on edge i: sum of flows passing through edge i

• Flow-edge incidence matrix A ∈ RL×n

Aij =

{

1 flow j passes through edge i
0 otherwise.

• Capacity constraint on each edge: (Ax)i ≤ ci
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• Utility U(x) associated with flow x

U(x) = U1(x1) + · · · + Un(xn)

• Ui strictly concave, non-decreasing functions, with domUi = R++

• Network rate optimization problem:

maximize U(x)
subject to Ax � c, x � 0
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Barrier method

• Barrier method: at each step, minimize

tU(x) −
L

∑

i=1

log(c − Ax)i −
n

∑

j=1

log xj,

using Newton’s method

• Newton step ∆xnt is solution to

(D0 + ATD1A + D2)∆xnt = −g,

where

D0 = tdiag(U ′′

1 (x), . . . , U ′′

n(x))

D1 = diag(1/(c − Ax)21, . . . , 1/(c − Ax)2L)

D2 = diag(1/x2
1, . . . , 1/x2

n)
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• Sparsity structure of coefficient matrix:

(D0 + ATD1A + D2)ij 6= 0

if and only if flow i and flow j share a edge

• if AAT is sparse instead of ATA, use matrix inversion lemma

∆xnt = −(D0 + D2)
−1g +

(D0 + D2)
−1AT (D−1

1 + A(D0 + D2)
−1AT )−1A(D0 + D2)

−1g

• Sparsity pattern

(D−1
1 + A(D0 + D2)

−1AT )ij 6= 0

if and only if there is a flow that passes through edge i and edge j
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Dual problem

• Conjugate utility functions Vi = (−Ui)
∗:

Vi(λ) = sup
x>0

(λx + Ui(x))

• Domain of Vi is −R++

• Lagrangian

L(x, λ, µ) =

n
∑

i=1

(−Ui(x)) + λT (Ax − c) − µTx

= −
n

∑

i=1

(

Ui(x) − (ATλ)ixi + µixi

)

− cTλ.
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• Dual function g(λ, µ)

inf
x

L(x, λ, µ) = −
n

∑

i=1

sup
x

(Ui(xi) − (ATλ)ixi + µixi) − cTλ

= −
n

∑

i=1

Vi(−(ATλ)i + µi) − cTλ

• Dual problem

minimize cTλ +
∑n

i=1 Vi(−(ATλ)i + µi)
subject to λ � 0, µ � 0

• Vi is increasing on its domain (−R++), so µ = 0 at the optimum:

minimize cTλ +
∑n

i=1 Vi(−(ATλ)i)
subject to λ � 0
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Barrier method for dual

• Hessian of t
(

cTλ +
∑n

i=1 Vi(−(ATλ)i)
)

−
∑

i log λi

H = tAdiag(V ′′

i (−(ATλ)i)A
T + diag(λ)−2

• If AAT is sparse, solve the Newton equation H∆λ = −g

• If ATA is sparse, we apply the matrix inversion lemma, etc, as in primal
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ℓ1.5 optimization

minimize ‖Ax − b‖1.5 =
(
∑m

i=1 |aT
i x − bi|3/2

)2/3

problem:

1. give simple optimality conditions for this problem

2. formulate this problem as an SDP
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Optimality conditions

equivalent problem

minimize f(x) =
∑m

i=1 |aT
i x − bi|3/2

• objective differentiable

• use first order optimality conditions

∇f(x) =

m
∑

i=1

(3/2) sign(aT
i x − bi)|aT

i x − bi|1/2ai = 0
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SDP formulation

equivalent problem

minimize 1T t
subject to s3/2 � t,

−si � aT
i x − bi � si i = 1, . . . , m

• variables x ∈ Rn, s, t ∈ Rm

• problem convex, but not an SDP

• need to transform s3/2 � t into an LMI
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LMI transformation

• using
[

u v
v w

]

� 0 ⇔ u ≥ 0, uw ≥ v2

• we have that the constraint

s
3/2
i ≤ ti

• is equivalent to
[ √

si si

si t

]

� 0

• which in turn is equivalent to the LMI

[

yi si

si ti

]

� 0,

[

si yi

yi 1

]

� 0
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SDP formulation

putting it all together

minimize 1T t
subject to −si � aT

i x − bi � si, i = 1, . . . , m
[

yi si

si ti

]

� 0,

[

si yi

yi 1

]

� 0, i = 1, . . . , m

• SDP with variables x, s, t, and y

• same technique can be used for other problems involving polynomials
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