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Outline:

e derivatives and chain rule (Appendix A.4)
e unconstrained minimization

e approximate TV de-noising



Derivative and gradient

When f is real-valued (i.e., f : R" — R), the derivative Df(x)isa 1l xn
matrix, z.e., 1t Is a row vector

e its transpose is called the gradient of the function:
Vf(x)=Df(x)"
which is a (column) vector, i.e., in R"

e its components are the partial derivatives of f:

Vf(z); = 8£:S),

1=1,...,n

e the first-order approximation of f at a point x can be expressed as (the
affine function of 2)

f(z) +Vf(z)" (2 — )
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example: Find the gradient of g : R"* — R

solution.
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g(y):=10g:£:exp(y0

eXP Y1

- exXpYm |



Chain rule

Suppose f : R — R" and g : R"™ — R? are differentiable. Define
h:R"™ — RP by h(z) = g(f(x)). Then

Dh(x) = Dg(f(x))D f(x)

e Composition with an affine function:

Suppose g : R™ — RP is differentiable, A € R™*", and b € R™. Define
h:R" — RP as h(z) = g(Ax + D).

The derivative of h is Dh(x) = Dg(Ax +b)A
When g is real-valued (i.e., p = 1)

Vh(z) = A*Vg(Az + b)
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example A.2: Find the gradient of h : R" — R

h(x) = log Z exp(a; x + b;)

i=1
where a1,...,a,, € R", and b1,...,b,, € R
Hint: h is the composition of the affine function Az + b, where A € R™*"
has rows af,...,al,, and the function g(y) = log(>_7" | exp y;)
solution. ) _
1 eXP Y1
Vo(y) = =m i
Zz':1 €XP Y; | eXP Y |

then by the composition formula we have

1

where z; = exp(alz +b;), i=1,...,m
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Second derivative

When f is real-valued (i.e., f : R"™ — R), the second derivative or Hessian
matrix V2 f(x) is a n X n matrix, with components

_ P f(=)
B 8:62-8:63"

V2 f(x)i

r=1,...n, 7=1,...,n

e the second-order approximation of f, at or near z, is the quadratic
function of z defined by

AN

f(2) = f(z) + V[(z)" (z = 2) + (1/2)(z — 2)" V*f(2)(z — 2)
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Chain rule for second derivative

e Composition with scalar function
Suppose f: R" = R, g: R— R, and h(x) = g(f(x))

The second derivative of h is

Vih(z) = ¢'(f(2))V*f(2) + " (f(2))V f(2)V f(z)"

e Composition with affine function

Suppose g : R™ — R, A€ R™*"™ and b € R™. Define h : R — R by
h(z) = g(Az +b)

The second derivative of h is

V2h(z) = AT'V?g(Ax +b)A
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example A.4: Find the Hessian of h: R — R
h(x) = log Z exp(aj © + b;)
i=1
where a1,...,a,, € R", and by,...,b,, € R

Hint: For g(y) = log(>_." , expy;), we have

1 | eXp Y1 |
Voly) = <m f
Zz’:l eXP Y; exXpYm |
Vig(y) = diag(Vg(y)) — Vg(y)Vg(y)"

solution. using the chain rule for composition with affine function

1 1
V2h(z) = A" (I—TZ diag(z) — zzT) A

where z; = exp(alz +b;), i=1,...,m
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Unconstrained minimization

minimize f(x)

e f convex, twice continuously differentiable (hence dom f open)

e we assume optimal value p* = inf, f(x) is attained (and finite)

unconstrained minimization methods

e produce sequence of points z(*) € dom f, k= 0,1, ... with
f@™) — p*

e can be interpreted as iterative methods for solving optimality condition

Vi(z*) =0
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Descent methods

20D = ) 4 AR ith £(20HD) < f(2(0)

e other notations: 7 = x + tAx, x := ¢ + tAx
e Ax is the step, or search direction; t is the step size, or step length

e from convexity, f(z™) < f(x) implies Vf(z)' Az < 0
(i.e., Az is a descent direction)

General descent method.

given a starting point * € dom f.

repeat
1. Determine a descent direction Ax.
2. Line search. Choose a step size t > 0.
3. Update. x := = + tAx.

until stopping criterion is satisfied.
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e Gradient descent method

— Ax = =V f(z)

given a starting point x € dom f, tolerance € > 0.
repeat
1. Ax := =V f(x).
2. Stopping criterion. quit if |V f(x)]||2 < e.
3. Line search. Choose step size t via exact or backtracking line search.
4. Update. x := x + tAx.

— very simple, greedy algorithm
— convergence result: for strongly convex f,

fa®) —p* < F(f(2) - p*)
— often very slow; rarely used in practice
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e Newton Method

— Azy = —V2f(2)" 'V f(2)
- Mz) = (Vf(2)" V2 f(2) 7'V f(x))!/?

given a starting point x € dom f, tolerance € > 0.
repeat
1. Compute the Newton step and decrement.
Azy = —V2if(z) 'Vi(z), N :=Vf(x)'Vif(z) 'Vf(x).
2. Stopping criterion. quit if A\*/2 < e.
3. Line search. Choose step size t by backtracking line search.
4. Update. x := x + tAxyy.

— z + Ay minimizes second order approximation,
flz+v) = f(z) + Vf(x) v+ 0" V2 f(x)v

— x + Az, solves :che linearized optimality condition
Vi@ +v)= Vi@ +v)=Vf()+ Vf(z)v

— A(x) is affine invariant (unlike ||V f(z)||2)

— directional derivative in the Newton direction:

Vi) Az = —X\(2)?
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Approximate TV de-noising

e TV denoising, a bicriterion optimization problem

minimize [l — 25 + 0 Y0 2 -

e 1°°" € R" is the corrupted signal and = € R" is the de-noised signal to
be computed

e Problem can be formulated as an SOCP or a QP
e Approximate TV denoising
minimize ||z — 2|5 + p@aty

where
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e Objective (1(x)) is twice differentiable

e Can solve this problem using Newton's method

e Gradient and Hessian are

Vip(x) = 2(x — ™) 4+ pV aty (2),

VA (2) = 21 + 1V  Par (@)

e Use chain rule to compute V@,iy(x) and V3¢, (7)

e Let f: R — R denote the function

e Its first and second derivatives are

() = u(€2 X u2)_1/2,
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e Define F: R™ YD LR as

e |ts gradient and Hessian are

VF(u) = (f'(u1),..., f(un-1)), V2F(u) = diag(f" (u1), ..., [ (un—1))

e We have ¢,v(x) = F(Dx), where

D= —1 1 c R(n—l)Xn
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e Using the chain rule

Voaiv(z) = D'V F(Dzx), V2paiv(x) = DT'V2F(Dx)D

e [ herefore

Vi(z) = 2(x— %)+ uD!VF(Dz)
V2(z) = 21+ uD'V?*F(Dz)D

e Hessian is tridiagonal

e We can compute the Newton step in O(n) operations
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Matlab code for Newton method:

% Newton method for approximate total variation de-noising
D = spdiags([-1*ones(n,1) ones(n,1)], 0:1, n-1, n);

% Newton’s method

ALPHA = 0.01;
BETA = 0.5;
MAXITERS = 100;
NTTOL = 1e-10;

x = zeros(n,1);
newt_dec = [];

for iter = 1:MAXITERS
d = (D*x);
val = (x-xcor)’*(x-xcor) + ...
MU*sum(sqrt (EPSILON"2+d.~2)-EPSILON*ones(n-1,1));
grad = 2*x(x - xcor) + ...
MU*D’*(d./sqrt (EPSILON"2+d."2));
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hess = 2*speye(n) + ...

\%

MU*D’*SpdiagS(EPSILON“Q*(EPSILDNA2+d.A2).A(—3/2),...
O,n-1,n-1)x*D;

= -hess\grad;

lambdasqr = —-grad’x*v;
newt_dec = [newt_dec sqrt(lambdasqr)];

if (lambdasqr/2) < NTTOL, break; end;

t

= 1;

while ((x+t*v-xcor)’*(x+t*xv-xcor) + ...

MU*sum (sqrt (EPSILON"2+(D*x(x+t*v)) . 2)—. ..
EPSILON*ones(n-1,1)) > val - ALPHA*xtxlambdasqr)
t = BETAxt;

end;

X
end;

= X+t*v;
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Progress of Newton's method

Newton decrement \(x)
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Approximate TV de-noising with ¢ = 0.001, p = 50

Tcor

| | | | | | | | |
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

t
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Tikhonov regularized smoothing with y = 250

Ttikh
Tcor

| | | | | | | |
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t
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Tikhonov regularized smoothing with 1 = 20000

Ttikh
Tcor

| | | | | | | |
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