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Abstract— Gupta and Kumar (2000) intr oduced a ran-
dom network modelfor studying the way thr oughput scales
in a wireless network when the nodes are xed, and
showed that the thr oughput per source-destinationpair is

" . Grossglauserand Tse (2001) showed that
when nodesare mobile it is possibleto have a constant or
thr oughput scalingper source-destinationpair.

The focusof this paper is on characterizing the delay and
determining the throughput-delay trade-off in such xed
and mobile ad hoc networks. For the Gupta-Kumar xed
network model, we show that the optimal thr oughput-delay
trade-off is given by , Where and

are the throughput and delay respectvely. For the
GrossglauseiTse mobile network model, we show that the
delay scalesas , Where is the velocity of
the mobile nodes. We then describea schemethat achieves
the optimal order of delay for any given throughput. The
schemevaries (i) the number of hops, (ii) the transmission
range and (iii) the degree of node mobility to achieve the
optimal throughput-delay trade-off. The schemeproduces
a range of modelsthat capture the Gupta-Kumar model at
one extreme and the GrossglausefTse model at the other.
In the course of our work, we recover previous results of
Gupta and Kumar, and Grossglausemand Tseusing simpler
techniques,which might be of a separateinterest.

Keywords: Stochastigprocesses/Queueirtbeory Com-
binatorics Informationtheory Statistics.

I. INTRODUCTION

An ad hocwirelessnetwork consistsof a collectionof
nodes,eachcapableof transmittingto or receving from
othernodes. When a nodetransmitsto anothernode, it
createssomeinterferenceto all other nodesin its vicin-
ity. When seseral nodestransmit simultaneouslya re-
ceiver cansuccessfullyeceve thedatasentby thedesired
transmitteronly if theinterferencdrom the othernodess
sufciently small. An importantcharacteristiof ad hoc
wirelessnetworks is that the topology of the nodesmay
not be known. For example,it may be a sensometwork
formedby a randomcon guration of nodeswith wireless
communicatiorcapability The wirelessnodescould also
be mobile, in which casethe topology could be continu-
ouslychanging.

Previous researcthasfocusedon determininghow the
throughpubf suchwirelessnetworksscaleswith thenum-

berof nodes, , in the network. GuptaandKumar|[5] in-
troducedarandomnetwork modelfor studyingthroughput
scalingin a x edwirelessnetwork; i.e. whenthenodesdo
notmaove. They de ned arandomnetwork to consistof
nodesdistributed independentlyand uniformly on a unit
disk. Eachnodehasa randomlychosendestinatiomode
andcantransmitat  bits-persecondorovidedthatthein-
terferencds sufciently small. Thus,eachnodeis simul-
taneouslya source S, a potentialdestinationD, anda re-
lay for othersource-destinatio(S-D) pairs. They shaved
thatin sucha randomnetwork the throughputscalesas
— lperS-Dpair

Grossglauseand Tse[4] shaved that by allowing the
nodesto move, the throughputscaling changesdramat-
ically. Indeed, if node motion is independentacross
nodesandhasa uniform stationarydistribution, a constant
throughputscaling( ) perS-D pair is feasible. Later,
Diggavi, GrossglauseandTse[2] alsoshavedthata con-
stantthroughputper S-D pair is feasibleevenwith a more
restrictedmobility model.

Thewayin whichdelayscaledor suchthroughpubpti-
mal schemeshowever, hasnot beenwell-studied.Indeed,
it is unclearpreciselywhat “delay” means,especiallyin
mobile networks. One of the main contrilutions of this
paperis a de nition of delay which is both meaningful
andmalesderivationspossible.

From [5] and[4], one may make the following infer-
encesaboutthe trade-of betweenthroughputand delay:
() In a x edrandomnetwork a smalltransmissiorrange
is necessaryo limit interferenceand henceto obtain a
highthroughput.Thisresultsin multi-hopping,andconse-
guentlyleadsto highdelays.(ii) Ontheotherhand,mobil-
ity allows nodesto approactoneanotherclosely This not
only allows the useof smalltransmissiomangesput more
crucially, it allows the useof a singlerelay node,which
boostghroughputo . However, thedelayis now dic-
tatedby the nodevelocity (which is muchlower thanthe

We recall the following notation: (i) meansthat
thereexistsaconstant andinteger suchthat for
. (i) meansthat . (i)
meanghat , (Iv)
meanghat meanghat

(V)



speedof electromagnetipropagation).

The abore obserations point out threeimportantfea-
turesthat in uence the throughputand delay in ad hoc
networks: (i) the numberof hops, (ii) the transmission
range,and (iii) the nodemobility andvelocity. We pro-
poseschemedhat exploit thesethree featuresto differ-
ent dggreesto obtain different points on the throughput-
delaycurwe in anoptimalway (seeFigurel). In x ednet-
works,our Schemel achievesthethroughput-delayrade-
off shavn by sggmentPQ in Figure 1 and at the highest
throughput,t reducedo the Gupta-Kumarschemgpoint
Q in the gure). In the presenceof mobility, and using
only onerelay perpaclet (no multi-hopping),our Scheme
2 is essentiallythe Grossglauserse schemg(point R in
the gure). At this highestachievablethroughputwe are
ableto computethe exact orderof delayasnetwork size
increasesFor lower throughputshy usingthe numberof
hopsandnodemobility optimally, Scheme3 obtainsdif-
ferentpointson thethroughput-delagurne shavn by seg-
mentPRin Figurel. Beforesummarizinghesestatements
more precisely we shall needto de ne whatwe meanby
throughputanddelay
De®nition of throughput: A throughput is saidto
be feasible/achiable if every nodecansendat a rate of

bits per secondo its chosendestination.We denoteby

, the maximumfeasiblethroughputwith high prob-
ability 2 (whp). In this paper will bethe maximum
delay-constrainethroughput Whenthereis nodelaycon-
straint, is simply the throughputcapacityasin [5],
[4].
De®nition of delay: The delayof a paclet in a network
is thetime it takesthe paclet to reachthe destinatiorafter
it leavesthe source.We do not take queueingdelayat the
sourcento accountsinceourinterestis in thenetwork de-
lay. Theaveragepaclet delayfor anetwork with  nodes,

, Is obtainedby averagingoverall paclets,all source-
destinatiorpairs,andall randomnetwork con gurations.

In a x ednetwork, thedelayequalshe sumof thetimes
spentat eachrelay In a mobile network also,the delayis
the sumof thetimesspentat eachrelay However, in this
casedelaydepend®n thevelocity, , of eachrelay

For a meaningful measureof delay per paclet, it is
importantto scalethe size of a paclet dependingon the
throughput.If throughputs , thetransmissiordelay(or
servicetime) of a paclet of x edsizewould scaleas
This would dominatethe overall delay and hencewould
notlet us capturethe delaycausedy the dynamicsof the
network/schemeTo counteracthis, we let the paclet size
scaleas sothatthetransmissiortdelay(servicetime)is

In this paperwhpmeanswith probability

alwaysconstant.

Fig. 1. Throughput-delagcalingtrade-of for a wirelessnetwork assuming
~ . Themarksontheaxesrepresentheordersasymptot-
ically in .

A. Outlineand Summanyof results

Fixed random network: In Section Il, we introduce
Schemel and shav that the dependencef the optimal
delayon throughputfor a x ed randomnetwork is given

by
for
1)
The above result says the following: (i) The highest

throughputper node achieable in a x ed network is
, as Guptaand Kumar obtained. At this

throughputthe averagedelay

(point Q in Figure 1). (ii) By increasingthe transmis-
sion radiusthe averagenumberof hopscanbe reduced.
But, becausdhe interferencds highernow, the through-
put would be lower. When throughputis smallerthan

, equation(1) shavs how is related
to (segmentPQin Figurel).
Delay in a mobile network for In Sec-

tion 111, we introduceScheme? in which nodesmove ac-
cordingto independenBrownianmotionsanduseasingle
relay asin Grossglauseand Tse. This schemeachiees
throughput Using resultsfrom random
walks [3] and queueingtheory [8] we shawv that the de-
lay, , (bothdueto nodemobility andqueueingat the
relay)is givenby

when

Here
Taking
in Figurel.

denotesthe way node velocity scaleswith
~, theabove pointis shavn asR



Throughput delay trade-of in a mobile network: In
Section IV we introduce Scheme3, where the trade-
off is achieved using multiple hops. The trade-of is
parametrizedy , where ~ correspondgo the
averagedistanceraveledin onehop. Therangeof is
from (correspondingdo the Grossglausetse
model, point R)® to (correspondingo the Gupta-

We now present parametrizedommunicatiorscheme
and shav that it achieves the optimal trade-of between
throughputanddelay This schemds a generalizatiorof
the Gupta-Kumarrandomnetwork schemdb5].

Schemel:

Divide the unit torus using a squaregrid into square

cells,eachof area (seeFigure?2).

Kumar model, point Q). The optimal throughput-delay A cellulartime-dvisionmulti-acces§TDMA) transmis-

trade-of for
and

, in the rangebetween
is givenby

and

Thisis shavn by thesegmentQRin Figurel.

Il. THROUGHPUT-DELAY TRADE-OFF FOR FIXED
NETWORKS

We considera randomnetwork model similar to that
introducedby Guptaand Kumar[5]. Thereare nodes
distributed uniformly at randomon a unit torusandeach
nodehasa randomlychosendestination.We assumehe
unit torusto avoid edgeeffects,which otherwisecompli-
categheanalysis We note,however, thattheresultsin the
paperhold for a unit squareaswell. Eachnodetransmits
at bits persecondwhichis a constantjindependenof

We assumeslottedtime for transmissionFor successful
transmissionye assumea modelsimilar to the Protocol
modelasde ned [5]. Underour RelaxedProtocolmodel,
a transmissiorfrom node to node is successfulf for
ary othernode thatis transmittingsimultaneously

for

where is thedistancébetweemodes and . Thisis

a slightly moregeneralversionof the modelpresentedn

[5] in thesensehatnodesdo not requirea commonrange
of transmission.

In the other commonly used model (e.qg., [5], [4]),
known asthe Physicalmodel, a transmissioris success-
ful if the Signalto InterferenceandNoiseRatio (SINR) is
greatethansomeconstant.lt is well known [5] thatwith
afadingfactor , the Protocol modelis equialentto
the Physicalmodel,whereeachtransmitterusesthe same
power. In therestof thepapemwe shallassumeheRelaxed
Protocolmodel.

To beprecise their schemecorrespond$so , which
is covered by our Scheme2. For the techniquewe useto analyze
Schemes to work, we need . For the samerea-
son,we alsoconsider insteadof in
Schemes.

sion schemds used,in which, eachcell becomesactive
i.e.,its nodescantransmitsuccessfullyo nodesn thecell
or in neighboringcells, at regularly scheduleccell time-
slots(seeFigure3).

Let the straightline connectinga sources to its desti-
nationD bedenotedasan S-D line. A sourceS transmits
datato its destinationD by hopsalongthe adjacentcells
lying onits S-Dline asshavn in Figure2.

Whena cell becomesctive, it transmitsa singlepaclet
for eachof the S-D lines passinghroughit. Thisis again
performedusinga TDMA schemehatslotseachcelltime-
slotinto padet time-slotsasshavn in Figure3.
Thefollowing theoremcharacterizethe achievabletrade-
off for the above scheme.The optimality of this scheme
will beprovedin Theoren?.

Theorem 1. For Schemel with ,
and

i.e., theacdhievablethroughput-delayrade-of is

To prove Theoreml, we needthefollowing threelem-
mas.Lemmal shawvs thateachcell will have atleastone
nodewhp thusguaranteeinguccessfuiransmissiomlong
eachS-Dline. Lemma2 shavsthateachcell canbeactive
for aconstantractionof time,independenof . Lemma3
boundghemaximumnumberof S-Dlinespassinghrough
ary cell. Combiningtheseresultsyieldsa proof of Theo-
reml.

Lemmal. (a) If , thenall cellshaveat

leastonenodewhp.
(b) For , eat cell has
nodeswhp. In particular, if
thenead cell has nodes.
(c) Let andlet bethefractionof

cellswith nodes.Thenwhp

Thislemmacanbeprovedusingwell-knovn results(for
example,seeg[7], Chapter3). Dueto spaceconstraintsye
do notrepeathe proof here.



Cell of size

S-Dlines

Fig. 2. Theunit torusis divided into cells of size for Schemel. The
S-Dlinespassinghroughthe shadectell in the centerareshavn.

Cell time-slots

Paclettime-slots

Fig. 3. The TDMA transmissionscheduleof Schemel. The number

of cell time-slotsis constantwhile the numberof paclet time-slotsis

. (Note that a cell hererefersto a squarecell obtainedby

theoverlay of the unit torusby a squaregrid andnot a paclet of ®xed size
ascommonlyusedin networking literature.)

BeforestatingLemma2, we male thefollowing de ni-
tion: We saythatcell B interfereswith anothercell A if a
transmissiorby a nodein cell B canaffect the succes®f
asimultaneousransmissiorby a nodein cell A.

Lemma 2. UndertheRelaxedProtocolmodelthenumber
of cellsthatinterfere with anygivencell is boundedabove
byaconstant , independentf

Proof. Considera nodein a cell transmittingto another
nodewithin the samecell or in one of its 8 neighboring
cells. Sinceeachcell hasarea , the distancebetween
the transmittingandreceving nodescannotbe morethan
~ . Underthe Relaved Protocolmodel,datais
successfullyrecevedif no nodewithin distance
of therecever transmitsat the sametime. Therefore,

thenumberof interferingcells, , is atmost

which, for a constant , is a constantindependenbf
(and ). O

A consequenc®f Lemma 2 is that interference-free
schedulingamongall cellsis possiblewhereeachcell be-
comesactive oncein every slots. In otherwords,
eachcell canhave a constanthroughput.Now we bound
the maximumnumberof S-D lines passingthroughary
cell.

Lemma 3. Thenumberof S-D lines passingthroughany
cellis ~,whp.

Proof. Consider S-D pairs. Let be the distancebe-

tweenthe S-D pair , i.e., thelengthof S-D line . Let

bethe numberof hopsperpaclet for S-D pair . Then

- . Let , i.e., thetotal number

of hopsrequiredto sendonepaclet from eachsendelS to
its correspondinglestinatiorD.

Now considera particularcell andde ne the Bernoulli
randomvariables , for S-D pairs and
hops , to be equalto if hop of S-D
pair 's paclet originatesfrom a nodein the cell. Hence,
the total numberof S-D lines passingthroughthe cell is

. Notethatsincethe nodesareran-
domly distributed,the s areidentically distributed. For

ary , and (for ary
) areindependentHowever, for ary given
, and (for ary ) are
dependenandin factthe event is not

possibleasS-Dline canintersecthecell atmostonce.
Firstconsidetherandomvariable -

Since,for all , o,

we usethisresultto nd aboundon

. Now,
asfollows

(2)
where(2) follows from the factthat, by the symmetryof
the torus,ary hopis equallylikely to originatefrom ary
of the cells.

Considera randomvariable
arei.i.d. Bernoullirandomvariableswith
Becauseof the particular de-
and (for ary given and
), it canbeshawvn that,for ary

, Where

pendenceof



Thisimpliesthat,for ary ,
)

For ary , de ne
By the Chernof boundfor i.i.d. Bernoulli randomvarl-
ables,

(4)

Considetthefollowing:

(®)

(6)

where(5) follows by theMarkov inequalityand(6) follows
from (3) andthefactthat
. From (6) andthe proof of the Chernof bound

(for example,see[7], pg. 68) it follows that can
beboundedabore by theboundon asgivenin (4).

By taking , we obtain
(7)

Thus,for ary cell, the numberof hopsoriginatingfrom
it areboundechboreby ~ with prob-
ability . Sincethereareatmost cells,by the
union of eventsbound,the abore boundholdsfor all cells
with probability . This completeghe proof of
thelemma. O

We arenow readyto prove Theoreml.

Proofof Theoem1. FromLemmaz2, it follows that each
cell canbeactie for a guaranteedractionof time,i.e., it
canhave a constantthroughput. Lemmag3 suggestshat

if eachcell dividesits cell time-slotinto

paclet time-slots,eachS-D pair hoppingthroughit can
use one paclet time-slot. Equialently eachS-D pair
cansuccessfullytransmitfor ~ fractionof
time. Thatis, the achieable throughputper S-D pair is

Next we computethe averagepaclet delay . As
de ned earlier paclet delayis the sum of the amountof
time spentin eachhop. We rst boundthe averagenum-
ber of hopsthenshav that the time spentin eachhop is
constantindependenof

Since each hop covers a distance of o,
the number of hops per paclet for S-D pair is

, Where isthelengthof S-Dline . Thus

the numberof hopstakenby a paclet averagedover all S-
D pairsis - . Sincefor large , the
averagedistancebetweerS-D pairsis - ,

theaveragenumberof hopsis

Now notethatby Lemma2 eachcell canbeactwe once
every constannumberof cell time-slotsandby Lemma3
eachS-D line passingthrougha cell can have its own
paclet time-slotwithin thatcell's time-slot. Sincewe as-
sumedahatpaclet sizescalesn proportionto thethrough-
put , eachpacletarriving atanodein the cell departs
within aconstantime.

Fromthe above discussionwe concludethatthe delay

. Thisconcludegheproofof The-
oreml. O

Next we shav that Schemel provides the optimal
throughput-delayrade-of for a x edwirelessnetwork.

Theorem 2. Let the aveiage delay be boundedabove
by . Thenthe achievable throughput for any

schemescalesas

Proof. The proof usessimilar techniquedo the proof of
Theorem2.1in [5]. Considera given x ed placemenbf
nodesin the unit torus. Let  be the samplemeanof
the lengthsof the S-D lines for the given nodeplacement
andlet thethroughpute . Consideralarge enoughtime
over which the total numberof bits transportedn the

network is . Let be the numberof hopstaken by
bit , andlet denotethelengthof hop
of bit . Therefore,

(8)

Now, for two simultaneougransmissiongrom node to
node andfromnode tonode,

andsimilarly,

Combiningthe above two inequalitieswe obtain

This resultimpliesthatif we placea disk aroundeach
recever of radius times the length of the hop, the
disks must be disjoint for successfutransmissiorunder
the Protocolmodel. Sincea nodetransmitsat  bits per



secondgachbit transmissiortime is secondsDur-
ing eachbit transmissionthe total areacovered by the
disks surroundingthe recevers mustbe lessthanthe to-
tal unit area. Summingover the bits transmittedin
time , we obtain

9)

Let the total numberof hopstaken by all bits be
Then,by convexity, it follows that

(10)
Combining(9) and(10) gives
(11)

Substitutingfrom (8) into (11) andrearrangingyve obtain

Now de ning to be the samplemeanof the number
of hopsover bits, we obtain

(12)

Substitutingrom (12)into (11) andrearrangingwe obtain

— (13)
By de nition thethroughputcapacity with high
probability As aresult, . Substitutinginto

(13), we obtain

Now, sincethe averagenumberof hopsperbit is thesame
asthe averagenumberof hopsper paclet andthe paclet-
sizescalesas , thetime spentby apacletateachrelay
is . Thereforetheaveragedelay , isof thesame
orderastheaveragenumberof hopsperbit, . This
concludeghe proof of Theoren. O

In this sectionwe considera randomnetwork with mo-
bile nodessimilarto themodelintroducedoy Grossglauser
andTsein [4]. They shavedthatunderthePhysicaimodel

is achivable. We assume nodesform-
ing S-D pairsin atorusof unit areaandassumeslotted
transmissiortime. Eachnode movesindependentiyand
uniformly onthe unit torus. Thus,at a giventime, anode

DELAY IN A MOBILE NETWORK FOR

is equally likely to be in ary part of the torus indepen-
dentof the locationof ary othernode. We rst presenta
schemeg(which is similar to thatin [4]) andshaw thatit
achievesconstanthroughputandthenanalyzeits delayin
Subsectionll-A.

Scheme2:

Divide the unit torusinto  squarecells, eachof area
Eachcell becomesctive oncein every cell time-
slotsasdiscussedan Lemmaz2.

In anactive cell, thetransmissions alwaysbetweerntwo
nodeswithin thesamecell.

In anactive cell, if two or morenodesare presentick
oneatrandom.Eachcell time-slotis dividedinto two sub-
slotsA andB.

— In sub-slotA, the randomlychosennodetransmitsto
its destinatiomodeif it is presenin the samecell. Other
wise, it transmitsits paclet to arandomlychosemodein
thesamecell, which actsasarelay

— In sub-slotB, therandomlychosemodepicksanother
nodeat randomfrom the samecell andtransmitsto it a
pacletthatis destinedo it.

We now prove that this schemeachiees constant
throughpuscaling.Theproofis simplerthantheonegiven
in [4] and,aswe shallsee,will helpusanalyzedelayand
characterizéhethroughput-delagrade-of in mobilewire-
lessnetworks (seeSectionlV).

Theorem 3. Thethroughputusing Stheme?2 is

Proof. The proof is basedon Part (c) of Lemmal and
Lemmaz2 asfollows:

Eachpaclet is transmitteddirectly to its destinationor
relayedat mostonceand hencethe nettrafc is at most
twicetheoriginaltrafc. Since: (i) anodeis choseno be
arelayatrandomfrom theothernodesn thesamecell and
(i) the nodeshave independenanduniformly distributed
motion,eachsources trafc getsspreaduniformly among
all othernodegsimilarto theargumentn [4]). As aresult,
in steadystate eachnodehaspacletsfor every othernode
for aconstanfractionof time

Sincein ary cell time-slot,the nodesare uniformly
distributedon thetorusandtheunit torusis dividedinto
squarecellseachof area  , by Lemmal(c),

fraction of the cells containat least nodes. Thus
from Lemma 2, fraction of cells can
executethe schemesuccessfully Sinceeachcell hasa
throughputof , the netthroughputn ary time-slotis

whp. Moreover, dueto reasongi) and(ii) above,the
throughputof is dividedamongall pairsequally
Thus,thethroughputperS-D pairis O



A. Analysisof Delay

To analyzethe delayfor Scheme2, we make the addi-
tional assumptiorthat eachnode moves accordingto an
independen®-dimensionaBrownianmotiononthetorus.
Note thatin the cellular settingwith  cells, a Brownian
motionon thetorusyieldsa symmetricrandomwalk on a
2-Dtorusof size .

Let the nodevelocity scaleas . We assumethat

scalesdown asafunctionof . Thisis motivatedby
thefactthatin areal network, eachnodewould occupy a
constantamountof area,andthus asthe network scales,
the overall areamustscaleaccordingly However, in our
model,asin [5], [4], we keepthetotalareax edandthere-
fore to simulatea realnetwork we mustscale down.

Note thata nodetravels to one of its neighboringcells
every time-slotswhere

(14)

Thus,we assumehateachnodemaovesaccordingo aran-
domwalk onthetorus,whereeachmove occursevery
time-slots.

We now preciselyde ne delayfor Scheme2. Sincethe
nodesperformindependentandomwalks, only
of the pacletsbelongingto ary S-D pair reachtheir des-
tinationin a singlehop (which happensvhenboth S and
D arein the samecell). Thus, mostof the pacletsreach
their destinatiorvia arelaynode wherethe delayhastwo
components(i) hop-delaywhichis constantindependent
of , and(ii) mobile-delay which is the time the paclet
spendattherelaywhile it is moving. To computemobile-
delaywe rst modelthequeuesormedatarelaynodefor
eachS-D pair asa Gl/GI/1-FCFS.Thenwe characterize
the interarrival andinterdeparturetimesof the queueto
obtainthe averagedelayin the mobile case.
Relay queue model: For eachS-D pair, eachof the re-
maining nodescanactasarelay Eachnodekeeps
a separatejueuefor eachS-D pair asillustratedin Fig-
ure4. Thusthemobile-delayis theaveragedelayatsucha
gueue By symmetryall suchqueuesatall relaynodesare
identical. Consideronesuchqueué, i.e., x anS-D pair
andarelaynodeR. To computethe averagedelayfor this
gueue,we needto studythe characteristic®f its arrival
anddepartureprocessesA pacletarriveswhen(i) Risin
thesamecell asS, and(ii) thecell becomesctive. Simi-
larly, a paclet departsvhenR is in the sameactive cell as
D. Let betheprobabilitythatthecellis active whenboth
R andSarein it. Notethat doesnotvarywith . De ne
the intermeetingtime of two nodesasthe time between

Fordelayto be®nite, thearrival ratemustbestrictly smallerthanthe
servicerate. To ensurethis, we assumehatif the availablethroughput
is , eachsourcetransmitsat arate , for some

OR®

S

o

Directtransmission

Fig. 4. Forary S-D pair, theremaining
maintainsa separatgueuefor eachof the

nodesactasrelays.Eachnode
S-Dpairs.

two consecutie instantswherethey arebothin the same
cell. Sincethe nodemotion is independenbf the event
thatthe cell is actve, the interarrival time is a sumof a
Geometrimumbey Geom , of intermeetingtimes
of SandR. Hencethe inter-arrival time is of the sameor-
derasthetheintermeetingtime of SandR. Similarly, the
interdeparturdime is alsoof the sameorderastheinter
meetingtime of R andD.

Averagedelay of GI/GI/1-FCFS queue: Sincethenodes
performindependensymmetricrandomwalks, the queue
ateachrelaynodeis GI/Gl/1-FCFS Theaveragedelayfor
a Gl/Gl/1-FCFSqueuecanbe boundedusingthe rst and
secondmomentsof the interarrival and interdeparture
times. We recall the following upperboundon the aver
agedelayfor a GI/Gl/1-FCFSqueueknown asKingman's
upperbound(see[8], page476).

Lemma 4. Considera discrete GI/GIl/1-FCFSqueue Let
be stationaryindependeninter-arrival times,
and be stationaryindependeninter-departue

times.Let

Var Var
Thentheavelage delayis boundedabove as

(15)

Also it is trivially truethat
(16)

Inter-meetingtime analysis: In view of theabovelemma,
we proceedo computehe rst andsecondnomentsf the
intermeetingtime. Thetoruswith  cellscanbe viewed
asa ~ grid. Let the positionof node attime
be , Where a

. Now considerthe differencerandomwalk between



where

, for . Sinceeachnode
is performinganindependensymmetricrandomwalk on
a 2-dimensionalgrid (or torus), eachof the components
is independenof all others. Further
sincewe areinterestednly in the rst two momentsgeach
componentanbe modeledasanindependensymmetric

nodes and , de nedby

randomwalk on a onedimensionalgrid of size , i.e.,
for ,

w.p.

w.p.
The meeting time of two nodes and is iden-

tied by the event .
Thus the intermeeting time is the random stopping
time

giventhat . We need
to compute . For furtheranalysiswe
consideronly the differencerandomwalk. Also notethat
the unit time stepof the randomwalk is actuallyof order

in realtime.
For , let

suchthat

De ne

arei.i.d. randomvari-
. As aresult,

Then where
ableswith the samedistribution as

(17)

The sequence forms a Markov chain
with a uniform distribution on the states

. By de nition  is theintervisit time
of this Markov chainto state Sinceit is a nite
stateMarkov chainwith a uniform stationarydistribution,

. Similarly, . By de nition, we
obtain, andhence . Com-
bining thiswith (17), we obtain

- (18)

Bound on . Let bea symmetricrandomwalk
on startingat position andlet
or ~ . Then . Now,

considerthe following lemma,which follows from stan-
dardresultsin probabilitytheoryfor martingales.

Lemmab.

Usingthisresult,it follows that
(19)

Bound on : Considertwo nodes and , both
startingat position attime and performinginde-
pendentsymmetricrandomwalks on a 1-D torus of size
. By de nition, isthenumberof timesnode vis-
its untilboth and areatposition forthe rst time
. Considerthe conditionalprobabilityof  being
at atarytime giventhatit wasat attime
This probability is ~ sincethe stationarydistribu-
tion of thepositionof  hasprobability ~ for position
. Moreover, node performsa randomwalk indepen-
dentof  andhenceit is easyto seethat is stochasti-
cally upperboundedby a Geometricandomvariablewith
parameter . Therefore

(20)

Finally from the above discussionpy combining(18),
(19) and(20), we obtainthefollowing result.

Lemma 6.

Now we arereadyto computethe averagedelay of a
pacletfor Scheme. FromLemma6, weobtain
and . Now using(15) and(16) alongwith
the factthatthe actualnumberof time-slotsper unit time
asconsideredor therandomwalk modelis (asgiven
by (14)), we obtainthefollowing theorem.

Theorem 4. Under Stheme2, theavelage delayincurred
by a padet

From Theorem4, for ~, we obtain,
, which correspond$o thepointR in Figure

IV. THROUGHPUT-DELAY TRADE-OFF IN MOBILE
NETWORKS

In this sectionwe nd the optimal throughput-delay
trade-of in random mobile networks. To achieze this
trade-of, we introduceScheme3. This schemas divided
into two partsbasedon the rangeof throughput:Scheme
3(a)is for ~, while Scheme3(b) is
for



For xed networks, with throughput
, Schemel achieves the optimal trade-
off of . Sincethe nodesmove ran-

domly andindependentlyuseof mobility canonly result
in higherdelays.Henceto achiere atrade-of for through-
put - ,weuseScheme3(a)whichis
anadaptatiorof Schemel for mobile networks.

To achiere constantthroughputscaling,in Scheme2,
the unit torus was divided into squarecells of area
Thetransmissionsccurredonly whenthe source(or des-
tination) and relay were in the samecell. The effective
“neighborhood”of a nodewas the areaof the cell con-
tainingit, andthe schemausedmobility to bring therelay
nodeinto the “neighborhood’of the destinatiorto deliver
the paclet. This suggestdhatdelaycanbe decreasethy
increasingthe size of the “neighborhood”of eachnode.
But alarger neighborhoodvould resultin lower through-
put dueto increasednterferencethusproviding a trade-
off. To achieve thetrade-of for ,
we useScheme3(b) whichemplo/sbothmobility of nodes
andrelayingacros<ellsto reducenterference.
Scheme3(a):

Asin Schemel, divide theunit torususinga squaregrid
into squarecells,eachof area (seeFigure?2).

A cellular TDMA transmissionschemeis used, in
which, eachcell becomesctive atregularly scheduledell
time-slots(seeFigure3). FromLemmaz2, eachcell getsa
chanceo beactive onceevery cell time-slots.

A sourceS sendsts pacletdirectlytoits destinatiorD if
it isin ary of theneighboringcells. Otherwisejt randomly
choosesrelaynodeR in anadjacencell onthe S-Dline
atthetime of transmission.

Whenthe cell containingthe relay nodeR is active, R
transmitsthe paclet directly to D, if D is in a neighbor
ing cell. Otherwise,it relaysthe paclet againto a ran-
domly chosennodein a neighboringcell on the straight
line connectingit to D. This processcontinuesuntil the
pacletreacheshedestination.

Thefollowing theoremshaws thatin spiteof nodemo-
bility, Scheme3(a) achieves the samethroughput-delay
trade-of asSchemel for x ednetworks.

Theorem5. If satis esthecondition

(21)
Stheme3(a) achievesthe following trade-of:

for

Proof. First we shav that condition(21) is necessaryor
every pacletto beeventuallydelivered.Considera paclet
relayedfrom a sourcetoward its destination,andlet the
initial distancebetweenthe sourceandits destinationbe

Eachrelaying step occurswithin time slots.
Eachtime the paclet is relayed,the distancebetweerthe
centerof the cell containingthe paclet andits destination
decreasedy atleast . On the otherhand, since
the nodesmove with velocity , this distancecanin-
creaseby at most . Thusafterthe paclet is
relayed times,thedistancebetweerthe centerof thecell
containingthe paclet andits destinatiorwill belessthan

- . Henceif :
the paclet eventually reachests destination. Sincewe
have , this resultsin condition (21)
beingnecessarjor thesucces®f thescheme.

Note that whencondition(21) is satis ed, the average
numberof times a paclet hasto be relayedin orderto
reachits destinatioris of order ~, whichisthe
sameasin Schemel for x ednetworks. Hencethe delay

Next we analyzethe throughputfor Scheme3(a). De-
ne an S-D path (which is not necessarilya straightline)
of a paclet for a particularS-D pair asthe concatenation
of line-s@gmentsjoining the centersof the cells through
which it hops.As in the analysisof Schemel, in orderto
determinghethroughputwe considetthe S-D pathspass-
ing througha cell in sometime-siot.

From the precedingdiscussionabout the delay the
numberof hops , for ary paclet of an S-D pair , is

. Hence , asde ned in the

proofof Lemma3, hasthesameorder Fora x edcelland
time-slot,de ne asin the proof of Lemmaa3, i.e.,
is theindicatorfor theeventthathop of anS-D pair 's
paclet originatesin the cell duringthis time-slot. Theran-

domvariable hasthesamepropertiesasthatin Lemma

3, i.e., (i) independencketween and  for ,

(ii) event cannotoccurfor ary given
, and (iii)

As aresult asin Lemmas, thenumberof S- Dpathspass-
ing throughary cell atary giventime-slotis

ConsequentlyitheachiezablethroughpufperS-D pairis at
least . By choosinga particular such
that we obtain the trade-of region
statedn thetheorem. O

To obtainhigherthroughputswe needto usemobility,
andto obtainlower delay we needto usemultiple hops
cleverly. Thisleadsto thefollowing scheme.
Scheme3(b):

As in Scheme3(a), divide the unit torususinga square
grid into squarecells, eachof area . We further lay
out an additionalgrid formed by squaresub-cellsof size

asshawvn in Fig 5. Thuseachsquare

cell of area contains sub-cellseachof area



\
Sub cells of areab(n)

Cells of areaa(n)

Fig.5. Schemes(b)for throughput-delayrade-of in amobilenetwork.

A cellular TDMA transmissionschemeis used, in
which, eachcell becomesctive atregularly scheduledell
time-slots(seeFigure 3). A cell time-slotis divided into

paclettime-slots.

An active paclet time-slotis divided into two sub-slots
A andB.

— In sub-slotA, eachnodesendsa paclet to its destina-
tion nodeif it is presentin the samecell. Otherwise,it
sendsits paclet to a randomlychosennodein the same
cell, which actsasarelay The paclet is sentusinghops
alongsub-cellsof size asin Schemed(a).

— In sub-slotB, eachnodepicks anothemodeat random
from thesamecell andsendsa paclet thatis destinedo it.
Again, the paclet is sentusinghopsalongsub-cellsasin
Schemed(a).

We notethat,theabore schemeaequireshe paclet-size
to scaleas insteadof as

Theschemas depictedn Figure5. A sourceS rst de-
liversits pacletto amobilerelaynodeR whichis choserat
randomfrom all nodesin the samecell. The mobilerelay
nodeR deliversthe paclet to thedestinatiomodeD when
R andD arein the samecell. In this sensehe schemds
similarto Scheme2. However the paclet delivery in both
thesecasess by hopsalongsub-cellsasin Scheme3(a).

Thefollowing theorenstategshetrade-of achievableby
Schemed(b) for mobile networks.

Theorem 6. If condition(21),i.e.,
is satis ed, then Sheme3(b) achieves the throughput-

delaytrade-of givenby

and

whee and

Proof. As discussedn the proof of Theoremb, in order
to guaranteehatafterleaving its sourcea paclet is even-
tually deliveredto its destinationwe musthave
. Since , this implies that
condition(21)is necessarfor theschemeo besuccessful.
In steadystate,eachnodehaspaclets for every other
node for a constantfraction of the time and the trafc
betweeneachsource-destinatiopair is spreaduniformly
acrossall othernodes.Notethatthis is simply arepeatof
the statementfrom the proof of Theorem3 for Scheme2.
In ary paclet time-slotin a given cell: (i) the S-Ror
R-D pairsarerandomlychoseraccordingo Scheme3(b),
(i) pacletsarecommunicatecccordingto Scheme3(a),
and (iii) thereare sub-cellsand
nodes.Hence,asin the proof of Theo-
rem5 for Schemed(a),thethroughputbetweersS-R/ R-D
pairsis - . Thusthe
throughputfor ary S-D pairis
Thedelayhastwo components(i) hop- delaywhlch is
proportionalto the numberof hopsalong sub-cellsfrom
a sourceto the mobile relay andfrom the mobilerelayto
the destinationand (ii) mobile-delaywhich is thetime it
takes the mobile relay nodeto reachthe cell containing
thedestinatiorandto deliver the pacletto it. Theaverage
numberof hopstaken by a pacletin sub-slotsA andB is
then . Hencethe hop-
delayis . Themobile-
delaycanbe analyzedn the samemannerasfor Scheme
2 with thefollowing differences.
Theintermeetingtime of nodesfor Scheme3(b) is for
a randomwalk on a discrete-torusof size
, insteadof N
Thetimetakenby anodeto move outof acell is
- , insteadof -
Now usingLemma6 and Lemma4 with the two differ-
encesnentionedabove, the mobile-delayis
. Due to condition (21), the mobile-
delayalwaysdominateghe hop-delayandhencethe aver
agedelayis of the sameorderasthe mobile-delay O

The trade-of obtainedby Scheme3 is demonstrated
graphicallyin Figurel assuming



A. Optimality of Sheme3

Considerary communicationschemefor the random
mobile network introducedin Sectionlll. The distance
traveledby a paclet betweerits sourceanddestinations
the sumof thetotal distanceraveledby hopsandthetotal
distancetraveled by the mobile relaysused. Let be
the samplemeandistanceraveledby hopsaveragedover
all paclets. In thefollowing lemmawe obtaina boundon
the throughputscalingasa function of usingatech-
niquesimilarto theoneusedin Theorem2. We thenshov
thatto achieve this optimal throughputthe minimum de-
lay incurredis of thesameorderasthedelayof Schemes,
whichwill establisithe optimality of Schemes.

Lemma 7. The achievable throughput for any
schemewith samplemeandistancetraveledby hops
is boundedhbove as

(22)

Proof. We merelyoutline the proof asit is similar to that
of Theoren?. Herethe equialentsof (8) and(11)are:

(23)

and
— e — (24)
where is a constanthatdoesnot dependon . Substi-

tuting from (23) into (24) andrearrangingve obtain

(25)

where

is thesamplemeanof hop-lengthover
ing we obtain

hops.Rearrang-

(26)

Now for ary cellular schemerequiring full connecityity,

the hop distanceis and hencewe obtain

O

Note that for Schemes3(a) and 3(b) with parameter
, theaveragehopdistance . Thus
the abore boundon throughputhasthe sameorderasthe
boundsin Theorems-6.
Optimality of Scheme3(a): First considerthe casewhen
mobility is notused,i.e., . In this casefrom

(26), we obtain,
whichis only dueto hops.

Now supposenobility is usedfor the samethroughput,
ie., remainsof the sameorderin (26). If

, thenthedelaydueto hoppingis in addition
to mobile-delay This implies that, use of mobility will
resultin aworsetrade-of. Thus,the useof mobility when
doesnothelp.

, anddelay

If , thenthe averagedistancetraveled by

a paclet via nodemobility is . From condition21,
since , the averagemobile-delayis
. Since , the hop-delay

is . Clearly the mobile-delay

dominateghe hop-delayfor ary
From the above discussion,the optimal throughput-
delaytrade-of is boundedas

for

Since this throughput-delaytrade-of is achieved by
Schemed(a),it is optimal.
Optimality of Scheme3(b): From (22), it is clearthat
achieving requiresthat
. But from the precedingdiscussionfor ary , when
, themobile-delaydominateshehop-delay Thus,
to maximize the throughputfor a given delay ary op-
timal schememust have There-
fore, for ary optimal scheme,the throughput

Considera throughput-delayptimal schemewith av-
eragehop distance For ary such scheme, xing
a throughput , Xes . The goal of an optimal
schemaeis to usehopsto minimize the time for a paclet
to reachits destination.

Considetthetransmissiorof apaclet startingfrom its
sourceS andmaving towardsits destinatiorD, initially at
adistance from S.Recallthata paclettravelsadistance

throughhopsandtherestthroughthe motion of
thenodesrelayingit. De ne  to bethetime it takesthe
paclet , afterleaving its sourceS, to reachits destination
D. We ignorethetime requiredfor hopsasthe mobile de-
lay dominateghetotal delay Let bethe expectation
of foragiven and . Notethat,theexpectatioris over
thedistribution inducedby randomwalks of the nodes.

We claimthefollowing.

Lemma8. Forany and , asctemethatminimizes
mustperformall the hopsthe r sttimethe padketis at a
distanceessthanor equalto fromits destinatiorD.

Proof. For , the Lemmaclearly holds. For ,
considerthe following two schemes.SchemeA usesthe
entirehopdistance whenthepacletreachesvithin adis-
tance of D for the rst time, whichis consistentvith the



claimof thelemma.SchemeB usesahopof length when
thepacletis atadistance ( ) from D, anduses
theremaininghop distance attheend,asin Scheme
A.

We wantto shav that,on average a paclettakeslonger
to reachD in SchemeB thanin Scheme@A. For simplicity,
we assumehat D is x ed. This doesnot affect general-
ity asall nodesperformindependensymmetricrandom
walks.

Considerthe pathof a paclet originating at distance
from D. Until the paclet reachesvithin adistance of D,
its pathis thesamein bothschemesAs illustratedin Fig-
ure6, underSchemeB, atpoint X, whichis atadistance
from D, thepaclettravelsadistance by hopstowardD to
reachY. UnderSchemeA, the paclet remainsat point X.
At this instant,the remainingtime for the paclet to reach
D underSchemeA, |, is thetime taken to reacha ball

startingfrom X, and under SchemeB, it is the
time takento reach , startingfrom Y. We
now shav thaton average . Considera point D'
ontheline X-D atdistance from D (asdepictedin Fig-
ure 6). Sinceall nodesperformindependensymmetric
randomwalks, the probability thata pathstartingfrom X

reaches isthesameastheprobabilitythatary path
startingfrom reaches . Notethat, by construc-
tion, . Hencethetime for a paclet

atY toreach is stochasticallydominatedby the
timeneededoreach . Thisprovesthatthetime
takenby SchemeA is strictly smallerthanthetime taken
by SchemeB onaverage.

Using the above agumentinductively for all hopses-
tablisheghelemma. O

The above lemmashaws that a throughput-delaypti-
mal schemeamustutilize all the hopsat the end. Sincein
Scheme3(b) half the hopsareperformedattheend,it fol-
lowsthatits achiezablethroughput-delayrade-of is of the
sameorderasthatof anoptimalscheme This establishes
thefollowing theorem.

Theorem 7. Stheme3 obtainsthe optimal throughput-
delaytrade-of for mobilenetworks.

V. CONCLUSION

Theway throughputscaleswith the numberof nodesn
ad hoc x edandmobilewirelessnetworks hasbeenwell-
studied. However, the way delay scaleswith the size of
suchnetworks hasnot beenaddressegbreviously. This
paperprovides a de nition of delayin ad hoc networks
and obtains optimal throughput-delaytrade-of in x ed
andmobile ad hoc networks. For the Gupta-Kumar x ed
network model, we shaved that the optimal throughput-
delaytrade-of is given by . For the

Fig. 6. lllustrationfor comparisorof Schemes andB.

Grossglauserse mobile network model,we shaved that
thedelayscalesas . For amobilewireless
network we describeda schemehatachiazesthe optimal
throughput-delayrade-of by varyingthe numberof hops,
the transmissiorrange,and the degree of node mobility.
The schemecaptureshe Gupta-Kumar modelat one ex-
tremeandthe Grossglausefse model at the other The
proofsuseauni ed framevork andsimplertoolsthanused
in previouswork.
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