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Abstract— We consider a multi-user multiple input multiple output ~ @s the MIMO BC. We establish this duality by showing that all
(MIMO) r?aussialn blroadcast channel (Bﬁ)' where Lhe tgansmi;: anld re- rates achievable in the dual MIMO MAC with power constraints
ceivers have multiple antennas. Since the MIMO broadcast dmnel is in : :
general a non-degraded broadcast channel, its capacity rean remains an whose sum equals the _BC power constralnt ar_e also aCh_Ievable
unsolved problem. In this paper, we establish a duality beteen what is 1IN the MIMO BC, and vice versa. This duality is the multiple-
termed the “dirty paper” achievable region (the Caire-Shamai achievable antenna extension of the previously established dualityéxen
region) for the MIMO broadcast channel and the capacity regon of the the scalar Gaussian BC and MAC [9] Though we consider onIy
MIMO multiple-access channel (MAC), which is easy to comput. Using h h | his duali iv b ho
this duality, we greatly reduce the computational complexy required for the ConStant c ann'e case, this dua 'tY can easily be shown t
obtaining the dirty paper achievable region for the MIMO BC. We also hold for fading multiple-antenna Gaussian BC's and MACS, a
s?oa/v that the dirtgl papelk');acl’?ievar?le rﬁgion achieves the suma]}t(-:r-]capacity it does in the scalar channel case. This duality has two itapor
of the MIMO BC by establishing that the maximum sum rate of this region A L . . .
equals an upper-bound on the sum rate of the MIMO BC. app_llcatlons. it permits us tq co_mpute Wlth ease the dlrtyepg
region of the MIMO BC, which is very dif cult to compute di-
rectly, and it allows us to show that the dirty paper achiévab

I. INTRODUCTION region achieves the sum rate capacity of the MIMO BC.

Multiple input multiple output (MIMO) systems have re- Finding th_e full capacity region of the MIMO BC is very dif-
ceived a great deal of attention as a method to achieve vyt due to its non-degraded nature, but we are able to show
high data rates over wireless links. The capacity of singler that the dirty paper region achieves the sum rate capacityeof
MIMO Gaussian channels was rst studied by Foschini [1] anf!MO BC through the use of the Sato upper bound on the sum-
Telatar [2]. This work has also been extended to the MIMERE capacity of broadcast channels [10]. The Sato upperdou
multiple-access channel (MAC) [2-4]. The capacity of MIMdVas rst applied to the MIMO BC by Caire and Shamai [5] to
broadcast channels (BC), however, is an open problem duetd the sum rate capacity of the ( ) channel.
the lack of a general theory on non-degraded broadcast chelfind Sato's technique, we bound the sum rate capacity of the
nels. In pioneering work by Caire and Shamai [5], a set MIMO BC by considering the capacity when the receivers
achievable rates (the achievable region) for the MIMO broaB€rform joint signal detection (i.e. we consider a singiesu
cast channel was obtained by applying the “dirty paper”Itesu antenna channel) when the noise at every an-
[6] at the transmitter (or alternatively coding for non-sally tennais correlated with the noise at every other antennepéxc
known interference). It was also shown in [5, 7] that the suffif those at the same receiver, and we analytically show, em-
rate MIMO BC capacity equals the maximum sum rate of thjoying a proof which generally constructs the worst-casise
achievable region for the two user broadcast channel with é@variance matrix, that this upper bound coincides exauitly
arbitrary number of transmit antennas () and one receive the maximum achievable sum rate in the dirty paper region.
antenna at each receiver ( ). However, computing  There has been parallel work on the optimality of the dirty
this region is extremely complex and the approach used i [5paper region for sum capacity of the BC. In [11], the authors
to prove the optimality of dirty-paper coding for sum rateedo handle those channels for which the worst-case correlation
not appear to work for the more general class of channels (itlee noise in the Sato upper bound is non-singular, and in [12]
an arbitrary number of users and receive antennas) which the authors handle channels with multiple transmit ante o
consider. only one antenna at each receiver. In this paper we deal with

In this paper, we consider a-user MIMO Gaussian BC in the most general case, with no restrictions on the number of
which receiver has receive antennas and the transmittegntennas or on the worst-case noise.
has transmit antennas. The achievable region for a generalAlthough the optimality of the dirty paper region has only
MIMO BC requires an extension of the Caire-Shamai region teeen shown for sum rate (and trivially for the corner poirfts o
multiple users and multiple receive antennas, which was dathe region), the fact that the dirty paper region is equahto t
by Yu and Ciof in [8]. We refer to this extension as the dirtydual MIMO MAC capacity region together with the fact that the
paper region. We establish a duality between the dirty peper scalar Gaussian BC capacity region is equal to the dual MAC
gion of the MIMO BC and the capacity region of the MIMOcapacity region leads us to believe that the dirty paperoregi
MAC. In other words, we show that the dirty paper region imay actually be the capacity region of the MIMO BC. Signi -



v Now consider the dual multiple-access channel shown in the
I:I_)O_) - right half of Fig. 1. The dual channel is arrived at by conveyt
the receivers in the BC into transmitters in the MAC and con-
verting the -antenna transmitter into aantenna receiver. No-
tice that the channel gains of the dual MAC are the same as that
I:I_’O_’ of the broadcast channel, i.e. corresponds to the gain
N l from transmit antennato antenna of receiver inthe BC and
O—» to the gain from antennaof transmitter to receive antenna

in the MAC.
v / Let be the transmitted signal of transmitter

I:I_,O_, - Let be the received signal and the noise
vector where . The received signal is mathemati-

cally represented as

Fig. 1. System models of the MIMO BC(left) and the MIMO MAC dhit)
channels

cant progress towards proving this conjecture has recbetyn : where
made [13] [14], but this hypothesis remains unproven.

The remainder of this paper is organized as follows. In Sec-
tion 1l we describe the MIMO BC and the dual MIMO MAC. In the dual MAC, each transmitter is subject to an individual
In Section Ill we summarize some background informatiopower constraint of , with (i.e. the
including the achievable “dirty paper” BC region, the MIMOsum of the MAC power constraints equals the BC power con-
MAC capacity region, and the duality of the scalar MAC angltraint). We also assume perfect knowledge of the channel at
BC. We describe the MIMO MAC-BC duality result in Sectiorthe transmitters and the receiver in the dual MAC.
IV. In Section V, we show that the dirty paper region achieves Lastly, we de ne thecooperative systerto be the same as
sum rate capacity of the MIMO BC and we provide a few illusthe broadcast channel, but with all receivers coordingbnzger-
trative examples in Section VI. We conclude with Section. VIl form joint detection. If the receivers are allowed to coaper
the broadcast channel reduces to a single-user
IIl. SysTEM MODEL multiple-antenna system described by

We use boldface to denote matrices and vectorsdenotes

the determinant and  the inverse of a square matrix For (2)
any general matrix , denotes the conjugate transpose and

Tr denotes the trace. denotes the identity matrix and

diag denotes a diagonal matrix with the  entry equal where ; and ; . We call the capacity of
to

We consider a MIMO broadcast channel with -antenna ¢ system theooperativecapacity.
transmitter and receivers with receive antennas, We use ' and
respectively. The transmitter sends independent infoomao to denote the capacity regions of the MIMO BC, MIMO MAC,
each receiver. The broadcast channel is the system on the lef, cooperative system, respectively.
Fig. 1.

Let be the transmitted vector signal and let I1l. BACKGROUND

be the channel matrix of receiverwhere rep-

resents the channel gain from transmit antent@antenna of

receiver . The white Gaussian noise at receivas represented ! . . I
by Where Let be the MAC capacity region [2—4] extensively in this paper. Henge,

received signal at receiver The received signal is mathemati-rSt summarize thes_e results and then state results on thltylu
of the scalar Gaussian BC and MAC [9].
cally represented as

To obtain our results, we use the achievable region of the
MIMO BC channel obtained in [5, 8] and results on the MIMO

A. Achievable BC Region - The Dirty Paper Region

where : (1) An achievable region for the MIMO BC was rst obtained
' in [5]. In [8], the region was extended to the more general
multiple-user, multiple-antenna case using the followéxten-
The matrix represents the channel gains of all receivers. Tl@n of dirty paper coding [6] to the vector case:

covariance matrix of the input signal is . The Lemma 1:[Yu, Ciof] Consider a channel with
transmitter is subject to an average power constrainivhich , where s the received vector, the trans-
implies Tr . We assume the channel matrix is mitted vector, the vector Gaussian interference, andthe

constant and is known perfectly at the transmitter and akall vector white Gaussian noise. If and are independent and
ceivers. non-causal knowledge of is available at the transmitter but



not at the receiver, then the capacity of the channel is theesa For , we denote by the following set
asif isnot present.

In the MIMO BC, this result can be applied at the transmitter
when choosing codewords for different receivers. The traiRs
ter rst picks a codeword for receiver 1. The transmitterrthe
chooses a codeword for receiver 2 with full (non-causal)®no
edge of the codeword intended for receiver 1. Thereforevece r
2 does not see the codeword intended for receiver 1 as interfe
ence. Similarly, the codeword for receiver 3 is chosen shah t (6)
receiver 3 does not see the signals intended for receivensl 1 a
2 as interference. This process continues for alfeceivers. ) ) ) o
Receiver 1 subsequently sees the signals intended forhat otBY the argument provided in [4, Theorem 1], this region is-con
users as interference, Receiver 2 sees the signals intéaded/€X- It can easily be shown that this region is the capacgiore
Users 3 through K as interference, etc. Since the ordering@fa MAC when the transmitters have a sum power constraint

achievable rate vector: cooperate. Additionally, the MIMO MAC rates can be shown to

be a concave function of the covariance matrices. This &spli
that the boundary points (and the corresponding covariarace
trices) of the sum power MIMO MAC capacity region can be
found by a standard convex program (see [4] for a discussion
() of this with regards to the individual power constraint MIMO
. . . MAC, which is nearly identical in structure). This fact tern
The dirty-paper region is dened as the con- out to be quite important because later we show that the MIMO

vex hull .O; thg union O.f all such _rates vectors overhallhposMAC sum power constraint region is equal to the dirty paper
tive semi-de nite covariance matrices such that  1iavable region of the dual MIMO BC.

Tr Tr and over all permutations
' C. Duality of the Scalar Gaussian MAC and BC

Lastly, we state the duality result for scalar Gaussian MAC
(4) and BC channels [9].
Theorem 1(Jindal, Vishwanath, Goldsmith) The capacity re-
gion of a scalar Gaussian BC with powerand channels

where is given by (3). The transmitted signal is is equal to the union of capacity regions of the dual
and the input covariance matrices are of thgiac with powers such that :

form . The dirty paper-coding procedure yields

statistically independent signals , from which it fol- )

lows

Ong mp_ortanF feature to notice apout the d'f‘y paper ra.ﬁ]e proof of this is obtained by showing that any set of rates
equations in (3) is that the rate equations are neither aBNC chievable in the BC is also achievable in the MAC, and vice

nor convex function of the covariance matrices. This makes I . .
. . . . versa. One key point is that to achieve the same rate vedtoe in
nding the dirty paper region very dif cult, because genkya

. . . : BC and MAC, the decoding order must in general be reversed,
the entire space of covariance matrices which meet the power. . . )

. ) .. 1€ if User 1 is decoded last in the BC then User 1 is decoded
constraint must be searched over. In this paper we congider f _, . . . : L
X . . . . rst in the MAC. In the next section, we will derive a similar

dirty paper region subject to a transmit power constraing- R . . . .
. . . . result that equates the dirty paper BC achievable regiamthvé
cent work [15] has characterized the dirty paper regionexiibj . .
L . . Lo . union of MAC capacity regions for the MIMO channel we are
to individual rate constraints (i.e. minimizing the transpower

required to achieve a certain set of rates). considering.

B. MIMO MAC Capacity Region IV. DUALITY OF THE MAC AND
DIRTY PAPERBC REGION

The capacity region of a general MIMO MAC was obtained ] ] . ]
in [2—4] We now describe this capacity region for the dual I this section we show that the capacity region of the MIMO

MIMO MAC as de ned in Section II. For any set of powersMAC with a sum power constraint of for the  transmit-
the capacity of the MIMO MAC is ters is the same as the dirty paper region of the dual MIMO

BC with power constraint . In other words, any rate vec-
(S)tor that is achievable in the dual MAC with power constraints
is in the dirty paper region of the BC with power
constraint . Conversely, any rate vector that is in the
dirty paper region of the BC is also in the dual MIMO MAC
region with the same total power constraint.

Tr



Theorem 2:The dirty paper region of a MIMO BC channelA. Terminology
with power constraint is equal to the capacity region of the

dual MIMO MAC with sum power constraint . First, we explain the termsffective channeind ipped chan-

nel. A single user MIMO system with channel matrix , ad-
ditive Gaussian noise with covariance and additive indepen-
dent Gaussian interference with covariances said to have an
effective channel of . The set of rates achievable
by and a different system with channel matrix equal to the
effective channel and with additive white noise of unit sade
Gand no interference are the same. Also, the capacity of amsyst

in the MAC is also in the dirty paper region of the dual MIMO with effective channel matrix and the capacity of system

BC. More speci cally, we show by the MAC to BC transfor- with effective channel matrix , termed the ipped (_:hgﬂ-
mations below that for every set of MAC covariance matricé)sel’ are the same [2]. In other words, for every transmit deva

Proof: We rst prove
showing that every rate vector achieved by successive dago

and any decoding order in the MAC, there exist n(zceth In ¢ ,tr;](_ere e;gs_t; ain W'tk; tTrth tTr hi sucdhb
BC covariance matrices using the same sum power ailn € rallne :C (I;Vdeix Ayv:/r(la shclivetg;ti otherateac Irfl\(/;ats y
as the MAC (i.e. Tr = Tr ) such that the | bp

MAC rates are achievable in the BC using the dirty paper Coth_l$ criterion where the Singular Value Decomposition (S\¥D

ing method described in Section IlI-A. Each set of MAC CO%ascribe the cova\r/;I:r?ccz tr;?\ssfggr?w;iggg diagorialNext, we

variance matrices corresponds to adimensional polyhedron, '

as described in (5), with the corner points of the polyhedron .

corresponding to performing successive decoding at thevec 5 MAC t0 BC Transformation

in one of the  possible decoding orders. By the convexity of |n this section we derive a transformation that takes astipu

the dirty paper region (due to the convex hull operation)s it a set of MAC covariance matrices and a decoding order and out-

suf cient to show that the corner points of all polyhedrons.( puts a set of BC covariances with the same sum power as the

the successive decoding points) corresponding to all MAC cQIAC covariances that achieve rates equal to the rates ahiev

variance matrices are in the dirty paper region of the duall in the MAC using the MAC covariance matrices and successive

BC. Thus, with the MAC to BC transformations described beecoding with the speci ed decoding order.

low, this implies : Since the numbering of the users is arbitrary , we assume that
We complete the proof by showing User 1 is decoded rst, User 2 second, and so on at the MAC

. We prove this by showing (via the BC to MAC'€Ceiver.

transformations below) that for every set of BC covariange m L€t and

trices and any encoding order there exist MAC covariancemat . The rate achieved by Userin the MAC
ces that achieve the same set of rates using the same sum pdaesome arbitrary set of positive semi-de nite covariamoe-
The convexity of the MIMO MAC sum power constraint regionrices is given by

thus implies that . This completes

the proof, provided we have the transformations given below
that map the MAC covariances to the BC covariances and vice M
versa. |

Next, we explain some terminology used in the transforma-
tions, followed by the actual transformations. It is impaort
to point out that the transformations require a reversesdiec
ing/encoding order of the users in the dual MAC/BC channel. |
other words, if User 1 is decoded rst in the MAC (i.e. User 1
suffers interference of all other users' signals), then wisten-
code User 1's signdast (i.e. no interference from other users}\lotice that
in the BC to achieve the same rates using these transfomsatio in the MAC. To simplify, we take the square root of _and
Also, notice that the proof of duality only requiregistencenf use the prop.erty ' " We also introduce
BC covariance matrices which satisfy the rates achieved by a ; .
set of MAC covariance matrices, and vice versa. However, the into the expression to get
below transformations actually provide equations for thag-
formed BC covariances as a function of the MAC covariancesM
and vice versa. This can be quite useful because it is gener-
ally much easier to nd the optimal BC covariance matrices b¥ ) )
nding the optimal MIMO MAC covariance matrices and then! "€ating as the effective channel of the system,
transforming the matrices to BC covariance m.amces (dm.ba.o Note that the standard SVD command in MATLAB does not alwaysrn a
convex structure of the MIMO MAC rate equations) than it is thuare and diagonal matrix of singular values, so modiarathay be necessary
directly search for the optimum BC covariance matrices. to generate the ipped matrix correctly.

represents the interference experienced by User



we ip the channel and nd such that transformation, we treat as the effective chan-

nel and as the covariance matrix. By ipping the
Tr Tr effective channel, we obtain and obtain the trans-
M - formation
o (12)

Now consider the rate of Userin the BC assuming that the
opposite encoding order is used (i.e. User 1 is encodedlast,

2 second to last,etc) (13)

(14)

As before, if we use the opposite decoding order in the MAC
(i.e. User decoded rst, etc.), this transformation ensures that
the rates of all users in the BC and MAC are equivalent along
with the total power used in the BC and MAC. Also note that
Here represents the interference experienced by User we can sequentially compute the's in decreasing numerical
the BC. If we choose the BC covariances as order. If we substitute in the expression generating theeip
channel, the expression for the MAC covariance matrix of the
(8)  -thuserin (13) can be expanded as:

(15)
9)
where the effective channel is decomposed us-
ing the SVD as , Wwhere is a

(10) square and diagonal matrix.

clearly we see M B. Additionally, it is easy to show that D. MIMO MAC with Individual Power Constraints

t_he resu_lting <_:ovariance ma_ltrices are all symmetric and- pos \\je can also obtain the capacity region of a MIMO MAC with
tive semi-de nite. In Appendix B, we show that the transf@m jngjvidual power constraints on each user from the dirtygpap
tions given by (8)-(10) satisfy the sum trace constrainthatt region of a dual MIMO BC. By Theorem 3 of [9], we can char-
Tr Tr . Notethat dependsonly on acterize the individual power constraint MIMO MAC capacity
, and hence the can be computed sequentiallyregion as an intersection of sum power constraint MIMO MAC
in increasing order. By doing this for all users, we nd co- capacity regions. By duality, we know that the sum power con-
variance matrices for the BC that achieve the same rate he indtraint MIMO MAC capacity region is equal to the dirty paper
MAC. If we substitute in the expression generating the igpeachievable region of the dual MIMO BC.
channel, the expression for the BC covariance matrix of #fe  Corollary 1: The capacity region of a MIMO MAC is the in-
user in (9) can be expanded as: tersection of the scaled dirty paper regions of the MIMO BC.
Mathematically, this is stated as:

(11)
where the effective channel is decomposed us- - o
ing the SVD as , Where is a (16)
square and diagonal matrix. Proof: This result can be obtained by a straightforward
] application of Theorem 3 from [9] to the MIMO MAC capac-

C. BCto MAC transformation ity region and the duality developed in Theorem 2. The scaled

In this section we derive a transformation which, given a ssiMO BC here refers to the channel where the matrix of each
of BC covariance matrices and an encoding order, outputs al§geiver isscaledby ~ . u

of MAC covariances with the same sum power as the BC covari-
ances that achieve MAC rates (using successive decoding) eq
to the rates achieved in the BC using the BC covariance matridn the previous sections we showed that the dirty paper negio
ces. These transformations are almost identical to the MBAC-of the BC and the union of the dual MAC capacity regions are
BC transformations. For the dirty paper encoding at the BE, vequivalent. Now we show that the dirty paper broadcastirag-st
assume that User K is encoded rst, User  second, and so egy is the capacity achieving strategy for the sum rate ¢gpac
on in decreasing order. Along the same lines as the MAC-B the MIMO BC. To do this, we make use of the duality of the

V. SuM RATE CAPACITY OF BC CHANNELS



dirty paper region and the dual MAC to show that the dirty pape Theorem 3:The sum rate capacity of the MIMO BC equals
region achieves an upper bound on the sum rate capacity of the Sato upper bound. Furthermore, the dirty paper codiat st
MIMO BC. egy achieves the sum rate capacity of the MIMO BC

In [10], Sato presents an upper bound on the capacity region
of general BCs. This bound utilizes the capacity of¢chepera- ) . (19)
tive systenas de ned in Section II. Since the cooperative system Froof: Since the sum rate capacity of the MIMO BC can

is the same as the BC, but with receiver coordination, thacapP® NO larger than the Sato upper bound, it is suf cient to show
ity of the cooperative system ( ) is an upper bound that the Sato upper bound is actually achievable in the MIMO

on the BC sum rate capacity ( ). This bound is BC using dirty paper coding. Note that, by duality, we knomth
not tight in general, but by introducing noise correlatidrite ("€ Maximum sum rate of the MIMO MAC equals the maximum

different receivers, we can get a much stronger bound. sum rate of the dirty paper achievable region. We therefargtm

Since the capacity region of a general BC depends only BfioW the inequality:
the marginal transition probabilities of the channel (i.e. )

and not on the joint distribution [16, Theorem

14.6.1], correlation between the noise vectorglifferent re- (20)
ceiversof the BC does not affect the BC capacity region. It does, Tr

however, affect the capacity of the cooperative systemchvisi 21)
still an upper bound on the sum rate of the BC. Therefore we

retain : as before (i.e. noise compo- We prove (21) by using Lagrangian duality to express both
nents at the multiple receive antennas within a single veceithe Sato upper bound and the MIMO MAC sum rate capacity in
are uncorrelated) and let , since intro- different forms. Speci cally, as shown in Appendix C, we can

ducing noise correlation within a receiver affects the do@st alternatively write the Sato upper bound de ned in (18) &=(s
capacity region. Let denote the noise covariance matrix in th¢sg))

cooperative system (i.e where ) to

de ne the set to be allnon-singular(or strictly positive de ni-

tive) noise covariance matrices satisfying the Sato uppand 22)
conditions

(17 and the MIMO MAC sum rate capacity (20) as

Then for any , the cooperative capacity

is an upper bound to , since receiver coordi-

nation can only increase capacity. Hence an upper bound on
can be obtained as:

(23)

Notice that the objective functions of (22) and (23) are tras,
but the variables and constraints are different. We willvsho
that by constructing a feasible
solution to the Sato upper bound dual problem from an optimal
solution to the MIMO MAC sum rate dual problem.
Tr Let be an optimizing solution to (23), i.e.
. Since (23) is
) ) - ) a minimization of a convex function over a closed set, we know
Using this de nition, we write the Sato upper bound as: that the minimum is achieved, so a minimizing pair
exists. We prove (21) by explicitly constructing a feaside of
Tr variables for the Sato upper bound (22) such that the
(18) objective functions in (23) and (22) are equal.
Let us rst consider the choice of values of as

(24)
(25)

From [2], the cooperative capacity is de ned as:

Thus the region given by

is an upper bound on . Next, we show that the sum (26)
rate capacity of the MIMO BC actually equals the Sato upper
bound.




As long as this choice of is positive de nite, it can be veri ed 28
by the method used below that this set is feasible for (22) and N\ Sao UpperBound

that the objective functions of both minimizations are thms. of Dirty Paper Region
Thus we have constructed the worst case noider the Sato
upper bound and have shown (21), but only for the case when

Single-User Bounds

. However, in many practical cases this choice ofs *
singular, and hence, not a feasible choice dbr (22). o
To circumvent this singularity, we construct instead a fgmi 1
of feasible points (i.e ) by introducing an arbitrary param-
eter . This family of values of is given by wer
(27)
(28) O0 0.‘5 i 15 2‘ 25

Fig. 2. Dirty paper broadcast region:

(29)
. If the constructed matrix with is strictly non-
singular (i.e. ), then the cooperative capacity with noise
We need to ensure that this set is feasible for (22). Singgvariance is equalto the MIMO MAC sum rate capacity.
are an optimizing solution of (23), must sat- Therefore, in these casesis in fact a worst case noise covari-
isfy the constraints in (23). Therefore we have that ance for the Sato upper bound. Numerically, we also ntb
and . Since the matrix is block diagonal and pe a worst case noise covariance for cases whénsingular
symmetric by construction, we see that if then . when , as shown in Example 2 below.
We thus need to verify that ~ and that : The dirty paper BC region and the capacity regions of the dual
Note that and MAC, along with the Sato upper bound and single-user bounds,

are illustrated for a symmetric two user channel in Fig. 2e Th

dirty paper region is the union of the pentagons in the gure
(30) because the dirty paper region is formed as a union of the in-

dividual power constraint MAC regions. Since each receiver

Since are an optimizing solution of (23), we havenas only a single antenna, the dual MIMO MAC region with in-
for all . This implies that dividual power constraints is a simple pentagon. The c&paci
. Since , we have upper bound is obtained by taking the intersection of theoregy

formed by the two single user optimum corner points (whieh ar
(31) parallel to the axes) and the Sato upper bound, which is &ght

the sum rate capacity. Note that the region formed by allthre
This implies that . It thus remains to upper bounds is in fact quite close to the dirty paper achieva
show that . Since , we also have that . region. Also note that the boundary of the dirty paper achiev
This implies that . Since , we then get . able region has a straight line segment at the sum rate point.
Hence form a feasible set of values for (22). Since therhis characteristic of possessing a straight line segment &
Sato upper bound is equal to the in mum (over the feasible seéime-division portion) at sum rate is also true for the MIMO
of the objective function, we have MAC capacity region when the transmitters have more than one

antenna [4].

VI. NUMERICAL EXAMPLES

(32) In this section we provide two numerical examples to better
illustrate the concepts discussed in the paper.
Since this holds for any , we get Example 1 Consider a two user broadcast channel with
, which completes the proof of the theorenil and channel matrices

A nice property of the proof of the sum rate capacity proof is
that it isconstructivan the sense that the proof generates worst- (33)
case noise covariances for the Sato upper bound, assunaing th
the optimizing solution to the MIMO MAC sum rate problem isThe dirty paper achievable region is very dif cult to comput
known. Speci cally, in Equation (29), we explicitly conatt without employing duality, as discussed in Section IlI-AUB,
a noise covariance for which the cooperative capacity gelar we nd the dual MAC region using convex optimization tech-
than the MIMO MAC sum rate capacity by an arbitrarily smalhiques to obtain the achievable region in Figure 3.
amount . Though we show that the constructed matrix To compute the Sato upper bound for the problem, we solve
when , as noted earlier when  we still are guaranteed the dual problem to the MIMO MAC. Note that this problem



Sato Upper Bound

=
g
\

MIMO BC Sum Rate

R, (nats/use)

=
T
I

Sum Power MIMO MAC Capacity Region
= Dirty Paper BC Achievable Region

0 0.5 1 15 2 25
R, (nats/use)

Fig. 3. Achievable region and Sato upper bound for Example 1 Fig. 4. Channel Parameters for Example 2

is a convex problem with linear matrix inequality consttain last in the MAC, the transformed BC covariances are:

There are many techniques in convex optimization litegatur

to solve such problems. We use an easily available software

called SDPSOL, developed by Boyd and Wu [17], to get that

nats/sec and obtain to be The lower corner point of the sum rate line segment is then

achievable in the BC using these covariance matrices and by
decoding User 2 last (i.e using dirty paper coding for Usear 2 t
cancel out the signal of User 1). To achieve the upper corner
point of the sum rate line segment, we must perform the MAC-

) _ ) BC transformations using the opposite order in the MAC. We
From these, we obtain the worst case noise (using Equatiggn get

(29) with )
Clearly, these BC covariance matrices are different thaseh
used to achieve the other corner point of the sum rate line seg
ment. Therefore, we see that in the MAC the corner points of
which is non-singular. Therefore, we nd that the sum rate boundary can be achieved by using the same set
The corresponding upperof covariance matrices and different decoding orders. & th
bound to the capacity region is shown in Figure 3. BC, however, a different decoding order and different cevar

The sum rate maximizing covariance matrices in the MAC aemce matrices are needed to achieve the corner points afiiie s
rate boundary.

Example 2 Consider a three user broadcast channel, with
two antennas at the transmitter () and one antenna each per
) , . , . receiver ( ). The channel matrices are given
Notice that the sum rate is not maximized at a single point . .
the boundary of the capacity region, butitis actually mazed .. the total power constraintis . Note that the channels
along a line segment. The corner points of this line segment g ¢ it vectors in Euclidean space, and are spaced 120esgegre

gircled in Figure 3. In thg MAC, t_he lower corner poi_nt Of_ thiSapart, as shown in Figure 4. Also note that the channel matrix
line segment can be achieved using the above covariance matr

ces and by decoding User 1 last. The upper corner point
of the line segment can be achieved usinggshmecovariance
matrices, but th@ppositedecoding order (i.e. decode User 2 (34)
last). Any other point on the line segment can be achieved by
time-sharing between these two decoding orders.

We can use the MAC-BC transformations in (8) to nd thénas rank two, and that .
corresponding sum rate capacity-achieving BC covariange m First, let us consider the dual MAC problem. By the symmet-
trices. Note, however, that the transformations depenchen tic structure of these channels, it is clear that allocagggal
decoding order in the MAC. If we assume that User 1 is decodpdwer to each user maximizes the sum rate of this system. Thus



sum rate capacity is achieved with and the worst case noise covariance to be
any MAC decoding order.

Using the MAC-to-BC transformations in (8), we nd covari-
ances in the broadcast (corresponding to encoding Uset,1 las - - (40)
User 2 second, and User 3 rst) that achieve the same sum rate
point on the capacity region to be

5 (41)

(36 We immediately notice that . Thus, for this case,
the singular noise covariance constructed from (26) agtisah
worst case noise covariance, even though we are not guadante

and the sum rate capacity equals this when the noise is singular. It may in fact be that the eois
covariance constructed using (26)alsvaysa worst case noise
covariance (and not just when it is non-singular), but weehav
not been able to prove this.

VIl. CONCLUSION
Now, letus nd the worst case noise for the Sato upper bound. | this paper, we established a duality relationship betwee

Note that, if _ ~, then - This w0 seemingly unrelated regions: the achievable regiomef t
implies that the received signal at one of the antennas reati ;im0 BC obtained using the dirty paper coding and the capac-
combination of the signal at the other two antennas. Thmefoity region of the MIMO MAC. This duality allows us to easily
one recei_ve antenna can be elimiqated _from the system withqly he dirty paper achievable region and the dirty paper co-
any loss in the cooperative capacity. Since variance matrices which achieve the boundary of this region
_ » We require that - Thus, @ Thoygh the capacity region of the MIMO BC is unknown due
noise covariance matrix given by to its non-degraded nature, we were able to show that the dirt
paper achievable region achieves the sum rate capacityeof th
MIMO BC through use of the MAC-BC duality and the Sato
@37 upper bound. These results open up the possibility thatithe d
paper region is the actual capacity region of the MIMO BC and
also the possibility that other instances of duality exigBiaus-

corresponds to , which allows us to eliminate sjan multi-terminal networks.
one receive antenna. This noise covariance is a candidate fo
the worst-case noise covariance for the Sato upper bount. No APPENDIX

that this noise covariance is singular. If we eliminate tiedt A covariance Matrix for Flipped Channel
antenna output, we are left with the following two input, two

output channel: Given a covariance m_atrix for some_channel , we wish to
nd a covariance matrix such that Tr Tr and
- (38) N (42)
Ifthe SVD of is where is square and diagonal,
The cooperative capacity with this noise covariance thenis then we propose . Using the identity
and the fact that and we

(39) can write the capacity of the un ipped channel as:

. 43
To evaluate the expression above, we use the standard wa- (43)

terlling technique [2] and nd the optimizing to be we can similarly write the capacity of the ipped channel kit
The corresponding cooperative capacity is thi!l candidate covariance matrixas:

equal to . Since the cooperative capac-
ity with noise covariance equals the MIMO MAC sum
rate capacity, is a worst case noise for this problem. (44)

Now, let us use the method for obtaining the worst case noise .
introduced in the proof of Theorem 3. Using SDPSOL we gdiherefore the rate achieved by in the ipped channel is
the same as the rate achieved by the original covariance ma-

and - From (26) we can construCtyiy  in the un ipped channel. It thus only remains to show
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that Tr Tr . To do so, we make use of the identityfor any . For , we get
Tr Tr . Clearly, we can write

T Tr Tr Tr Tr Tr
(45)
The same proof method can be used to show that the BC-MAC

We then use Gram-Schmidt to expandnto a full unitary ma- o motions in (12)-(14) also satisfy the trace carists.

trix:
— (46) C. Finding the Lagrangian dual problem
We rst nd the dual problem of the maximum sumrate of the
such that . Using this unitary matrix, we can MIMO MAC: 2
write
Tr Tr (48)
Tr LA o T
T @a7) over the convex set r
P — . The problem given by (48) is a convex optimization problem,
To get (47), we used the fact that the matrix is positive P g y (48) b b

R = i.e., it has a concave objective function and a convex caimgtr
semi-de nite, which implies Tr Tr - set. Hence a convex Lagrangian dual minimization problem ca
be obtained that achieves the same optimum value at (48). For
this, we rewrite (48) as

In this section, we show that the MAC-BC transformations
obtained in (8)-(10) satisfy the sum trace requiremenstfive

B. Proof of trace constraint for transformations

compute
Tr Tr
Tr Tr

By adding Tr toboth sides we get Note that matrix inequalities are associated with dualaides

that are matrices, while scalar inequalities are assatiatth
Tr Tr Tr scalar dual variables. The Lagrangian for this problem is:
By the de nition of , we get
Tr Tr (49)
Tr The dual function is found by minimizing with respect to the
primal variables
Tr Tr
(50)

Using this expression for we get . L . . i
We obtain the optimality conditions by differentiating the-
grangian (49) with respect to the primal variables to get

Tr Tr
Tr : L -
For any Lagrangians not satisfying these conditions, we get
. For Lagrangians that do satisfy these con-
By induction, we can further show that ditions, we get
(51)
Tr Tr Tr

This derivation is based on the dual problem found in [4]
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The dual problem is then obtained by maximizing the dual func . ACKNOWLEDGMENT
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