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1. Short Problems. [15 points] Suppose A € R™*" B € R™™ and Q € R"*". Provide a short proof
for each of the following problems.

(a)

Show that (I — AB)~* =1 + A(I — BA)~!B. You may assume that both inverses exist.

Solution. Expand the product:

(I - AB)[I+ A(I—BA)™'B]| =1—AB+ (I — AB)A(I — BA)™'B
=1—-AB+(A—ABA)(I - BA)™'B
=I1—-AB+ A(I - BA)(I - BA)™'B
=1-AB+ AB
=0

Therefore (I — AB)™! =1+ A(I — BA)"'B.
Suppose Rank(A) = 1. Show that A = uv” for some u € R™ and v € R".

Solution. The rank is defined as the dimension of the range. So if range(A) has dimension
1, that means that every column of A is a multiple of aj, the first column of A. In particular:
as = V201, A3 = V341, ... , Qp = VpA7. Therefore:

A:[al as ... an}:[al Va@1 ... Unal}:al[l Vo ... Un]

Solet u =a; and v = [1 Vg ... Un}T. and the result follows. Note that we can replace u by
au and v by a~ v for any a # 0 and we obtain another valid factorization.

Alternate Solution. Let A = UXV7T be the SVD of A. Since r = 1, we have U € R™*!,
V eR™! and ¥ = 0, € R. A factorization of the desired form can be obtained for example by
setting u =U and v = o1 V.

Suppose Q = QT and Q > 0. Show that @ is invertible, and Q' > 0.

Solution. Since @ is positive definite, all of its eigenvalues A; are strictly positive. Because
none of the eigenvalues are zero, @@ must be invertible. Since @ is symmetric, it has an orthogonal
diagonalization: Q = UAUT. The inverse is simply @Q~' = UA"IUT, and so the eigenvalues of
Q1! are )\;17 which are again positive, and so Q=1 > 0.

How would you find vectors y and z, that maximize yT Az, subject to |y|| = 1, ||z|| = 1? What
is the resulting value of y” Ax?

Solution. Note that y” Az is a scalar, and we can find an upper-bound:
< < = =01
yT Az < |ly" Az|| < [ly[ll|A]l[l«]| = Al = o

Let A= UXVT. The upper bound o, is attained by setting y = u; and = = v;.
The Frobenius norm of a matrix is defined as || A||% = Trace(AT A). Show that

JA2 =305 42 =302
=1

i=1 j=1

where {01, 09,...,0,.} are the singular values of A.



Solution. Write A in terms of its columns: A = [al ... an]. Then compute:

T T
aja; ... aja

n n n m
Al =Trace | @ .. i | =Y afa; =) > A
j=1

al j=11i=1

T
nQ1 .. apa,

Write the compact SVD of A: A =UXVT. Now compute:

|A||7 = Trace (AT A) = Trace (VE?*V") = Trace (V' VE?) = Trace (£?) = Z o?

=1

where we used the property of the trace: Trace(AB) = Trace(BA) in the third step. Alterna-
tively, we can recall the fact that the trace of a matrix is the sum of its eigenvalues. Since the
nonzero eigenvalues of AT A are {0%,...,02}, the result follows directly.

2. Adaptive Optics. [15 points] Ground-based telescopes use a technology known as adaptive optics to
cancel out the distortions of incoming light caused by the turbulent atmosphere. One way of doing
this is by using a guide star. Since we know a priori what the non-distorted star should look like, we
can use it as a reference. Any differences measured must be caused by atmospheric distortion, and can
be subtracted out. This enables us to cancel distortion in close proximity to bright stars, for use in

applications such a planet-finding.

As light enters the telescope, it has a distribution of phase Q O Q ______
offsets ¢ across the face of the aperture, and we want to ary a2 a13 a1N
estimate this function. Our measurement device is an array
of sensors arranged in a grid (see figure on the right). The 511 s12
grid is IV x N, and the sensors s;; are located at the centers L A /
of the faces. Each sensor records a horizontal gradient and C/am Ngo \>a23 -"<>a2 N
a vertical gradient, each corrupted by noise. For example, T
the sensor sj» will measure 52; |32;
s = 1 1¢(ars) — ¢arz) + Plazs) — plaz)| | |v1 O O OO

2 [#(ar3) + ¢a12) — d(azs) — plazz)| = [v2 aat ;o2 PO N
where x;; = ¢(a;;) is the phase offset at location (¢, j). Our : O O ______ :
goal is to estimate the the x;; given the measurements y;;. N1 N2 aN3 aNN
If the phase offsets are stored in a matrix X € RV *Y we can represent X as a vector z € RV 1 by

stacking the columns of X. Then, our measurement equation becomes:

y=Gzxr+v

where G € R2NV-1)°xN?

these representations by using the reshape command in Matlab:

X
X

reshape(X,N"2,1); % convert matrix to vector
reshape(x,N,N); % convert vector to matrix

Now, the problem:

is called the influence matriz. Note that you can go back and forth between

(a) Consider the case N = 17. The astronomer in charge tells you: “there are two undetectable
modes: the piston mode and the checkerboard mode”. Explain what this means. Specifically:



i. What is an undetectable mode as it relates to G and concepts we covered in class?
ii. Show that there are exactly two such modes, and compute them.
iii. Explain why you think they are called “piston” and “checkerboard”.

To save you some time, code that computes G has been provided in the file ao_data.m.

(b) The astronomer wants to reconstruct  given the measurement y, and wants the RMS error to be
as small as possible. Furthermore, he wants a solution that contains no piston or checkerboard
mode, because these modes are not realistic (do not occur in nature).

i. Explain how you would do this and justify your answer.

ii. Apply your method to the measurement vector y_quiet defined in ao_data.m, and plot your
estimate st using the code:
figure; imagesc( reshape(xest,N,N), [-10 10] );
axis equal; axis off;

(¢) Now apply your method to the measurement y_noisy, also defined in ao_data.m. This is a noisier
measurement of the same z from part (b). The astronomer is not pleased — “the estimate isn’t
smooth enough!”. To remedy this problem, you decide to remove some of the higher-frequency
modes. Consider the modes W € RV*¥ defined by

W= £ (REG-0)g (FG-1)  ije (L2, N)

where f, g are any combination of sin and cos, and p,q € {6,7,8}. This defines a family of 2 x 2 x
3 x 3 = 36 different modes. Explain how you would reconstruct x from the noisy measurements
while penalizing these high-frequency modes in addition to removing the piston and checkerboard
modes. Plot your estimate xes; with and without smoothing.

Solution.

(a) An undetectable mode is a value of  that produces no measurement. In other words, Gz = 0, so
x is in the nullspace of G. Using the code provided to compute G, we can then find the nullspace
in any number of ways. For example:

r = rank(G);
[U,8,V] = svd(®);
H = V(:,end-r+1:end);

And the columns of H will be a basis for the nullspace of G. If we examine these modes in the
original N x N space using this code

X1 = reshape(H(:,1),N,N)
X2 = reshape(H(:,2),N,N)

we see that: ~
0.0656 —0.0869  0.0656 —0.0869

—0.0869  0.0656 —0.0869  0.0656
0.0656 —0.0869  0.0656 —0.0869
—0.0869  0.0656 —0.0869  0.0656

X1

[—0.0864 —0.0660 —0.0864 —0.0660
—0.0660 —0.0864 —0.0660 —0.0864
X, = | —0.0864 —0.0660 —0.0864 —0.0660
—0.0660 —0.0864 —0.0660 —0.0864




both modes have repeated numbers occurring at every other entry, in a checkerboard pattern.
Indeed, any linear combination of X; and X5 is also an undetectable mode. In particular, instead
of using X; and X5, we can use

111 ... -1 1
111 ... -1 1 -1
Xpiston =11 1 1 and Xchecker: 1 -1 1

which explains the names “piston” and “checkerboard”. If we return to the definition of G from
the problem statement, it is clear that the gradients of either a constant signal or a checkerboard
signal will be zero, and thus undetectable.

A solution that minimizes the RMS error is simply zes = GTy. Since G is not full-rank, there
may be other values of = that also achieve this same minimum. We will now show that choosing
Zest = GTy yields a solution which contains no piston or checkerboard mode. First, take the full

SVD of G- .
¥, 0] [V,
G=[U1 U {0 0} [Vﬂ

Note that the columns of V5 are precisely the piston and checkerboard modes we wish to remove.
Now notice that:

Vo e = Vo Gy = VS Visi iUl y = 0
where we used the fact that the columns of V5 are orthogonal to the columns of V;. Since
Vszest = 0, we conclude that st contains no piston or checkerboard modes. Using the code:

xest = pinv(G)*y_quiet;

and the provided plotting routine, we obtain the following estimate:

Figure 1: e, generated from yquies

One way to solve this problem is to use a multi-objective least-squares approach. If the modes
we want to penalize are written as columns of the matrix: W = [wl ... w36}, then we seek a
solution that makes both the residual ||y — Gz||? and the penalty cost ||[W7Tz||? small. We must
also make the undetectable modes small. So our cost function is:

J = lly = Gal” + m[W | + p2 | V5 2|
As py and s tend to infinity, we will approach the z for which W7z = 0, Vifx = 0, and ||y — Gz||?

is as small as possible. The optimal x is then:

Topr = lim_ (GTG+mWWT + uVoVih) ' GTy

1,2 —>00

Picking a sufficiently large p1 and pe yields the smoothed estimate. The following code generates
the required modes, and plots the solutions



ao_data;

N = 17;

P = diag(ones(N-1,1),1) - diag(ones(N,1)); P = P(1:N-1,:);
Q = diag(ones(N-1,1),1) + diag(ones(N,1)); Q = Q(1:N-1,:);
G = 1/2*[kron(P,Q) ;kron(-Q,P)];

% generate undetectable modes
V = null(G);

% generate high-frequency modes
W = zeros(N"2,36);

range = [6 7 8];

vals = 2xpi/N*(0:N-1)’;

k = 0;
for i = range
for j = range
k = k+1; W(:,k) = reshape( cos(i*vals)*cos(j*vals)’, N°2, 1 );
k = k+1; W(:,k) = reshape( cos(i*vals)*sin(j*vals)’, N°2, 1 );
k = k+1; W(:,k) = reshape( sin(i*vals)*cos(j*vals)’, N°2, 1 );
k = k+1; W(:,k) = reshape( sin(i*vals)*sin(j*vals)’, N°2, 1 );
end
end
x_est = (G’*G + VxV’)\G’*y_noisy;
mu = le6;

x_est_smooth = (G’*G + muxV*V’ + mu*WxW’)\G’*y_noisy;

% plot solutions

figure; LIM = [-10 10];

subplot(121); imagesc( reshape(xest,N,N), LIM); axis equal; axis off;
subplot (122); imagesc( reshape(xest_smooth,N,N), LIM); axis equal; axis off;

a 1

Figure 2: Zes; (normal and smoothed), generated from ynoisy

Alternate Solution. We may also compute the permissible modes for x directly. We know the
forbidden modes are the columns of [W VQ], as defined above. Thus, we must have:

z € Range [W Vz]L = Range Us
where Us is found by taking the full SVD:

wovl=(o ol 3ol ]



Therefore, = Uz for some z. Substituting this into the cost, we can transform our problem:
minimize ly — Gz|)? — minimize ly — GUxz||?

. T

subject to: [W Vg] z=0

The problem on the right is a standard least-squares problem, and since GU, is skinny and
full-rank, we have:

Lopt = UQZopt = [72 (GUQ)Ty = [72 (ﬁQTGTGUQ)il [72TGTy

3. Left-inverses of a matriz. [20 points] We saw in class that a matrix may have more than one left-
inverse. In this problem, we will show two ways of parameterizing all left-inverses of a matrix. We will
start with a simpler case, and work our way up to the general case.

(a)

Suppose U; € R™*™ is an orthogonal matrix. Show that every left-inverse of U; is of the form
L=Uf+vUf (1)
for some choice of Y. Here, Us is chosen such that [Ul UQ] is square and orthogonal.

Hint: begin by arguing that we may write L = XU{ + YUJ without losing any generality.

We would like to show that any left-inverse of U; can also be expressed as
1
L= (U{QU1) U{Q (2)

where @ is some positive-definite matrix. First, show that for any @ > 0, you can find a Y such
that (1) and (2) describe the same left-inverse. Verify that your Y works!

The result of part (b) only partially proves the equivalence of (1) and (2). We must also show
that for any Y, we can find a @ > 0 such that (1) and (2) describe the same left-inverse. Show

that Q = I + (U1 4+ 20:Y7) (Uy +2U5YT) " is such a Q.

Now we tackle the general case. Suppose A € R™*" is left-invertible. Show that every left-inverse
of A can be expressed in two equivalent ways:

L=A"+2Z where Z satisfies ZA =0, or

L= (ATQA)"1ATQ where @ is positive-definite

Solution.

(a)

Since U = [Ul Ug} is an orthogonal matrix, we have UUT =1. Thus, L = LUUT. So any L
can be written in the form L = WUT, for some W. Now partition W into a block 1 x 2 matrix
so that we can write:

Ul
Us

Now, we use the fact that L is a left-inverse of U;. Thus,

L=wu"=[X Y][ ]:XU1T+YU2T
I=LU, = (XUl +YUHU, = X

where we made use of the fact that U U; = I and UfU; = 0 (property of orthogonal vectors).
It follows that L = U{ + YUZ for some Y.



(b)

First, let’s make sure that the matrix being inverted in (2) is actually invertible. Note that
for any nonzero z, Uiz is nonzero (because the columns of U; are independent). Therefore,
(U12)TQ(U12) > 0, because Q > 0. So for any nonzero z, 2T (UL QU;)z > 0, and so UL QU is
positive definite, so all its eigenvalues are positive, and it must therefore be invertible.

Setting (1) and (2) equal to one another, we have:

-1

Ul +YUy = (UFQU) U@

To solve for Y, multiply on the right by Us, and we obtain:
Y = (UFQuy) " UL QUy
Now let’s check that this choice of Y makes both left-inverses the same:
Ul + YUl =ul + (UFQuy) " UFQU,UT

= (v Qu)) ™ (UT QUUT +UT QUL

— (UrQUy) " UTQ (UUT + UaUY)

— (UTQuy)~'ul'Q (U™

= (UTQu) ' ulQ
So for any @, using Y = (UlTQUl)f1 UL QU, makes both left-inverses the same.

First, we will show that the provided @ is positive-definite. It is clearly symmetric, and for any
nonzero vector x, we have:

T Qu =" [I+ (Uy +205Y7) (Ur +205Y ") | o
2
— |l + H(U1 n 2U2YT)TxH >0

which holds because the first norm is positive and the second norm is nonnegative. Now, let’s
substitute @ into (2) and see what we get. First note that:

UTQU, = I+ UT (Uy +20,Y7T) (U + 20,YT) " UT
=1+ +0)(I+0)"
=21
Therefore,
(urQu))~‘vrQ = (21)~ur [I + (U +20.Y7) (Uy + 2U2YT)T]
1

=3 (Uf +U{ +2vUy)
=U{ +YUy

This matches (1), so this choice of @ is valid!

Since A is left-invertible, it must be skinny and full-rank. So we may write A = U; R where U; is
a skinny matrix with orthonormal columns and R is invertible (QR factorization).

Finding a left-inverse of A amounts to finding a left-inverse of U;. To see why, suppose L is a
left-inverse of A. Then: LA=1 = LUJR=1 = LU, = R~' = RLU, = I. Therefore,
RL is a left-inverse of Uy. Similarly, if L is a left-inverse of Uy, then R™'L is a left-inverse of A.
So there is a bijection between inverses of A and inverses of Uj.



For the first part of the question, use the result from (a). Every left-inverse of Uy is of the form
UL +YU{ for some Y. So any left-inverse of A can be written as L = R~'UT + R~'YU{ . Recall
that AT = R71UT when A is left-invertible. Furthermore, if we let Z = R™'YU{, then ZA = 0.
Conversely, any matrix of the form A + Z is a left-inverse of A because (AT +2)A=1+ZA=1.
For the second part of the question, use (b) and (c). We can write any left-inverse of U; as
(ULQUy) UL Q for some Q > 0. So any left-inverse of A can be written as

L=RY(U{QUI)T'UTQ =R (UTQU)'RTRTU{ Q = (RTU{ QU:R) "' RTUT

Since A = Uy R, the last expression is equal to (ATQA)~*AT(Q. Conversely, any matrix of the
form (ATQA)~1ATQ is a left-inverse of A because (ATQA)"1ATQA = I.

4. Waypoint Tracking. [20 points] You are in charge of designing a controller for a small hovercraft.
The hovercraft moves around in the plane with the aid of three individually actuated thrusters. You
are given a set of waypoints, and the exact times at which the vehicle must reach each waypoint. The
objective is to find the smallest sequence of thruster inputs that achieves this goal.

We have a discrete state-space model for the hovercraft dynamics:

xz(t+1) = Az(t) + Bu(t)

y(t) = C(t)
where:
1100 2 -1 2
0100 1 |4 -2 4 1000
A=1o 0 11 B=1wlo 2 2 C‘{oo1o]
0001 0 4 4

y(t) € R? is the hovercraft position at time ¢, and u(t) € R?® are the thrust inputs at time ¢. The
hovercraft starts at rest at the origin ((0) = 0), and our waypoint constraints are:

y(20) = [i] . y(40) = [ﬂ ;o y(70) = [_41} ;- y(100) = m

so at time ¢ = 100, the hovercraft has returned to its starting point.

(a) Rewrite the waypoint constraints so that they are in the more useful form: yw, = Fu, where

(20) u(0)
(1) d u(l)
b = yqe) | =]
y(100) w(100)

Find an expression for the matrix F' in terms of A, B, and C.

(b) Explain how you would solve this problem in general. Specifically: how would you find u such
that ywp = Fu and the cost J; = ||ul|? is minimized?

(¢) Carry out your solution in Matlab, and plot the optimal trajectory. Label the waypoints so
that you can verify that the trajectory does indeed cross them. To save you some time, the file
hovercraft.m contains the definitions of A, B, and C.



(d) Suppose you would like to save even more fuel, and are willing to sacrifice some accuracy in
exchange. Rather than imposing the constraint yy, = F'u let’s instead try to minimize both

Ju=lul*  and o = |ywp — Full?

i. Plot the optimal trade-off curve (J; on the x-axis and J; on the y-axis).
ii. Plot a trajectory where both costs have equal weight, again labeling the waypoints.

Solution.
(a) Express a general output y(¢) in terms of the initial state and the previous inputs by expanding:

y(t) = CA'z(0) + z_: C A" Bu(i) + Du(t)
i=0

Putting this together for each t = 0,1, ...,100, we obtain:

y=0x(0)+Tu (3)
where:
y(0) u(0) C D
y(1) u(1) CA CB D
y= ol u= . ; 0= s T= :
4(100) w(100) A0 CA%B ... CB D

For this problem, z(0) = 0, and D = 0. We can extract the required constraint by selecting the
appropriate block-rows from the 7; matrix:

Ywp = F'uu
where:
y(20) CAYB CA¥B ... CB
| y(40) r_ CA®B CA®B ... ... CB
Ywo =170y | ~ |cA®B CcA®B ... ... ... CB
y(100) CA®B CA®®B ... ... ... ... CB 0

(b) We would like to minimize ||u|| subject to the constraint ywp, = Fu. This is a standard norm-
minimization problem. First, let us verify that F' is full-rank. There are many ways to do this.
For example, you could compute the rank in Matlab by constructing the full F' and using the
rank command. A simpler way is to notice that due to the staggered nature of the F' matrix, it
is sufficient to show that C'B is full-rank. So we compute:

2 -1 2
CB:L{1000]4—24:L[2—12}
1000 0 1 0f 0 2 2/ 1000 2 2

0 4 4

which is full-rank, as required. Thus the solution to our problem is the pseudo-inverse of F’:

Uopt = FT(FFT)_lywp

10



()

Once we have the optimal inputs, we can compute the optimal trajectory by using (3):
Yopt = Ttops = TET(FFT)

See below for the Matlab code and plots.

This is a multi-objective least-squares problem. The cost function is:

J = lywp = Full® +p |[ul?
—_———— ~——

Jo 2
The solution to this problem is:
Uopt (1) = (FTF + pul) " Flyy,
And once again, the optimal trajectory is found using (3):

Yopt = Tuopt = T(FTF + MI)ilFTywp
Note that if we write J = pJo 4 J; instead, this simply replaces u with ="' in the formula above,
so it does not affect what the trade-off curve looks like. We are also asked to plot a trajectory
where J; and Jy have equal weight. This amounts to setting ¢ = 1. Here is Matlab code that
computes all the optimal input sequences and produces the desired plots.

clear all; clc;

vehicle;

n=size(A,1); m=size(B,2); k=size(C,1);

N=101; % time horizon is 101, since indexing starts at 1 in Matlab

% build T one block-row at a time
T = [D zeros(k, (N-1)*m)];
for t = 2:N
T = [T; [CxA~(t-2)*B T(end-k+l:end,l:end-m)]];
end

% declare waypoints (times and positions)
twp = [ 21 41 71 101 1;
Yap=[ 5 10 4 0

4 -1 -1 0 1;

% construct F matrix by extracting appropriate block-rows from T
F=[]; for t=twp; F=[F; T(k*(t-1)+1:k*t,:)]; end

% compute minimium-fuel trajectory
ywp = reshape(Ywp, [1,1);

uopt = F’*((F*F’)\ywp);

Yopt = reshape(T*uopt,2,N);

% compute "equal weight" regularized trajectory
ureg = (F’*F + eye(size(F,2)))\(F’*ywp);
Yreg = reshape(Txureg,2,N);

% plot the trajectories

11



ya(t), y-position

set (0, ’DefaultTextInterpreter’,’latex’);
figure(1); clf;
subplot(121); hold on; plot( Yopt(1,:), Yopt(2,:), ’b.-’ );
title(’Optimal minimum-fuel trajectory’)
subplot(122); hold on; plot( Yreg(l,:), Yreg(2,:), ’b.-’ );
title(’Regularized trajectory, $\mu=1$’)
for i = [1 2]
subplot(1,2,i); plot( Ywp(l,:), Ywp(2,:), ’ro’, ’MarkerSize’, 7 );
axis equal; axis([-2 12 -4 6]);
xlabel(°$y_1(t)$, $x$-position’); ylabel(’$y_2(t)$, $y$-position’);
1h = legend(’trajectory’,’waypoints’); set(lh,’Interpreter’,’latex’);
end;

% compute and plot the trade-off curve
mu_vals = logspace(-5,9,100);
J1=1[1; J2 = [1;
for mu = mu_vals
u = (F’*F + mu*eye(size(F,2)))\(F’*ywp);

T4 = TT1 mAavm /(Y20 T 0 T9 — TT9 mavm (Tean_rrer ~Y 01 .
Optimal minimum-fuel trajectory Regularized trajectory, =1
6 ~
5t
41 O
3t

y2(t), y-position
-

-1r O
_2 |
_3 |
L L L L J _4 L L L L L L
2 4 6 8 10 12 -2 0 2 4 6 8 10 12
y1(t), z-position y1(t), a-position
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