Lecture 8 - EE 179: Introduction to Communications - Spring 2009

Random Variables

Lecture Outline

e Several Random Variables and Independence

e Gaussian Random Variables

e Random Processes

e Stationarity, Mean, and Autocorrelation

e Wide Sense Stationary (WSS) Processes

1. Several Random Variables and Independence

Let X and Y be defined on the same probability space.

Thier joint CDF is Fxy(z,y) = P(X <z,Y <vy)

Their joint pdf is fXY(mv y) = 82%;7)/822721)7 SO FXY(:Ev y) = fiﬂoo filoo fXY(QSv V)d¢dy
Their conditional probability is fy (y|X = z) = fxv(z,vy)/fx(z).

Joint random variables are independent if fxy (z,y) = fx(z)fy(y)

The sum of independent random variables has a pdf equal to the convolution of the pdfs.
For this sum, its characteristic function is the product of characteristic functions, the mean
is the sum of the means, and the variance of the sum is the sum of the variances.

2. Gaussian Random Variables, Q and complementary error functions

A common model for noise in communication systems.

pdf defined in terms of mean and variance

Fx (@) = —— e lEnx)?/ok]

V2mox
The CDF cannot be found in closed form. Defined in terms of the error function and com-
plementary error function. Specifically, p(X < z) = .5 [1 + erf (%‘%)} , where erf(u) =
\/l? o e dy = —erf(—u).
Complementary error function defined as erfc(u) = 1 — erf(u).

Q function: for X ~ N(0,1), define Q(z) = p(X > z) = .5erfc(z/v/2). Then for Z ~
N(uz,0%),p(Z > 2) = Q((z — pz)/02).

3. Central Limit Theorem (CLT)

e Let X; be independent and identically distributed (i.i.d.).
e Let Y =>",X,and Z = (Y —puy)/oy.
e The CLT states that the distribution of Z as n — oo converges to a Gaussian RV with

mean 0 and variance 1.



4. Random Processes

e A random process X (t) is defined on a probability space (2, &, P(-)).
e A random process X () is a function mapping from the sample space 2 to a set of functions.

e Samples of X (¢) are joint random variables with joint CDF is Fx(¢))x (t,)... x (£,,) (05 - - - Tn) =
P(X(to) < @0, X (t1) S @1,..., X(ty) < )

5. Stationarity

e A random process is (strictly) stationary if time shifts don’t affect its probability.

e So for all T" and all sets of sample times (g, . . ., tn), P(X (o) < o, X (t1) < z1,..., X (tn) <

6. Mean and Autocorrelation

e The mean of a random process is defined as E[X (¢)].
e Stationary random processes have constant mean: E[X (t)] = ux.
e The autocorrelation of a random process is defined as Rx (t1,t2) = E[X (t1)X (t2)].

e For stationary random processes the autocorrelation depends only on time difference of the
samples: Rx(t1,t2) = Rx (T =ty — t1).

e Autocorrelation measures correlation between samples of the process taken at different
times.

7. Wide Sense Stationary Process (WSS)

e A process is WSS if its expected power is finite, E[X?(t)] < oo, its mean is constant,
E[X(t)] = px, and its autocorrelation depends only on the time difference of the samples,
RX(tl,tg) = RX(T =19 — tl).

e Intuitively, WSS processes are stationary in their first and second moments.

e Stationary processes are WSS but not vice versa.

Main Points:

e (Gaussian random variables are a common model for noise.

Probability of Gaussian RVs evaluated using erf, erfc, and/or Q functions.

CLT gives distribution for shifted, normalized sum of i.i.d. RVs as a N'(0,1) Gaussian RV.

Random process X (t) maps sample space ) to a set of functions.

Samples of X (¢) are joint RVs.

e A process is stationary if time shifts don’t affect probability characteristics of the process.

A WSS process has a constant mean and an autocorrelation that only depends on the time
difference.



