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1. Fourier Tranform Pair

e The Fourier transform pair is given by

X(5) = [ atyeiar,
and

(1) = /_ ZX( ety

e Notation: x(t) < X (f), x(t) = FHX(f)), X(f) = F(z(t)).
e Signal has a Fourier transform if it satisfies Dirichlet conditions (integral well behaved).

e The Fourier transform X (f) is generally complex. Typically represented in terms of
its amplitude | X (f)| and phase /X (f).

e For real signals, | X (f)| = |X(—f)| and /X (f) = —/X(—f).

2. Rectangular Pulse Example
e Rectangular pulses are very important in signal processing and communications. It is
a window in the time domain, and a filter in the frequency domain.
e The Fourier transform of a rectangle is a sinc function with infinite frequency content.

e Stretching a pulse in the time domain causes its Fourier transform to shrink in the
frequency domain.

e Example indicates that a signal cannot be both time-limited and band-limited.

3. Useful Properties of Fourier Transforms (analogous to Fourier series)

e Linearity: azi(t) + bxa(t) < aX1(f) + 0Xa(f)
o Time Shift: x(t — 1) & e 727X (f).

e DC Calculation: X(0) = [ x(t)dt

o Conjugation: x*(t) <= X*(—f).



e Parseval’s Relation: [*_ |z(t)*dt = [ | X (f)|*df.

4. Key Properties of Fourier Transforms
o Time-Scaling: x(at) < ﬁX(f/a)
o Duality: If z(t) & X(f), then X (t) & z(—f).
e Frequency Shifting (Modulation): z(t)e’?™ 0! < X (f — fo)

o Multiplication in Time:
21 (Das(t) < / X1 (A)Xa(f — A)dA.

o Convolution in Time:

/Oo 21 (st — T)dr < X1(F)Xa(f).
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5. Signal Bandwidth

e For bandlimited signals, bandwidth B defined as range of positive frequencies for which
[ X(f)] > 0.

In practice all signals are time-limited and therefore are not band-limited.

Need alternate definitions of bandwidth that indicate how much spectrum a signal
occupies.

Common definitions include null-to-null and 3dB bandwidth definitions.

e When a real baseband signal is upconverted to a carrier frequency, its bandwidth
(under any definition) typically doubles.

6. Special Functions

e The dirac delta function is a key function in Fourier analysis, as it describes the impulse
response of a filter. (Actually, it is not a function in the usual sense, it is a generalized
function or distribution.

e An exponential in time becomes a delta function in the frequency domain at the
frequency of the exponential.

e Sinusoids become two delta functions at the positive and negative frequencies of the
sinusoid.

e A delta function train in the time domain becomes a delta function train in the fre-
quency domain.

Main Points:

e The Fourier transform represents the spectral components of a signal.

e A rectangle in time is a sinc function in frequency. This implies time limited signals are not
bandlimited and vice versa.

e Time-scaling, duality, frequency shifting, multiplication and convolution are key Fourier
transform properties.

e Signal bandwidth definition depends on its use.

e Delta function, exponentials, and sinusoids are key functions in Fourier analysis. Delta
function train in time is a delta function train in frequency.



