Lecture 12 summary - EE 179: Introduction to Communications - Winter 2007—-2008

Several RVs. Gaussian RVs. CLT.
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e Several Random Variables

Joint Moments

Independent Random Variables
e Gaussian Random Variables

e Central Limit Theorem

1. Several Random Variables

e Let X and Y be defined on the same probability space.
e Their joint CDF is Fxy(z,y) = P(X <z,Y <y).
e Their joint pdf is fxy(z,y) = [ [¥ [xv(¢,v)dedv.

e Their conditional probability is fy (y|X = z) = fxv(z,y)/fx(z). It is the original pdf
normalized by the observed event.

e Joint random variables are independent if fxy (z,v) = fx(z)fy(y)

2. Joint Moments

e For X and Y joint RVs, their joint moment is
EXIY*) = / / 2y fxy (2, y)dady.
e

e The correlation of X and Y is defined as F[XY]. If this is pxuy we say X and Y are
uncorrelated. If it is 0, we say that X and Y are orthogonal.

e The covariance of X and Y is Cov[XY] = E[XY]| — pxuy.
e The correlation coefficient of X and Y is p = Cov[XY]/(ox0y).

3. Independent Random Variables

e The sum of independent random variables has a pdf equal to the convolution of the pdfs.

e The characteristic function of the sum is the product of characteristic functions. Obtain
pdf by taking FT of this product.

e The mean of the sum is the sum of the means

e The variance of the sum is the sum of the variances.



4. Gaussian Random Variables
e A common model for noise in communication systems.

e pdf defined in terms of mean and variance
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e The CDF cannot be found in closed form. Defined in terms of the error function and
complementary error function.
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e The tails of the pdf decrease exponentially.

5. Gaussian CDF': The erf, erfc, and Q functions

e The Gaussian CDF defined in terms of the error function (erf) and complementary error
function (erfc).

e Specifically,

p(X <z)=.5 {1 Jrerf(gv\/_i:jﬂ ,

where erf(u) = #< [i' ¢ Zdz = —erf(—u).
e Complementary error function defined as erfc(u) = 1 — erf(u).
e Example: for X ~ N(0,1),

p(X>z)=1-p(X <z)=1-.5 {1 + erf <5§>} = .5 — .berf (ji) = .Serfc <5§) .

e Q function: for X ~ N(0,1), define Q(z) = p(X > x) = .5erfc(x/v/2). Then for Z ~
N(nz,0%),p(Z > 2) = Q((z — pz)/02).

e Can show from pdf of Gaussian that if jointly Gaussian RVs are uncorrelated (E[X;X;] = 0)
then they are independent.
6. Central Limit Theorem (CLT)

e Let X; be independent and identically distributed (i.i.d.).
o Let Y =" X, and Z = (Y — puy)/oy.

e The CLT states that the distribution of Z as n — oo converges to a Gaussian RV with
mean ( and variance 1.

Main Points:

e Several RVs have a joint pdf.

Joint pdf factors for independent RVs.

The pdf of a sum of RVs is the convolution of pdfs.

Gaussian RVs are a common model for noise.

CLT gives distribution for shifted, normalized sum of i.i.d. RVs as a N'(0,1) Gaussian RV.



