Lecture 11 Summary - EE 179: Introduction to Communications - Winter 2007—2008

Operations with Mean and Variance. Functions of RVs.

Joint Moments and Independence.

Lecture Outline

e Mean and Variance

e Functions of Random Variables

Several Random Variables
Joint Moments

Independent Random Variables

1. Mean, Moments, Variance, and Characteristic Functions

The mean or expected value of X is defined as ux = F[X] = j:.!! xfx(x)dzx.
Similarly, the mean of a function of X is defined as E[g(X)] = ﬁ!! 9(z) fx(x)dx.

The nth moment of X is defined as F[X"]| = ﬁ!! 2" fx (x)dx. The second moment n = 2
is called the mean-square value of X.

The variance of X is defined as Var[X] = 0% = E[(X — pux)?. Expanding the square

yields 0% = E[X?] — p%.
The standard deviation of X, ox, is the square root of its variance.
The Chebyshev inequality relates the mean and variance of X as P(|X — ux| > ¢€) < 0% /.

The characteristic function of X is defined as ¢x(v) = E[e/VX] = ﬁ!! fo(z)e?Vrdr =
F(fz(z)). So the pdf and characteristic function are Fourier transform pairs. This will
become significant when we look at sums of random variables.

2. Functions of Random Variables

Let X be a random variable and g(z) be a function on the real line.

Let Y = ¢g(X) define another random variable.
Then Fy (y) = [,.gx)# y fx (2)dz.
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For g monotonically increasing and 1-1 this becomes Fy (y) = [ fx(z)dx.
|

For g monotonically decreasing and 1-1 this becomes Fy (y) = f§_1(y) fx(z)dx.

3. Several Random Variables

Let X and Y be defined on the same probability space.
Thier joint CDF is Fxy(z,y) = P(X <z,Y <y)

Their joint pdf is

0?Fxy (z,y)

fXY(x7y): 8x8y

so Fxy(z,y) = [4 [ fxvy(¢,v)dodv.



e Their conditional probability is fy (y|X = z) = fxv(z,v)/fx(z).

e Joint random variables are independent if fxy (z,v) = fx(z)fy(y)

4. Joint Moments

e For X and Y joint RVs, their joint moment is
! o
E[X/Y*] = / / 2Ty fxy (@, y)dzdy.
g

e The correlation of X and Y is defined as E[XY]. If this is zero we say X and Y are
uncorrelated.

e The covariance of X and Y is Cov[XY] = E[XY]| — pxuy.
e The correlation coefficient of X and Y is p = Cov[XY]/(ox0y).

5. Joint Independent Random Variables

e The sum of independent random variables has a pdf equal to the convolution of the pdfs.
e The characteristic function of the sum is the product of characteristic functions.
e The mean of the sum is the sum of the means

e The variance of the sum is the sum of the variances.

Main Points:

e The mean of a random variable is its average value. The variance is the second moment minus
the mean squared.

The characteristic function of a random variable is the Fourier Transform of its pdf.

e A function of a RV is another RV with probability defined by the underlying RV.

Several RVs have a joint pdf.

Joint pdf factors for independent RVs.

The pdf of a sum of RVs is the convolution of pdfs.



