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What is a Random Process?

Supposethat (! , E, P) is a probability space.

A randomprocessis an indexedfamily of randomvariables
{ X t ; t ! T } deÞnedon the probability space(! , E, P)

i.e., for each index or time t ! T , X t = X t (! ) is a function
mappingsamplespace! into the real line.

If T = $ , the randomprocess is calleda continuoustime random
process.

If T is the set of integers,the random processis calleda discrete
time randomprocess.
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Also denoterp as { X (t); t ! T } , where for eacht ! T X (t) =
X (t, ! ) is a randomvariable.

Alsocommonto drop the curly bracketsandjust referto a random
processX (t), but be careful. Needcontext to distinguishwhether
rp (all t) or rv (one speciÞcvalueof t).

Many ways to view a randomprocess

¥ If Þx ! = ! 0, then { X (t, ! 0); t ! T } is a waveform (or sequence)
(called a samplefunction of the random process)

¥ If Þx t = t0, then X (t0, ! ) is a randomvariable.

¥ If Þx both ! = ! 0 and t = t0, the X (t0, ! 0) is a real number.
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Joint Distributions

Knowing deÞnition of all the rvs which make up a rp + P "
joint distributions for all possibleÞnite combinationsof random
variables(in theory)

i.e., in theory, can Þndall joint cdfsof the following form: for any
Þnite n and any collectionof times t1, t2, . . . , tn can computethe
joint cdf

FX (t 1) ,X ( t 2) ,ááá,X ( t n ) (x1, x2, ááá, xn ) = Pr(X i # xi , i = 1, ááá, n)

e.g., marginal cdf FX (t ) (x), joint cdf FX (t 1) ,X ( t 2) (x1, x2)

Or equivalentjoint pdfs (or pmfs)

This approach yieldstheory and is sometimesusedto derivecdfs
from basicprinciples.
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Far more common:Describe a randomprocessby givinga formula
or rule for computingall of joint cdfs/pdfs/pmfs.
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Important moments

Givena random processX (t), deÞnemeanfunction

µX (t) = E(X (t)) all t

deÞneautocorrelation function

RX (t, s) = E [X (t)X (s)] all t, s

deÞnecovariancefunction

K X (t, s) = E [(X (t) %µX (t))( X (s) %µX (s))]
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Examples of Random Processes

Random sinusoids (discreteor continuoustime)
Supposethat A and " are independentrandomvariableswhereA
is described by a cdf FA (a) with meanµA and variance$2

A and "
is U[0, 2" ] is a random phaseangle.

X (t) = A cos(2" f 0t + " )

This randomprocessconsistsof a sinusoidof frequencyf 0 with a
random amplitude and phase. It is a fairly trivial process,but a
good introduction and occasionallya useful model.
For this example,since A and " are independent

E [X (t)] = E [A cos(2" f 0t + " )]

= E [A]E [cos(2" f 0t + " )] = 0
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since

E cos(2" f t + " ) =
! 2π

0
cos(2" f t + #)

d#
2"

=
1

2"

! 2π

0
cos(2" f t + #) d# = 0

since the integral of a sinusoid over a period is zero; hence
E[X (t)] = 0 whetheror not A haszeromean.

RX (t, s) = E [X (t)X (s)]

= E [A cos(2" f 0t + " )]A cos(2" f 0s + " )]

= E [A2]E [
cos(2" (t + s) + 2" ) + cos(2" (t %s))

2
]

= ($2
A + µ2

A )
cos(2" (t %s))

2
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IID Processes (discretetime)
Supposehavea marginal pdf f for a singlerandomvariable. For
any n and any collection of sampletimes deÞne

f X (t 1) ,X ( t 2) ,ááá,X ( t n ) (x1, x2, ááá, xn ) =
n"

i =1

f (xi )

E.g., choosef as a Gaussianor uniform pdf. Sameideaworks for
discretealphabet processeswith pmfs. Theseare ÒmemorylessÓ
processes.
Example: Bernoulli process, iid coin ßips. Common model for
computeroutputs, bits in digital communicationssystems
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General Gaussian Processes (discreteor continuoustime)
Hard to deÞne,but has many important and simple properties.
To deÞne,assumehave a mean function µ(t) and a covariance
function K (t, s). Then pdf hasthe form:

f X ( t 1) ,X ( t 2) ,ááá,X ( t n ) (x1, x2, ááá, xn ) =
e! 1

2(x ! µ ) t K ! 1(x ! µ )
#

(2" )kdet(K)
wherex = (x1, x2, ááá, xn )t , µ = (µ(t1), µ(t2), ááá, µ(tn )) t , and

K =

$

%
%
%
%
%
&

K (t1, t1) K (t1, t2) K (t1, t3) ááá K (t1, tn )
K (t2, t1) K (t2, t2) K (t2, t3) ááá K (t2, tn )
K (t3, t1) K (t3, t2) K (t3, t3) ááá K (t2, tn )

... ... ... . . . ...
K (tn , t1) K (tn , t2) K (tn , t3) ááá K (tn , tn )

'

(
(
(
(
(
)
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Covariance function must be such that all of the above matrices
are positivedeÞnite.

Canshow (with a lot of work) that the namesmeanfunction and
covariancefunction are accurate,i.e., for all t, s

E [X (t)] = µ(t)

COV(t, s) = K (t, s)
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Other processes

There are many classicaland popular random processesthat you
are likely to encounter,but are beyond the scope of this course.
We mention a few:

– Poissonprocesses:continuoustime processesthat changevalues
at intervals whose lengths are independent exponential random
variables. These include the random telegraph wave (a binary
alphabet continuous time random process) and the Poisson
counting process. These crop up when dealing with events
occurring randomly in time, including queuesin packet networks,
shipsarriving in ports, lengthsof phonecallsandnumbersof phone
callson a line.

– Independent increment processes: a generalizationof Poisson
processes
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– Markov processesand hiddenMarkov processes.Processeswhich
dependon the past only throughrecentbehavior andnoisyversions
of suchprocesses.

– Autoregressiveand moving averageprocesses: processesformed
by linear Þltering of memorylessprocesses,very popular in signal
processing(speechandimages),predictionandestimation. Include
Wienerprocesses, Brownian motion.
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Stationary Random Processes

Roughlyspeaking,a rp is stationary if its statisticsdo not change
with time.

If you look at the distribution of a bunch of samplesof the
random processat a given set of sampletimes t1, t2, . . . , tn , then
it is the sameas that of samplesof the random processat times
t1 + %, t2 + %, . . . , tn + %):

FX (t 1) ,X ( t 2) ,ááá,X ( t n ) (x1, x2, ááá, xn ) =

FX (t 1+ τ ) ,X ( t 2+ τ ) ,ááá,X ( t n + τ ) (x1, x2, ááá, xn )

If this is true for any choiceof n and t1, t2, . . . , tn , %the process
is said to be stationary in the strict sense.
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If a processis strictly stationary, then f X ( t ) (x) = f X (0) (x) does
not depend on t, so we can write

E [X (t)] = µX

independentof t. (constant mean)

If a process is strictly stationary, then f X ( t ) ,X (s) (x, y) =
f X (0) ,X (s! t ) (x, y) for any s, t and hence

RX (t, s) = RX (0, s %t)

That is, the autocorrelation dependsonly on the two times through
their difference.

Usuallyabbreviatethis to RX (t, s) = RX (s %t)
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Wide Sense (Weak) Stationary

It often turns out that many important results require only
E [X (t)] = µX and RX (t, s) = RX (s %t), not strict stationarity. So
deÞnea rp to be WSSif theseconditionshold (often addrequirement
RX (0) < & for technical reasons.

If a processis WSS,then autocorrelation satisÞes

¥ RX (%) = RX (%%)

¥ |RX (%)| # RX (0)

¥ If RX (%) = µ2
X , then samplesseparated by %are uncorrelated
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Proofs similar to power signals, e.g.,

0 # E[(X (t) ± X (s))2] = E [X (t)2 ± 2X (t)X (s) + X (s)2]

= E [X (t)2] ± 2E[X (t)X (s)] + E [X (s)2]

= 2RX (0) ± 2RX (t %s)

" RX (0) ± RX (t %s) ( 0 " |RX (%)| # RX (0)

Note: It is straightforward to show that in the special caseof
Gaussianrandom processes,a processis WSS if and only if it is
strictly stationary. This is not true nonGaussianprocesses,where
strict stationarity is a much strongercondition and much harder to
prove.
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Linear Filtering of Random Processes

X (t) ! H (f ) ! Y (t)

Y (t) =
!

X (t %s)h(s) ds (1)

that is, we deÞnea new rp by

Y(t, ! ) =
!

X (t %s, ! )h(s) ds

Givenmeanfunction andcovariancefunction for input, Find those
of output.
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E [Y (t)] = E [
!

X (t %s)h(s) ds]

=
!

E [X (t %s)]h(s) ds

=
!

µX (t %s)h(s) ds

If input is WSS,then input meanconstantµX and

E[Y (t)] = µX

!
h(s) ds

= µX H (0)
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Covarianceis a mess,for completenesshereis the derivation:

K Y (t, s)

= E [(Y (t) %E[Y (t)])( Y (s) %E[Y (s)])]

= E
*+ !

h(&)(X (t %&) %µX (t %&)d&
,

'
+ !

h(' )(X (s %' ) %µX (s %' ))d'
,-

=
! !

h(&)h(' )E [(X (t %&) %µX (t %&))( X (s %' ) %µX (s %' ))]d&d'

=
! !

h(&)h(' )K X (t %&, s %' )d&d' .

This is as far as we can go without further assumptions.
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Supposethe input processX (t) is WSS:Then

K X (t %&, s %' ) = K X (s %' %t + &)

and

K Y (t, s) =
! !

h(&)h(' )K X (t %& %s + ' )d&d'

=
! !

h(&)h(' )K X (( t %s) %& + ' )d&d'

" Y (t) is alsoWSS!!

K Y (%) =
! !

h(&)h(' )K X (%%& + ' )d&d'

This is a doubleconvolution,usuallyquite difficult to Þnd.
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To avoid convolutions, take Fourier transforms. For simplicity,
assumethat X (t) haszeromeanso K X (%) = RX (%)

Analogous to case of power signals, deÞne power spectral
density SX (f ) of random process X (t) as Fourier transform of
autocorrelation function:

SX (f ) =
! "

!"
RX (%)e! j 2πf τd%
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If WSSprocessX (t) with psdSX (f ) is input to LTI with transfer
function H (f ), then output processY(t) haspsd

SY (f )

=
! + ! !

h(&)h(' )K X (%%& + ' )d&d'
,

e! j 2πf τd%

=
! !

h(&)h(' )

.

/
!

K X (%%(& %' )0 12 3
τ#

)e! j 2πf (τ ! (α! β)d%

4

5

' e! j 2πf (α! β)d&d'

=
+ !

h(&)e! j 2πf α

, + !
h(' )e+ j 2πf β

, ! "

!"
K X (%#)e! j 2πf τd%#

= H (f )H $(f )SX (f )
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or SY (f ) = |H (f )|2SX (f )

Power spectral has sameinterpretation as time averagepsd for
power signals:

X t
! H (f ) ! Yt

! f

"

H (f )

1

%f 0 %# %f 0 f 0 f 0 + #

E[Y 2
t ] =

!

f :f 0%|f |<f 0+ !
SX (f ) df .

F = { f : f 0 # |f | < f 0 + # f } .
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Power E [Y (t)2] is

RY (0) =
!

SY (f ) df =
!

|H (f )|2SX (f ) df =
!

F
SX (f ) df

. To Þnd the averagepower in any frequencyband F integrate the
psdoverF .

Sinceaveragepower in any frequencyband ( 0, must have

SX (f ) ( 0, all f . (2)
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Amplitude Modulation

Suppose{ X (t)} is a continuoustime WSSrp with zeromeanand
covariancefunction K X (%) = RX (%)

Amplitude modulation: Assume" is U[0, 2" ], independent of
input rp

Y (t) = (a0 + a1X (t)) cos(2" f t + " )

X t
! !"

#$
'

"

a1

! !"
#$
+

"

a2

! !"
#$
'

"

!"
#$
)

cos(2" f 0t + " )

! Y (t) = (a0 + a1X (t)) cos(2" f 0t + " )
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! f

"

"

SX (f )

%W 0 W

!
!

!
!!

"
"

"
""

Find E [Y (t)], K Y (t, s). Is Y (t) WSS?

EY(t) = (a0 + a1EX (t))E cos(2" f t + " ) = 0

sincerightmost expectation=0
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K Y (t, s) = a2
0E [cos(2" f t + " ) cos(2" f s + " )]

+ a0a1(EX (t)E [cos(2" f t + " ) cos(2" f s + " )]

+ a0a1EX (s)E [cos(2" f t + " ) cos(2" f s + " )])

+ a2
1K X (t, s)E [(cos2" f t + " )(cos2" f s + " )].

original processhaszeromean" middle lines=0

Combiningthe remainingtwo terms and using

cosx cosy =
1
2

cos(x + y) +
1
2

cos(x %y)
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yields

K Y (t, s) = (a2
0 + a2

1K X (t, s))

'
+

1
2

E cos(2" f (t + s) + 2" ) +
1
2

E cos(2" f (t %s))
,

.

Thus

K Y (%) =
1
2
(a2

0 + a2
1K X (%)) cos(2" f %)

" WSS
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! f

"

"

SX (f )

%W 0 W
!

!
!

!

"
"

"
"

! f

"

SY (f )

f 0

""

%f 0

!
!

!
!

"
"

"
"

!
!

!
!

"
"

"
"
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White Noise

Bizarre but veryusefulmodel: A zeromeanWSSprocess{ X t } is
said to be white if its power spectral density is a constant for all f .

Physicallyimpossiblesince " inÞnitepower!

JustiÞcation:If put into any LTI with bandwidth W , then output
psd * sameas if input was very wide band noisewith ßat psd, e.g.,
thermal noisein a resistor.

Greatly simpliÞesanalysisof output of physicalÞlter. Makes no
senseon its own.

For historical reasons,call constantN0/ 2.
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Formally:

SX (f ) =
N0

2
all f ; RX (%) =

N0

2
( (%)

Note: There is a rigoroustheory for white noise,which essentially
redeÞnescalculus (Wiener calculus)to handle. Relatedto theory of
Wienerprocesses.

Very nice property: Put white noise into a Þlter with transfer
function H (f ), then output psd is

SY (f ) = |H (f )|2
N0

2

It turns out that most psdsmet in practice have this form with a
causalH . Very important for modeling processes.
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If put white noise into ideal lowpass(bandpass)Þlter, result is
lowpass(bandpass)noise.

Commonmodel.
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