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Also denoterp as{X (t);t ! T}, where for eacht! T X(t) =
X (t,!) isarandomvariable.

Alsocommonto dropthe curly brackets andjust referto a random
processX (t), but be caeful. Needcontextto distinguishwhether
rp (all t) or rv (one specibcvalueof t).

Many ways to view a random process

¥ If bx! = 1o, then{X(t,!o);t! T} isawavefoam (or sequence)
(called a samplefunction of the random process)

¥ If bxt = to, then X (to,! ) is a randomvariable.

¥ If bxboth! = !y andt = tg, the X (to,! o) is a real number.
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What is a Random Process?

Supposethat (! , E, P) is a probability space.

A randomprocessis an indexedfamily of randomvariables
{X¢;t! T} debnedon the probability space(! ,E, P)

i.e., for eachindex or time t ! T, X; = X(!) is a function
mappingsamplespace! into the realline.

If T = $, the randomproces is calleda continuoustime random
process.

If T isthe setof integers,the random processis calleda discrete
time randomprocess.
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Joint Distributions

Knowing debPnition of all the rvs whichmake uparp + P "
joint distributions for all possiblebnite combinationsof random
variables(in theary)

i.e., in theary, can bndall joint cdfs of the following form: for any

Pnite n and any collectionof timest,t,,...,t, cancomputethe
joint cdf
Fx (t1).X (t2).448 (tn) (X1, X2, 888, Xn) = Pr(X; # x;,i = 1,4a,n)

e.g., marginal cdf Fx (1)(x), joint cdf Fx (t,) x (t,)(X1,X2)
Or equivalentjoint pdfs (or pmfs)

This approachyieldstheay and is sometimesusedto derive cdfs
from basicprinciples.
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Far more common: Descrile a randomprocesshy giving a formula
or rule for computingall of joint cdfs/pdfs/pmfs.
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Examples of Random Processes

Random sinusoids (discreteor continuoustime)
Suppsethat A and"” are independentrandomvariableswhereA
is descrited by a cdf Fa (a) with meanp, and variance$2 and "
is U[0, 2" ] is a random phaseangle.

X(t) = Acos(2fot+ ")

This random processconsistsof a sinusoidof frequencyf o with a
random amplitude and phase. It is a fairly trivial process,but a
good introduction and occasionallya usdul model.

For this example,since A and" are independent

EX ()]

E[Acos(2 fot+ " )]
E[A]JE[cos(2 fot+ " )] =0
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Important moments

Givena random processX (t), debPnemeanfunction
Hx (t) = E(X (1)) allt
debneautocorrelation function
Rx (t,s) = E[X ()X (9)] all t, s
debnecovaiancefunction

Kx (t, s) = E[(X (1) %px (1)(X (s) %px (s))]
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since

!27r

#
Ecos2ft+") cos(2 ft+ #)ST

0
1!277
ZT

0

cos(2ft+#d#=10

since the integral of a sinusoid over a period is zero; hence
E[X (t)] = O whetheror not A haszeromean.

Rx (t, S)

EX ()X (s)]
= E[Acos(2fot+ " )JAcos(2fes+ ")]
cos(2' (t+ s)+ 2" ) + cos(2 (t %5s))

= EA%EL 5

]

cos(2' (t %s))

_ 2 2
= ($a + Ha) 2
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IID Processes (discretetime) General Gaussian Processes (discreteor continuoustime)

Suppsehavea marginal pdf f for a singlerandomvariable. For Hard to debne,but has many important and simple properties.
any n and any collection of sampletimes debne To debne,assumehave a mean function p(t) and a covaiance
. function K (t, s). Then pdf hasthe form:
fx (t1).X (t2).488 (tn) (X1, X2, 888, Xp) = T (X)) g 30 WK )
i=1 fx(tl),x (tg),aaaX (tn)(X11X21m1Xn) m
E.g., choosef asa Gaussiaror uniform pdf. Sameideaworks for wherex = (X1, X2, 88, %n)", 1 = (U(t1), u(t2), &4, u(ts))", and
discrete alphalket processeswith pmfs. Theseare OmemoylessO $ '
processes. o Kt ta) Kty t2) Kty ts) @@ K(tg,tn)
Example: Bernoulli process, iid coin Rips. Common model for ?K(tz,tl) K(t2,t2) Ktz tz) a@a Ktz tn)
computeroutputs, bits in digital communicationssystems K = ﬁK(ts,h) K(ts t2) K(ts tz) aaa K(tz tn)
K(tn,tl) K(tn,tz) K(tn,tg) é%. K(tn,tn)
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Covaiance function must be suchthat all of the above matrices Other processes
are positive debnite.
Canshaw (with a lot of work) that the namesmeanfunction and There are many classicaland popula random processeghat you
covaiancefunction are accurate,i.e., for all t, s are likely to encounter,but are beyond the scope of this course.
We mention a few:
EX@®] = ) — Poissonprocesses:continuoustime processeghat changevalues
COV(t,s) = K(t, ) at intervals whose lengths are independent exponential random

variables. These include the random telegrgph wave (a binary
alphalet continuous time random process) and the Poisson
counting process. These crop up when dealing with events
occurring randomlyin time, including queuesin packet networks,
shipsarriving in ports, lengthsof phonecallsand numbersof phone
callson a line.

— Independent increment processes: a generalizationof Poisson
processes
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— Markov processesand hidden Markov processes.Processesvhich
dependonthe past only throughrecentbehavieo and noisyversions
of suchprocesses.

— Autoregressiveand moving averageprocesses: processesformed
by linea bltering of memaylessprocessesyery popula in signal
processingspeechandimages),predictionand estimation. Include
Wiener processs, Brownian motion.
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If a processis strictly stationary, then fx 1)(X) = fx ) (x) does
not dependon t, sowe canwrite

E[X ()] = Hx
independentof t. (constant mean)

If a process is strictly stationay, then fx ) x @ (Xy) =
fx ) x (st 1y(X, y) for anys,t and hence

RX (ta S) = RX (01 S%t)

That is, the autocarrelation dependsonly on the two times through
their difference.

Usuallyablreviatethis to Ry (t, s) = Rx (s %t)
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Stationary Random Processes
Roughlyspeaking,a rp is stationay if its statistics do not change
with time.

If you look at the distribution of a bunch of samplesof the
random processat a given set of sampletimes ty,t»,...,t,, then
it is the sameas that of samplesof the random processat times
t1+ %t2+ %---atn + %:

FX (t1).X (t2).448 (tn) (X1, X2, 888, X)) =

FX (t1+ 7).X (ta+ 7),888 (tn+ ) (X1, X2, 884, Xp)

If this is true for any choiceof n andty, ts,...,t,, %the process
is saidto be stationay in the strict sense
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Wide Sense (Weak) Stationary

It often turns out that many important results require only
E[X (t)] = ux andRy (t, s) = Rx (s %t), not strict stationaity. So
debnearp to be WSSif theseconditionshold (often add requirement
Rx (0) < & for technical reasons.

If a processis WSS, then autocarrelation satispes
¥ Rx (% = Rx (Y
¥ |Rx (9] # Rx (0)

¥ If Ry (% = p%, then samplessepaated by %are uncorrelated
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Proofs similar to power signals, e.g., Linear Filtering of Random Processes

0 # E[(X(t)% X(s)?]= E[X(t)?+ 2X (1)X (s) + X (s)?]
E[X (1)2] £ 2E[X (1)X (s)] + E[X (s)%] X(t) —HE)— Y()
2Rx (0) + 2Ry (t %s)

" Rx(0)x Rx(t%s) ( 0" [Rx(%|# Rx(0) Y(t)=  X(t%s)h(s)ds (1)

Note: It is straightfoward to shav that in the special case of
Gaussianrandom processes,a processis WSS if and only if it is
strictly stationay. This is not true nonGaussiarprocesses,where
strict stationarity is a much strongercondition and much harder to

that is, we debPnea newrp by
!
Y(!)= X(t%s,!)h(s)ds

prove.
Givenmeanfunction and covaiancefunction for input, Find those
of output.
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Covaianceis a mess,for completenessereis the derivation:

E[ X (t %s)h(s) ds]
|

KY (t, S)

ELY (1)] EL(Y () %ELY (OD(Y (s) %ELY ()]

E[X (t %s)]h(s) ds

E h(&)(X (t %&) %y (t %&)d&
+1 -

Hx (t %s)h(s) ds ' h(' )(X(s%" ) %px (s%" ))d

h(&h(" )E[(X (t %&) %ux (t %&)(X (s %" ) Y%ux (s %" ))]
If input is WSS, then input meanconstantpx and I

| h(&h( )K x (t %& s %" )d&d" .

Ux  h(s)ds

Hx H (0)
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ELY (1)] This is asfar aswe can go without further assumptions.



Supposethe input processX (t) is WSS: Then
Kx (t%&s%')=Kx(s%' %t+ &)
and

Ky (t,s) h(&h(' K x (t %&%s + ' )d&d'

h(&h(' K x ((t %S) %&+ ' )d&d'

" Y(t) isalsoWSS!
Pl

Ky (% = | h(&h(' )K x (%%8& + ' Yd&d'

This is a doubleconvolution,usuallyquite difficult to Pnd.
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If WSSprocessX (t) with psdSy (f ) isinput to LTI with transfer
function H (f ), then output processY (t) haspsd

su() |,
= h(&h(' )Kx (%%&+ ' )d&d' € 12" 7d%

Il T 4

h(&h(' )/ ' Kx(%/io( 0% é)e! j2rf (7! (a! B)gob

1 e! j2nf (a! ,B)d&d-
+1 +1 1.

h(&)e! j2nf « h(l )e+j27rf,8

K x (O/B)e! j 2rf Td(yg

H(f)H3(f )Sx (f)
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To avoid convolutions, take Fourier transforms. For simplicity,
assumehat X (t) haszeromeansoK x (% = Rx (%

Analogous to case of power signals, debPne power spectral
densiy Sx (f) of random process X (t) as Fourier transfam of
autocorrelation function:

-

Sx(f) = Rx (%€ 127 7d%

EE179- Introduction to Communications 22

or | Sy(f) = [H(f)ISx(f)

Power spectral has sameinterpretation as time averagepsd for
power signals:

Xt 'H(f) = Y

H(f)
1T
% o %# % fo fot #!
!
E[Y?] = Sx(f)d.
f:f o%]|f |<f o+!
F={f:fo#[f|<fo+#f}.
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Power E[Y (1)?] is Amplitude Modulation
! ! !

- - 2 -
Ry = Svf)d = [HEIS(T)d = . Sx(f)d Suppose{ X (t)} is a continuoustime WSSrp with zeromeanand

covaiancefunctionKx (% = Rx (%
. To bPndthe averagepower in any frequencyband F integrate the

psdoverF . Amplitude modulation: Assume" is U[0,2"], independent of
) ) input rp
Sinceaveragepower in any frequencyband ( O, must have Y (1) = (a0 + arX (1) cos(Z ft+ ")
Sx(f)( O, allf. (2)
Xt O )" )—= Y(t) = (ag+ ayX (t)) cos(2 fot + ")
T T gcos(zfot +")
a; as
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Sx (f)
Ky(t,s) = a3E[cos(2ft+")cos(2fs+")]
+apa1(EX (t)E[cos(2 ft+ " )cos(2fs+ ")]
+ apaEX (s)E[cos(2'ft+ " )cos(2 fs+ "))
‘ ‘ f +afK x (t, S)E[(cos2" ft+ " )(cos2"fs+ " ).
%W 0 W

Find E[Y (1)], Ky (t, s). IsY (t) WSS?
original processhaszeromean™” middle lines=0

Combiningthe remainingtwo terms and using
EY(t) = (ap+ a;EX (t))Ecos(2ft+")=0

-1 +y) + L %
sincerightmost expectation=0 cosx cosy = §C05(>( y) ECOS(X 0y)
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yields

Ky (t,s) = (a3 + a?Kx (t, S))
+

' %E cos(2f(t+s)+ 2" )+ %E cos(2' f (t %s))

Thus
1
Ky (% = E(a(z) + afK x (%) cos(2' f %
" WSS
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White Noise

Bizare but veryusefulmodel: A zeromeanWSSprocess{ X} is
saidto be white if its power spectral densiy is a constantfor all f .

Physicallyimpossiblesince "  inPnite power!
Justibcation:If put into any LTI with bandwidth W, then output
psd* sameasif input was very wide band noisewith Rat psd, e.g.,

thermal noisein a resista.

Greatly simplibPesanalysisof output of physicalblter. Makes no
senseon its own.

For historical reasonscall constantNg/ 2.
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Sx (f)
%W 0 W
Sy (f)
L Lo f
%f o fo
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Formally:
No

Sx(f) = 20 all 1Ry (%9 = (%

Note: Thereis a rigoroustheory for white noise,which essentially
redePnesalculus (Wiener calculus)to handle. Relatedto theary of
Wiener processs.

Very nice property: Put white noiseinto a Plter with transfer
function H (f ), then output psdis

Sy(f) = H(1)P2

It turns out that most psdsmet in practice have this form with a
causalH . Veryimportant for modeling processes.

EE179- Introduction to Communications 32



If put white noiseinto ideal lowpass(bandpass)blter, result is
lowpass(bandpass)noise.

Commonmaodel.
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