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Intro duction to Digital Mo dulat ion

A misnomer, usually meansanalogmodulation of digital waveform,
i.e., convert sequenceof bits into analog modulated waveform.

For simplicity focuson binary digital signals, ideasextend to larger
Þnite alphabets.

Suppose have binary discrete time, discrete amplitude sequence
bn , onesymbol every Tb seconds.

For convenience assumebn " { 0, 1} (obvious changes if instead
bn " { ! 1, 1} ).
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ÒDigitalmodulationÓschemes: given digital signal bn in time slot
[nTb, (n + 1)Tb), modulated signal s(t) during [nTb, (n + 1)Tb) is

s(t) =

!
""""#

""""$

bn p(t ! nTb) Baseband modulation

bn Ac cos(2! f c(t ! nTb)) Amplitude shift keying(ASK)

Ac cos(2! f c(t ! nTb) + bn ! ) Phaseshift keying (PSK)

Ac cos(2! f bn (t ! nTb)) Frequency shift keying (FSK)

wherep(t) is a baseband pulse,e.g.,

p(t) =

%
1 t " [0, Tb)
0 otherwise

Usually assume integral number of periods in Tb seconds, e.g.,
f c = k/T b for integer k. For FSK also assumefor both f 1 and f 2

EE179- Introduction to Communications 3

Comments: Since f c = k/T b, the ! nTb terms are not needed.
Can think of digital modulation as modulation of bit stream by
a Òpulse,Ó square pulse at baseband, sinusoidal pulse (of varying
amplitude, phase, or frequency) at passband.

Can write schemes as ordinary analog modulation of baseband
signal

m(t) =
!&

n = "!

bn p(t ! nTb)

as

s(t) =

!
""#

""$

m(t)Ac cos(2! f ct) ASK

Ac cos(2! f ct + m(t)! ) PSK

Ac cos(2! f 0t + 2! (f 1 ! f 0)
' t m(t#)dt#) FSK

The FSK caseneedsexplanation:
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Integrating m(t) over [nTb, (n + 1)Tb) yields either 0 or Tb. If
it is 0, does not contribute to running integral. If it is Tb, then
choosing kf = f 1 ! f 0 as an integral mutiple of 1/T b will yield
2! kf

' (n +1) Tb
nT b

m(t#)dt# an integral multiple of 2! , which does not
effect the cosine.Thus for t " [nTb, (n + 1)Tb)

Ac cos(2! f 0t + 2! (f 1 ! f 0)
( t

m(t#)dt#) =

Ac cos(2! f 0t + 2! (f 1 ! f 0)tbn ) =

%
Ac cos(2! f 0t) bn = 0
Ac cos(2! f 1t) bn = 1

which is FSK.

The point: ASK, PSK, FSK can be viewedasAM (DSB-SC), PM,
and FM of the baseband modulated signal m(t) with appropriate
modulation constants.
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Comments:

¥ ClassiÞcationis not unique, e.g., PSK can be viewed as ASK with
bn = ± 1. Canmodulate using DSB-SCmodulator.

¥ Minimum shift keying (MSK) = FSK with |f 1 ! f 0| = .5/T b

¥ Need not actually do analog modulation to generate, can just
generate sinusoidal pulsesdirectly basedon bn (actually modulate
the true digital signal)

EE179- Introduction to Communications 6

PSK/ASK detection in noise

For conveniencein the analysiswe model PSK (or bipolar ASK)
as DSB-SC modulation of a ± 1 baseband digital waveform, i.e.,
considerbn = ± 1 for eachtime slot [nTb, (n + 1)Tb)

m(t) =
!&

n = "!

bn p(t ! nTb)

wherep(t) = 1 for 0 # t < Tb and 0 otherwise.

Assumebn are iid, equiprobable binary random variables.

One possible demodulation (coherent) technique (with the
ÒDetectorÓ mapping y(t) into the binary waveform m̂(t) to be
determined):

EE179- Introduction to Communications 7

m(t) !

!"

#$

$
"

cos(2! f ct)

!

X c(t) !"

#$

+
"

n(t)

!

n(t) AWGN, Sn (f ) = N0/ 2

r (t)
hBPF(t)

BW B

!

!"

#$

$
"

cos(2! f ct)

"

hLPF(t)BW B

"

y(t)

Detector#m̂(t)
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How much BW neededin the Þlters? Want big enoughto pass
m(t) almost perfectly, but not any bigger than necessary (which
resultsin more noise)

Let Bm denote the (single-sided) bandwidth (approximately) of
the binary waveform. A rule of thumb is that Bm % 1/ (2Tb), but we
assumethat

f c >> Bm >>
1
Tb

(1)

to ensure that the ideal square wave is well reproduced when the
baseband signal m(t) is bandlimited to [! Bm , Bm ].

m(t) is modulated to form X c(t) = Acm(t) cos(2! f ct). X c(t)
is a PSK signal with phases 0 or ! (or a bipolar ASK signal with
amplitudes± Ac)

X c(t) is put into an AWGN channel with power spectral density
N0/ 2.
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The received signal X c(t) + N (t) is Þrst passed through an ideal
BPF with BW 2Bm centeredat f c:

H (f ) =

%
1 |f ± f c| # Bm

0 otherwise

! f

$

HBP(f )

0

1

! f c f c

2Bm
! #
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The output of the BPF is

r (t) = X c(t) + n(t) = X c(t) + nc(t) cos(2! f ct) ! ns(t) sin(2! f ct)

wheren(t) is narrow band Gaussiannoise as treated in class and the
accompanying handout so that

! f

$

Sn (f )

0

N0/ 2

! f 0 f 0
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! f

$

Sn c(f ) = Sn s(f )

0

N0

r (t) is then passed through an ideal product demodulator: it is
Þrstmultiplied by cos(2! f ct) (assumingcoherent demodulation) and
then passed through an ideal LPF with two-sided BW 2Bm . The
Þnal signal out of the demodulator and into the binary detector is
then

y(t) =
1
2

[Acm(t) + nc(t)]

(the 1/2 comesfrom the cos2 term).

EE179- Introduction to Communications 12



The detector views a noisy signalduring [nTb, (n + 1)Tb],

y(t) = ±
1
2
Ac +

1
2
nc(t), t " [nTb, (n + 1)Tb]

and tries to guessbn .

Two possible ways (for comparison) for accomplishing this are:

1. Sample y(t) in the middle of the interval to form

Yn = y(nTb +
Tb

2
) = ± A + Nn

whereA = Ac/ 2 and Nn = nc(nTb + Tb
2 )/ 2.
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2. Integrate and dump y(t) to form

Yn =
( (n +1) Tb

nT b

y(t) dt

= ±
Ac

2
Tb +

1
2

( (n +1) Tb

nT b

nc(t) dt

= ± A + Nn

wherenow A = AcTb/ 2 and Nn = 1
2

' (n +1) Tb
nT b

nc(t) dt

Both approaches have exactly the same form: The detector sees
± A plus a Gaussian random variable Nn and must decide on the
choice of ± , ideally in a way that will make the error probability
small.
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This is a classic problem in probability and statistics. It involves
a little more complication than what we have seen becauseit is a
mixed problem,it has both discreteandcontinuous randomvariables.
Before continuing, develop fundamentals of binary detection theory.
Then apply them.
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Binary Detection Theory

An exampleof Bayes classiÞcation/detection.

Suppose that we have a pair of random variables (X , Y ) whereX
is a binary ± A random variable described by a pmf pX (± A) = 0.5.
Conditioned on X = x, Y is continuouswith a Gaussiandistribution
with variance" 2 and meanx, that is,

f Y |X (y|x) =
exp

)
! (y ! x)2/ 2" 2

*

&
2! " 2

; y " ' ; x = ± A .

This can be thought of as the result of communicating a binary
symbol (a ÒbitÓ)over a noisychannel, which addsGaussian noisewith
zeromeanand variance" 2 to the bit. In other words, Y = X + W ,
whereW is a Gaussian random variable, independent of Y .
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First Þndthe a posteriori pdf f Y (y) for the output Y . As always,
begin with the cdf FY (y) and then differentiate to get f Y (y). Thus

Pr(Y # y) =
&

x

Pr(Y # y, X = x)

=
&

x

Pr(Y # y|X = x)pX (x)

In the aboveexpression,

Pr(Y # y|X = x) =
( y

"!
f Y |X (#|x) d#,

the integral of the conditional pdf (this is a conditional cdf). So
taking the derivative yields

f Y (y) =
&

x

f Y |X (y|x)pX (x)
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which is the appropriate variation on the integral formula f Y (y) ='
f Y |X (y|x)f X (x) dx. Anotherway to derivethis is to usethe density

formula and use the Dirac delta representations for the density of a
discrete random variable.

Plugging in then yields

f Y |X (y| ! A)pX (! A) + f Y |X (y|A)pX (A)

= 0.5(
e

" (y+ A )2

2! 2

&
2! " 2

+
e

" (y" A )2

2! 2

&
2! " 2

)

=
1

2
&

2! " 2
(e

" (y+ A )2

2! 2 + e
" (y" A )2

2! 2 )
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A detector q(y) looksat a received value y and guesses what was
sent by the rule

q(y) =
+

A y > T
! A y # T

whereT is a Þxed real number (a threshold).

Findanexpression for the probability of error Pe = Pr(q(Y ) (= X ):
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Pe = Pr(q(Y ) (= X )

= Pr(q(Y ) = A|X = ! A) Pr(X = ! A) +

Pr(q(Y ) = ! A|X = A) Pr(X = A)

= Pr(y > T|X = ! A) Pr(X = ! A) +

Pr(y # T|X = A) Pr(X = A)

=
1
2
(
( !

T

e
" (y+ A )2

2! 2

&
2! " 2

dy +
( T

"!

e
" (y" A )2

2! 2

&
2! " 2

dy)

=
1
2
(
( !

T + A

e
" y2

2! 2

&
2! " 2

dy +
( T " A

"!

e
" y2

2! 2

&
2! " 2

dy)

=
1
2
(Q(

T + A
"

) + 1 ! Q(
T ! A

"
))
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What canyou say about the optimum choicefor the thresholdT?
That is, the choice that minimizes the probability of error.

To minimize the probability of error, we can take the derivative
of the above equation, set to 0, and solve for T. However, it may
be easier just to visualize a graph of the 2 pdfÕs.The left term is
the integral from T to ) of a Gaussian centeredaround y = ! A.
The right term is the integral from !) to T of the same Gaussian
shifted right to be centered around y = +A. Intuit ively minimize
these integrals by choosingthreshholdT to be the value wherethey
intersect. In this case, becausethe 2 Gaussians are identical, just
offset, T = 0, or the average between the 2 means.

Can prove this is the optimum choice.
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Summary of Symmetric Binary Detection

Y = X + N whereX is equally likely to be ± A and N is normal
with mean 0 and variance " 2. A reasonable detection rule is to guess
X̂ = +A if Y * 0 and X̂ = ! A if Y < 0. +

Pe = Pr(X (= X̂, -. /
event E

)

= Pr(E|X = +A) Pr(X = A) + Pr(E|X = ! A) Pr(X = ! A)

= Pr(Y # 0|X = +A)
1
2

+ Pr(Y > 0|X = ! A)
1
2

=
1
2

( 0

"!
f Y |X =+ A (y) dy +

1
2

( !

0
f Y |X = " A (y) dy
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so that

Pe =
1
2

( 0

"!

1
&

2! " 2
e" (y" A )2/ 2! 2

dy +
1
2

( !

0

1
&

2! " 2
e" (y+ A )2/ 2! 2

dy

=
1
2

( " A

"!

1
&

2! " 2
e" y2/ 2! 2

dy +
1
2

( !

A

1
&

2! " 2
e" y2/ 2! 2

dy

=
( " A/ !

"!

1
&

2!
e" y2/ 2 dy != Q(A/ " ) =

1
2
(1 ! erf(

A
&

2"
))

Note: The detection rule in this case turns out to maximize
the probability of being correct given the noisy observation, i.e.,
maximizingPr(X̂ = X |Y = y), the so-called maximuma posteriori
or MAP or Bayes detection rule.
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Solution for PSK

To apply thegeneral result to PSKwith the two possible structures
need only Þnd A and " 2.

First consider simple sampling approach where y(t) is sampledin
the middle of an interval to form

Yn = y(nTb + Tb/ 2) = ±
Ac

2
+

nc(nTb + Tb/ 2)
2

so that A = Ac/ 2 and

" 2 =
E [nc(nTb + Tb/ 2)2]

4
=

2Bm N0

4
=

Bm N0

2

Note noise variance grows as Tb becomes smaller since BW
proportional to 1/T b. Signal amplitude A stays Þxed.
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Pe = Q(

0
A2

c

2Bm N0
)

Argument decreases as Bm increases+ Pe increasesas Bm grows
(or Tb shrinks)

For the integrate and dump detector, A = AcTb/ 2 and we need
to Þnd " 2. Good practice.
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" 2 = E (N 2
n ) = E

1

2

3
1
2

( (n +1) Tb

nT b

nc(t) dt

4 2
5

6

=
1
4
E

73 ( (n +1) Tb

nT b

nc(t) dt

4 3 ( (n +1) Tb

nT b

nc(s) ds

48

=
1
4

( (n +1) Tb

nT b

3 ( (n +1) Tb

nT b

E [nc(t)nc(s)] ds

4

dt

=
1
4

( (n +1) Tb

nT b

3 ( (n +1) Tb

nT b

Rn c(t ! s) ds

4

dt

But

Rn c($) = F " 1(Sn c(f )) = N02Bm sinc(2Bm $)
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Under the assumptionthat Bm >> 1/T b, this pulsebehaves like an
impulseat time t, it is very tall (height 2Bm at s = t), very narrow
(the main lobe haswidth 1/B m , which is much smaller than Tb, the
integration interval length) +

" 2 =
1
4

( (n +1) Tb

nT b

3 ( (n +1) Tb

nT b

Rn c(t ! s) ds

4

dt

%
1
4

( (n +1) Tb

nT b

3 ( (n +1) Tb

nT b

N0%(t ! s) ds

4

dt

=
N0

4

( (n +1) Tb

nT b

dt =
N0Tb

4

Note that noisevariance shrinks as Tb becomes smaller (and hence
Bm grows), opposite from sampling detector. Also A grows with Tb

rather than remaining constant as with the sampling detector.
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Thus for PSK with an integrate-and-dump detector

Pe = Q(
AcTb/ 2

9
N0Tb/ 4

) = Q(

0
A2

cTb

N0
)

Better than sampling becauseQ decreases as its argument grows
and hencesince Tb >> 1/B m Q(

9
A2

cTb/ N0)< Q(
9

A2
c/ 2Bm N0)

Intuitively: The integrate and dump reinforces the signal and
averages out the noise. Both schemes deteriorate in performance
as Tb , or Bm - , but the integrate-and-dump scheme remains
better providedassumptions are valid (Bm >> 1/T b) and hence the
approximationshold.
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Pe is often stated in terms of the average energy per bit, which
for PSK is

Eb =
A2

c

2
Tb

Eb is the probabilistic averageof the time-averageenergy.

In general, during onebit t ime slot a digital modulated signal can
be expressed as

s(t) = An cos(2! f ct + &n (t))

whereif bn is the corresponding bit (bn " { 0, 1} )

ASK PSK FSK
An Acbn Ac Ac

&n 0 ! bn (f 0 + bn (f 1 ! f 0))t
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So, for example,for PSK with equally likely binary inputs

Eb =
1
2

( (n +1) Tb

nT b

A2
c cos(2! f ct)2dt =

A2
c

2
Tb

Plugging in:

Pe = Q(
AcTb/ 2

9
N0Tb/ 4

) = Q(
:

2Eb

N0
)

A famous result. Eb/ N0 is often used in place of SNR in digital
systems performance metrics.
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Notes:

¥ The analysisfor ASK is quite similar except that instead of having
± A for X , you have A and 0. The detection rule again is to
test Y against the midpoint between the two values. The result
is Pe = Q(

9
Eb/ N0), which is not as good in termsof the energy

per bit.

¥ The analysisfor FSK. Here one has two frequencies, say f 0 and
f 1. Think of these now as increments from a common carrier
frequency f c so what we called f 0 and f 1 before are now f c + f 0

and f c + f 1.

Usually choose f 0 and f 1 both smallwith respect to f c and

( Tb

0
cos(2! f 0t) cos(2! f 1t) dt = 0 (orthogonal)
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then X c(t) = Ac cos(2! (f c + f i )t); t " [nTb, (n + 1)Tb] with i = 0
or 1 according to the binary input.

Apply an ideal product product demodulator which multiplies
by cos(2! f ct) and then passes the signal through a low pass
Þlter which passes cos(2! f i t) terms for i = 0, 1 but removes
componentsof order 2f c and above. The signal at this stage in
an interval [nTb, (n + 1)Tb] has the form

y(t) =
Ac

2
cos(2! f i t) +

1
2
nc(t), i = 0, 1

.

The detector then works as follows: From y(t) form two signals:

Yi =
( (n +1) Tb

nT b

y(t) cos(2! f i t) dt. i = 0, 1
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and decide that X = 0 if Y0 * Y1 and X = 1 if Y0 < Y1.

The error probability can be found by means like those used for
PSK and ASK and it turns out Pe = Q(

9
Eb/ N0).

Similar methods work when the digital input has more than two
possible values, e.g., with four values PSK can be used with four
phases

Could also use use the FSK form used earlier without f c with
both f 1 and f 2 bandpassfrequencies and construct a decision rule
as above.
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