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ODigitalmodulationOschenes: given digital signal by, in time slot
[NTp, (N 4+ 1)Ty), modulated signd s(t) during [Ty, (n + 1)Tp) is

!

bp(t! nTy)
~ FAccos(2! fo(t! nTy))
# Accos(2! fo(t! nTy) +by!) Phaseshift keying (PSK)

¥ Accos(2! fu, (t! nTp))

Baseband modulation
s(t)
Frequency shift keying (FSK)

wherep(t) is a basebad pulse,e.qg.,

%
1 t" [0,Tp)
t p—
p(t) 0 otherwise

Usudly assume integral number of periods in T, seconds, e.g.,
fo = k/Ty, for integerk. For FSK also assumefor both f; and f,
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Amplitude shitt keying (ASK)

Intro duction to Digital Mo dulation

A misnomer, usually mears analogmodulation of digital wavefam,
i.e., convat segquenceof bits into analog modulated waveform.

For simplicity focus on binary digital signals,ideasextendto larger
Pnite alphabets.

Suppos have binary discrete time, discrete amplitude sequence
b, one symtol every Ty, seconds.

For convenience assumeh, " {0,1} (obvious changes if instead

b, " {! 1,1}).
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Comnments: Since f. = kT, the ! nTy terms are not needed.
Can think of digital modulation as modulation of bit stream by
a Opuse,O square pulse at baséand, sinusoidal pulse (of varying
amplitude, phase, or frequency) at passbad.

Can write schemes as ordinary andog modulation of baseband
signd

&
as n="
!
b m(t)Agcos(2! fot) ASK
s(t) = w Accos(2l fet +m(t)!) . PSK
3 A, cos(2 fot +2! (1! fo) '‘m(thdth FSK

The FSK caseneedsexplanation:
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Integrating m(t) ove [nTy, (n + 1)Ty,) yieldseither 0 or Tp. |If
it is 0, does not contribute to running integral. If it is Ty, then
choosing ky = f1! fo as an integral mutiple of 1/T will yield
2! kg n(Tn;’l) Tom(t#dt* an integral multiple of 2!, which does not
effed the cosine.Thusfort " [nTp, (N + 1)Tp)

(¢
Accos(2! fot +2! (f1! fo)  m(thdth) =

%
Ac cos(2! fot)

Accos(2! fqt)

Accos(2! fot +2! (f1! fo)thy) = a 2

whichis FSK.

The point: ASK, PSK, FSK can bevienedasAM (DSB-SC), PM,
and FM of the basebad modulated signd m(t) with appropriate
modulation consants.
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PSK/ASK detection in noise

For conveniencean the analysiswe model PSK (or bipolar ASK)
as DSB-SC modulation of a £1 baseband digital wavefam, i.e.,
considerb, = + 1 for eachtime dot [nTy, (N + 1)Ty)

&
m(t) = bhp(t! nTy)
wherep(t) = 1 for 0 # t < Tp and O otherwise.
Assumeh, are iid, equiprobable binary random variables.

One possble denodulation (coherent) technique (with the
OD¢ectorO mapgng y(t) into the binay wavefam m(t) to be
determined):
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Comments:

¥ Classibcationis not unique, e.g., PSK can be viewed as ASK with
b, = £ 1. Canmodulate using DSB-SC modulator.

¥ Minimum shift keying (MSK) = FSKwith [f1! fo| =.5/Tp
¥ Need not actually do analog modulation to generae, can just

gengate sinusoida pulsesdirectly basedon by, (actually modulate
the true digital signa)
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H hgpe(t) A$
|
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How much BW neededin the blters? Want big enoughto pass
m(t) almost perfedly, but not any bigge than neesay (which
resultsin more noise)

Let B, denotethe (single-sided) bardwidth (approximately) of
the binary waveform. A rule of thumb is that By, % 1/ (2Tp), but we
assumethat .

fo>> Bm>> — (1)

b
to ensue that the ideal square wave is well reproduced when the
baseband signd m(t) is bandlimited to [! By, Bm].

m(t) is modulated to form X(t) = Acm(t)cos(2! fct). X(t)
is a PSK signal with phases0 or ! (or a bipolar ASK signal with
amplitudes+ A.)

X¢(t) is put into an AWGN chanrel with power spectral densiy
No/ 2.
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The output of the BPF is

wheren(t) is narrow band Gaussiannoise astreatedin class andthe
acconpanying handout so that
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The received signd X¢(t) + N (t) is brst passe through an ideal
BPF with BW 2B, centeredat f:

%
1 |f +fc|# Bm

H(f)=
() 0 otherwise
HBP(f)
2B
-
T T ! f

EE179- Introduction to Comnunications 10

Snc(f ) = Sns(f )

0

r(t) is then pas®d through an ideal product demaulator: it is
Prstmultiplied by cos(2! f ¢t) (assumingcoherent demodulation) and
then passe through an ideal LPF with two-sided BW 2B,. The
Pnd signal out of the demadulator and into the binary detector is
then

1
y(t) = 3 [Aem(t) + ne(t)]
(the 1/2 comesfrom the cos? term).
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The detector views a noisy signalduring [nTp, (N + 1) Ty,

1
Ac+ §nc(t),t " [NTp, (N + 1)Ty)

N | =

y(t) =+
and tries to guessh,.

Two possble ways (for compaison) for accomplishimg this are:

1. Sample y(t) in the middle of the interval to form
Tp

whereA = A/ 2 and N, = n(nTp + %)/2.
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This is a classic problem in probability and statistics. It involves
a little more conmplication than wha we have seen becauseit is a
mixed problem, it has both disaete and continuous random variables
Befare continuing, develop fundamentals of binary detection theary.
Then apply them.
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2. Integrae and dumpy(t) to form

( (1) 7

wherenow A = A Ty/2 and N, = 3 n(fgl) Tong(t) dt

Both approaches have exactly the same form: The detector sees
+ A plus a Gaussian random variable N, and must dedde on the
choice of =, ideally in a way that will make the error probability
small.
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Binary Detection Theory

An exampleof Bayes classibcation/detection.

Suwpo<e that we have a pair of random variables (X, Y ) whereX
is a binary £ A random variable deseibed by a pmf px (x A) = 0.5.
Condtionedon X = X, Y is continuouswith a Gaussiandistribution
with variance" ? and meanx, that is,

) *
exp ! (y! x)%/2"2 L

This can be thought of as the realt of communicating a binary
symbol (a ObitOpve a noisychannel, which adds Gaussan noisewith
zeromeanand variance" 2 to the bit. In other words,Y = X + W,
whereW is a Gawssian random variable, independent of Y.

EE179- Introduction to Comnunications 16



First Pndthe a pogeriori pdf fy (y) for the output Y. As always,
begin with the cdf Fy (y) and then differentiate to get fvy (y). Thus

&
Pr(Y #y) = Pr(Y # y,X =Xx)
&
= Pr(Y # yIX =x)px (x)
X
In the above expression,
Cy
Pr(Y # y|X =x) = fyx (#[x)d#
"l

the integral of the conditional pdf (this is a conditional cdf). So
taking the derivaive yields
&
fy(y) = fyx (YIX)px (x)

X
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A detector q(y) looksat a received valuey and guesses what was
sent by the rule

whereT is a Pxedreal number (a threshold).

Find an expresson for the probalility of error P = Pr(q(Y) & X ):
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which is the appropriate variation on the integra formula fy (y) =

fv x (YIX)fx (x)dx. Anotherway to derivethisisto usethe density
formula and use the Dirac delta repreentations for the densiy of a
discree random variable.

Pluggingin then yields

fyix (YT A)px (! A) +Fyx (YIA)px (A)
I

= 050 T o)
1 TrAZ Ty A2

= _&—(e 22 4@ 22 )
2 21"2
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Pe = Pr(q(Y) & X)
= Pr(qY)=AIX =l A)Pr(X =! A) +
Pr(q(Y) =1 AIX = A)Pr( A)
= Priy>TIX =1 A)Pr(X =1 A) +
Priy# TIX =A)Pr(X = )

( L A2 (1 ua?

= %zl—dy +

(! i (1A iz
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What canyou say about the optimum choicefor the threshold T ?
That is, the choice that minimizes the probahlity of error.

To minimize the probability of error, we can take the derivaive
of the above equation, set to 0, and solve for T. However, it may
be easie just to visudize a graph of the 2 pdfOs.The left term is
the integral from T to ) of a Gaussian centeredaroundy = ! A.
The right termis the integral from!) to T of the same Gaussian
shited right to be centered around y = +A. Intuitively minimize
these integrals by choosingthreshholdT to be the value wherethey
intersect. In this case, becausethe 2 Gaussans are identical, just
offset, T = 0, or the average between the 2 means.

Can provethis is the optimum choice
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sothat
¢ T 2., |"ze y+2 Y T y
(A ( !
_ 1 1 2/2|2 2/2|2
2 2! 20 -+ A 2! TR dy
(v a
o1 1 A
= &ore yz’zdy!zQ(A/ ") =501 ef(&5)
" I

Note: The detection rule in this caseturns out to maximize
the probability of being cared given the noisy observdion, i.e.,
maximizingPr(X = X |Y =), the socaled maximuma posteriori
or MAP or Bayes detection rule.
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Summary of Symmetric Binary Detection

Y =X + N whereX is equally likelyto be £ A and N is normal
with mean 0 and variance " 2. A reasonable detection rule is to guess
X =4+AifY* gandX =! AifY < 0. +

Pe = Pr(’)(__(_:lf/)
event ¢
= Pr(E|X = +A)Pr(X =A)+Pr(E[X =! A)P (X =1 A)
= Pr(Y # 0|X = +A)2+Pr(Y > QX = A)2
( o (

1
fyix =+ A(Y)dy4‘§ fyx=na(y)dy
0

N | —

"
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Solution for PSK

To apply the general resultto PSK with the two possble structures
neeal only brd A and " 2.

First consider simple samplng approach where y(t) is sampledin
the middle of an interval to form

Ac  ne(nTp+ Ty 2
Yo =y(nTo+ To/2) = £ =5+ ol b; v2)

sothat A = A2 and

4 4 2

Note noise variance grows as T, becomes smaller since BW
proportional to 1/T . Signal amplitude A stays bxel.
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Argument deaeasesas B, increasest P increasesas B, grows
(or Ty, shrirks)

For the integrae and dump detector, A = A;Ty/ 2 and we nedl
to bnd " 2. Good practice
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Under the assumptionthat B, >> 1/Ty, this pulsebehares like an
impulseat time t, it is verytall (height 2B, at s =t), very narrow
(the main lobe haswidth 1/B ,, whichis much smallerthan Ty, the
integrdion interval length) +

4
Rn.(t! s)ds dt

4

No%t! s)ds dt

3
( (n+1) Tb ( (n+1) Tb
|l2

|

nTb nTb

1( (n+1) Ty ( (n+1) Ty
%

nTb nTb

4

N (n+1) Tb N T
No dt — NoTo
4 4

nTy

Note that noisevariance shrinks as T, becomes smaller (and hence
Bm grows), opposite from samplirg detector. Also A grows with Ty
rather than remaining constant as with the samplirg detector.
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5
3 ( (n+1) Ty 42

1
1
"2 = E(N?))=E?2 3 ne(t)dt 6
nTy

73 43¢
1 (I’]+l) Tb (n+1) Tb
= -E ne(t) dt ne(s) ds
nTb I"ITb
4

E[nc(t)ne(s)|ds dt

4
Rn.(t! s)ds dt

N

( (n+l) Tb ( (n+1) Tb

S

nTp nTy
3
( (n+l) Tb ( (n+1) Tb

S

nTp nTy

But

Rn.($) = F 1(Sh.(f)) = No2Bnsinc(2B $)
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Thus for PSK with an integrate-and-dump detector

0
ATy 2 A2T,
P = = _—
e = QT =Ql Y

Better than sampling becauseQqgdeaeases as itsyargument grows
and hencesince T, >> 1/B , Q( AZTy/No)<Q( AZ/ 2By Ny)

Intuitively: The integrate and dump reinfaces the signal and
averagyes out the noise. Both schenes deteriorate in performance
as T, , oo By -, but the integrae-anddump schene remains
better providedasumptions are valid (B, >> 1/T ) and hence the
approximationshold.
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Pe is often stated in terms of the averaye enegy per bit, which

for PSK is 5
A

E,= —CT,

b 5 'b

Ey, is the probabilistic averageof the time-averageenergy.

In generd, during onebit time slot a digital modulated sigral can
be expressal as

S(t) = Ap cos(2! fct + & (1))

whereif b, is the corresponding bit (b, " {0, 1})

ASK | PSK FSK
An Ach'] AC AC
& 0 [ !y |(fo+by(fe! fo))t

EE179- Introduction to Comnunications 29

Notes:

¥ The analysisfor ASK is quite similar except that instead of having
+ A for X, you have A and 0. The detection rule again is to
test Y aggpst the midpoint betweenthe two values. The result
isPe = Q( Ep/Nyp), which is not as good in termsof the energy
per bit.

¥ The analysisfor FSK. Here one has two frequencies, say fo and
f1. Think of these now as increments from a common carrier
frequeng f. sowhat we calledf, and f, before are now f; + fg
and f c+ f 1.

Usually choose f g and f1 both smallwith regect to f. and

(T

cos(2! fot) cos(2! f1t) dt = 0 (orthogoral)
0
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So, for example,for PSK with equally likely binary inputs

1 ( (n+1) Tb AZ
Ep=— AZcos(2! fct)2dt = =T,
2 o1, 2
Pluggingin:
AcTyl 2 " 2Ep
P - 9: - —_—

A famousresuk. Ep/Ng is often usal in place of SNR in digital
sygems perfamance metrics
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then X¢(t) = Accos(2! (fe+fi)t);t" [NTp, (N+1)Tp] with i =0
or 1 accarding to the binary input.

Apply an ideal product product demodulator which multiplies
by cos(2! fct) and then pas®s the signd through a low pass
Plter which passe cos(2! fit) terms for i = 0,1 but removes
componentsof order 2f . and above. The sigral at this stage in
aninterval [nTp, (n 4+ 1)Ty| has the form

y(t) = %cos(ﬂ fit) + %nc(t),i =0,1

The detector then works as follows: From y(t) form two signals:
C ey
Yi = y(t) cos(2! fit)dt. i =0,1

nTb
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and deddethat X =0if Yo* Ypand X =1if Yg< Yq.

The error probebility can be found by rgeans like those used for
PSK and ASK andit turnsout Pe = Q( Ey/No).

Similar methods work when the digital input has more than two
possible values e.g., with four values PSK can be used with four
phases

Coub also use use the FSK form usal ealier without f. with
both f,; and f, bandpassfrequendes and construct a dedsion rule
as above
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