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M-ary Digital Carrier Modulation

Lecture topics

I M-ary send many bits in a single symbol
I Many encoding schemes use different features of the pulses

I Amplitude: PAM

I Phase: PSK, QPSK, OQPSK

I Frequency: FSK, MFSK, GMFSK

I Many Frequencies: FDM, OFDM

Based on lecture notes from John Gill



M-ary Signalling

I There are many ways to send multiple bits of information with each
pulse, or symbol.

I Send information by different amplitudes of a common pulse, or by
sending different pulses

y(t) =
∑
k

akpk(t− kTb)

where ak is chosen from a set of more than two values (i.e., not just
±1). Both k and pk(t) may be complex.

I Some methods use a common pulse p(t) with different amplitudes

I Amplitude shift keying (AKS) where ak is real

I Quadrature amplitude modulation (QAM) where ak is complex

I Phase shift keying (PSK) where ak is complex, and unit magnitude

I Other methods use different waveforms and amplitudes

I Frequency shift keying (FSK)

I Orthogonal frequency domain multiplexing (OFDM)



Amplitude Shift Keying with ISDN

One widely used encoding of two bits into four levels is

ak =


−3 message bits 00
−1 message bits 01
+1 message bits 11
+3 message bits 10

This is used in ISDN, a digital home and office network connection since
replaced by DSL.

ASK used in
I Ethernet 100Base-T (PAM-3), 1000Base-T (PAM-5), 10GBase-T

(PAM-16)

I GDDR6X memory (used in the RTX 3090) with PAM-4.

I ATSC Digital TV, (PAM-8)



Constellation Plots

I For all of the methods that use a common pulse p(t) we can characterize
them by plotting the coefficients ak

I In general ak can be complex, so the plot is in the complex domain.

I Some examples so far:

OOK Polar PAM-5

<latexit sha1_base64="aDzRWEBZk+mfsOepPjcYCAN20YI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cq9gPaUDbbSbt0s0l3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3nlBpHstHM0nQj+hA8pAzaqzUzrqMCvIw7ZUrbtWdg6wSLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCp6VuqjGhbEQH2LFU0gi1n83vnZIzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzJ4nfa6QGTGxhDLF7a2EDamizNiISjYEb/nlVdK8qHpXVe/+slJz8ziKcAKncA4eXEMN7qAODWAg4Ble4c0ZOy/Ou/OxaC04+cwx/IHz+QO3Po+0</latexit>R

<latexit sha1_base64="ImRtkJYBliFBh5sSnnaqnjfIPAU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2A9oQ9lsJ+3SzSbd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzSRBP6IDyUPOqLFSO+syKsj9tFeuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfja/d0rOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMnue9LlCZsTEEsoUt7cSNqSKMmMjKtkQvOWXV0nzoupdVb2Hy0rNzeMowgmcwjl4cA01uIM6NICBgGd4hTdn7Lw4787HorXg5DPH8AfO5w+pkY+r</latexit>I

<latexit sha1_base64="aDzRWEBZk+mfsOepPjcYCAN20YI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cq9gPaUDbbSbt0s0l3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3nlBpHstHM0nQj+hA8pAzaqzUzrqMCvIw7ZUrbtWdg6wSLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCp6VuqjGhbEQH2LFU0gi1n83vnZIzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzJ4nfa6QGTGxhDLF7a2EDamizNiISjYEb/nlVdK8qHpXVe/+slJz8ziKcAKncA4eXEMN7qAODWAg4Ble4c0ZOy/Ou/OxaC04+cwx/IHz+QO3Po+0</latexit>R

<latexit sha1_base64="ImRtkJYBliFBh5sSnnaqnjfIPAU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2A9oQ9lsJ+3SzSbd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzSRBP6IDyUPOqLFSO+syKsj9tFeuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfja/d0rOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMnue9LlCZsTEEsoUt7cSNqSKMmMjKtkQvOWXV0nzoupdVb2Hy0rNzeMowgmcwjl4cA01uIM6NICBgGd4hTdn7Lw4787HorXg5DPH8AfO5w+pkY+r</latexit>I

<latexit sha1_base64="aDzRWEBZk+mfsOepPjcYCAN20YI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cq9gPaUDbbSbt0s0l3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3nlBpHstHM0nQj+hA8pAzaqzUzrqMCvIw7ZUrbtWdg6wSLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCp6VuqjGhbEQH2LFU0gi1n83vnZIzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzJ4nfa6QGTGxhDLF7a2EDamizNiISjYEb/nlVdK8qHpXVe/+slJz8ziKcAKncA4eXEMN7qAODWAg4Ble4c0ZOy/Ou/OxaC04+cwx/IHz+QO3Po+0</latexit>R

<latexit sha1_base64="ImRtkJYBliFBh5sSnnaqnjfIPAU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2A9oQ9lsJ+3SzSbd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzSRBP6IDyUPOqLFSO+syKsj9tFeuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfja/d0rOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMnue9LlCZsTEEsoUt7cSNqSKMmMjKtkQvOWXV0nzoupdVb2Hy0rNzeMowgmcwjl4cA01uIM6NICBgGd4hTdn7Lw4787HorXg5DPH8AfO5w+pkY+r</latexit>I

I These are all on the real axis.



Constellation Plots

I Noise blurs the constellation causing decoding errors

OOK Polar PAM-5

<latexit sha1_base64="aDzRWEBZk+mfsOepPjcYCAN20YI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cq9gPaUDbbSbt0s0l3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3nlBpHstHM0nQj+hA8pAzaqzUzrqMCvIw7ZUrbtWdg6wSLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCp6VuqjGhbEQH2LFU0gi1n83vnZIzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzJ4nfa6QGTGxhDLF7a2EDamizNiISjYEb/nlVdK8qHpXVe/+slJz8ziKcAKncA4eXEMN7qAODWAg4Ble4c0ZOy/Ou/OxaC04+cwx/IHz+QO3Po+0</latexit>R

<latexit sha1_base64="ImRtkJYBliFBh5sSnnaqnjfIPAU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2A9oQ9lsJ+3SzSbd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzSRBP6IDyUPOqLFSO+syKsj9tFeuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfja/d0rOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMnue9LlCZsTEEsoUt7cSNqSKMmMjKtkQvOWXV0nzoupdVb2Hy0rNzeMowgmcwjl4cA01uIM6NICBgGd4hTdn7Lw4787HorXg5DPH8AfO5w+pkY+r</latexit>I

<latexit sha1_base64="aDzRWEBZk+mfsOepPjcYCAN20YI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cq9gPaUDbbSbt0s0l3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3nlBpHstHM0nQj+hA8pAzaqzUzrqMCvIw7ZUrbtWdg6wSLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCp6VuqjGhbEQH2LFU0gi1n83vnZIzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzJ4nfa6QGTGxhDLF7a2EDamizNiISjYEb/nlVdK8qHpXVe/+slJz8ziKcAKncA4eXEMN7qAODWAg4Ble4c0ZOy/Ou/OxaC04+cwx/IHz+QO3Po+0</latexit>R

<latexit sha1_base64="ImRtkJYBliFBh5sSnnaqnjfIPAU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2A9oQ9lsJ+3SzSbd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzSRBP6IDyUPOqLFSO+syKsj9tFeuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfja/d0rOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMnue9LlCZsTEEsoUt7cSNqSKMmMjKtkQvOWXV0nzoupdVb2Hy0rNzeMowgmcwjl4cA01uIM6NICBgGd4hTdn7Lw4787HorXg5DPH8AfO5w+pkY+r</latexit>I

<latexit sha1_base64="aDzRWEBZk+mfsOepPjcYCAN20YI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cq9gPaUDbbSbt0s0l3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3nlBpHstHM0nQj+hA8pAzaqzUzrqMCvIw7ZUrbtWdg6wSLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCp6VuqjGhbEQH2LFU0gi1n83vnZIzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzJ4nfa6QGTGxhDLF7a2EDamizNiISjYEb/nlVdK8qHpXVe/+slJz8ziKcAKncA4eXEMN7qAODWAg4Ble4c0ZOy/Ou/OxaC04+cwx/IHz+QO3Po+0</latexit>R

<latexit sha1_base64="ImRtkJYBliFBh5sSnnaqnjfIPAU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2A9oQ9lsJ+3SzSbd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzSRBP6IDyUPOqLFSO+syKsj9tFeuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfja/d0rOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMnue9LlCZsTEEsoUt7cSNqSKMmMjKtkQvOWXV0nzoupdVb2Hy0rNzeMowgmcwjl4cA01uIM6NICBgGd4hTdn7Lw4787HorXg5DPH8AfO5w+pkY+r</latexit>I

Decision
Boundary

I We want to pack more symbols in!

I Where should they go?



Binary Phase Shift Keying (PSK)

I Binary PSK is the same as polar ASK.

Carrier

t

Message

t

Transmited Signal

t

I Usually use an integer number of cycles of an offset frequency, and
modulate that up to the carrier

I Phase changes at zero crossing to minimize bandwidth

I Detection generally must be synchronous, since the envelope is constant



M-ary Phase Shift Keying

I Binary phase shift keying is the same as polar signal

I Only two phase shifts are used, ±π
I We can add more symbols by using additional phase shifts

PSK-2 PSK-4 PSK-8

<latexit sha1_base64="aDzRWEBZk+mfsOepPjcYCAN20YI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cq9gPaUDbbSbt0s0l3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3nlBpHstHM0nQj+hA8pAzaqzUzrqMCvIw7ZUrbtWdg6wSLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCp6VuqjGhbEQH2LFU0gi1n83vnZIzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzJ4nfa6QGTGxhDLF7a2EDamizNiISjYEb/nlVdK8qHpXVe/+slJz8ziKcAKncA4eXEMN7qAODWAg4Ble4c0ZOy/Ou/OxaC04+cwx/IHz+QO3Po+0</latexit>R

<latexit sha1_base64="ImRtkJYBliFBh5sSnnaqnjfIPAU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2A9oQ9lsJ+3SzSbd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzSRBP6IDyUPOqLFSO+syKsj9tFeuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfja/d0rOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMnue9LlCZsTEEsoUt7cSNqSKMmMjKtkQvOWXV0nzoupdVb2Hy0rNzeMowgmcwjl4cA01uIM6NICBgGd4hTdn7Lw4787HorXg5DPH8AfO5w+pkY+r</latexit>I
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<latexit sha1_base64="aDzRWEBZk+mfsOepPjcYCAN20YI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cq9gPaUDbbSbt0s0l3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3nlBpHstHM0nQj+hA8pAzaqzUzrqMCvIw7ZUrbtWdg6wSLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCp6VuqjGhbEQH2LFU0gi1n83vnZIzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzJ4nfa6QGTGxhDLF7a2EDamizNiISjYEb/nlVdK8qHpXVe/+slJz8ziKcAKncA4eXEMN7qAODWAg4Ble4c0ZOy/Ou/OxaC04+cwx/IHz+QO3Po+0</latexit>R

<latexit sha1_base64="ImRtkJYBliFBh5sSnnaqnjfIPAU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2A9oQ9lsJ+3SzSbd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzSRBP6IDyUPOqLFSO+syKsj9tFeuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfja/d0rOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMnue9LlCZsTEEsoUt7cSNqSKMmMjKtkQvOWXV0nzoupdVb2Hy0rNzeMowgmcwjl4cA01uIM6NICBgGd4hTdn7Lw4787HorXg5DPH8AfO5w+pkY+r</latexit>I

I The waveforms for M symbols are

pk(t) = cos(2πfct/Tb + 2πk/M)

I This is a coefficient ak = ej2πk/M for the complex pulse ej2πfct/Tb.

I Generally need a synchronous receiver



PSK Constellation Examples

These are all used in telephone modems:

I baud = symbol per second

I baud “rate” is proportional to bandwidth



Quadrature AM (QAM)

I Another way to fill in the space is to use linear combinations of sines and
cosines

pk(t) = ak cos(2πfct/Tb) + bk sin(2πfct/Tb)

The cosine term is along the real axis, and the sine term along the
imaginary axis

I The constellations look like

QAM-16
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I Here the symbols are spaced rectilinearly and evenly, many other options

I M-bits / symbol

I Common for cable TV, where QAM-64 or QAM-256 are used.



QAM Constellation Measurement

QAM-16 Experimental Measurement

I Note the ordering. Adjacent symbols differ by only one bit. This is
called a Gray code.

I Errors due to noise will mostly be between adjacent symbols

I These will result in single bit errors that are easily correctable (next
class).

Illustrations from Wikipedia



Binary Frequency Shift Keying FSK)

I Binary FSK uses two frequencies for 1 and zero.

Carrier

t

Transmited Signal

t

Message

t

I Usually integer numbers of cycles of each offset frequency, so that they
are orthogonal

I Easy to receive, can be done with filters and an envelope detector (see
this week’s lab!). Does not need to be synchronous.



M-ary Frequency Shift Keying (MFSK)

I For M-ary FSK we use several frequencies

pk(t) = cos(2π(fc + k∆f)t)

where ∆f is the spacing in frequency.

I Decoding is easy if (∆f)Tb = 1, so that we have integer numbers of
cycles of the cosine (or sine).

This is a modulation index m = 1, meaning the frequencies are multiples
of one cycle.

I These are all orthogonal

I The receiver can use an array of filters, one for each frequency, followed
by enveloped detectors, just as in the binary case.



Minimum Shift Keying (MSK)

I If we want to get the most bits/symbol across a channel for FSK, we’d
like the frequencies to be as close together as possible

I The minimum duration orthogonal signals are multiples of half a cycle

1/2 1 3/2 2
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Tb

These are all orthogonal. It only works because we are limiting the
waveforms to only cosines.

I These FSK frequencies are Minimum Shift Keying, MSK

I The modulation index is m = 0.5, and all the frequencies are multiples
of that for one half cycle

I At this point the receiver has to be more sophisticated, simple filters and
envelope detectors won’t suffice.



Gaussian Minimum Shift Keying (GMSK)

I FSK can be thought of as a time varying frequency waveform

y(t) = cos(2π(fc + f(t))t)

where f(t) looks like this:
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I The abrupt frequency changes cause sidelobes, and interfere with
adjacent channels



Gaussian Minimum Shift Keying (GMSK)

I To minimize this, the f(t) waveform is first convolved with a Gaussian
waveform to smooth it

<latexit sha1_base64="l5MlE1tl328yDmO3vyH+nwtZMCI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjxWsB/ShrLZbtqlu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsY38z89hPXRsTRA04S7is6jEQoGEUrPY57t1wiJWG/XHGr7hxklXg5qUCORr/81RvELFU8QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSyOquPGz+cFTcmaVAQljbStCMld/T2RUGTNRge1UFEdm2ZuJ/3ndFMNrPxNRkiKP2GJRmEqCMZl9TwZCc4ZyYgllWthbCRtRTRnajEo2BG/55VXSuqh6l1Xvvlap1/I4inACp3AOHlxBHe6gAU1goOAZXuHN0c6L8+58LFoLTj5zDH/gfP4AQoSQAw==</latexit>

k�f

<latexit sha1_base64="iBu4rq0pNIEP5y1UGtgsQcBm3fE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipaQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reddVr1ir1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3euM8A==</latexit>

t

<latexit sha1_base64="oOG+8Drc2zq38kFHw7ssqdyB8fU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiRT0WvHisYGuhDWWz3bRrN5uwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfDPzH564NiJW9zhJuB/RoRKhYBSt1A77wyqe98sVt+bOQVaJl5MK5Gj2y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5tfOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2etkIDRnKCeWUKaFvZWwEdWUoQ2oZEPwll9eJe2LmndZ8+7qlUY9j6MIJ3AKVfDgChpwC01oAYNHeIZXeHNi58V5dz4WrQUnnzmGP3A+fwDdh46f</latexit>

fg(t)

I If this is used with Minimum Shift Keying, the results is Gaussian
Minimum Shift Keying or GMSK

I This is used in GSM cell telephones, with a modulation index of
m = 0.3, even less than MSK!

I The results is ISI, and mitigation strategies and error correction are
required to make it work.



Orthogonal Frequency Domain Multiplexing, OFDM

I So far we have been trying to get as many symbols per second through
the channel, each encoded for as many bits as possible

I Another approach is to go for very large number of frequencies per
symbol, so that the symbol rate can be much lower

I If we have a sequence ck of bits or QAM encoded symbols, we can
modulate (FSK encode) one sample as

dk(t) = cke
j2πk∆ft

Each sample ck is transmitted at its own FSK frequency k∆f

I Each frequency we can think of as an independent subchannel
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OFDM

I We can send data on all of them at once by adding the signals up

I If we combine all of the samples in an interval (frame) we get

d(t) =

N−1∑
k=0

cke
j2πk∆ft

I If there are N samples, then there are N output FSK frequencies

I In practice d(t) is sampled, and this operation is computed with an
inverse FFT.

I Very effectively uses the entire available spectrum

I Different channels will have different noise and propagation properties

I We can equalize each independently, and allocate more or less bits to
each



OFDM Encoder

The transmitter looks like this

NxN
iFFT D/A

Demux
M-bit 

Blocks
into N 

Channels

Input Bit Stream
Rate R

N Bit Streams
Rate R/N

N Channels
with Symbol
Rate R/(N*M)

QAM-M Encoders
M bits into one

Complex number

1 Symbol
Rate R/(N*M)
N Frequency

Channels
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OFDM Decoder

The receiver basically just inverts the operations of the transmitter

NxN
FFTA/D

Mux
N 

M-bit 
Block

M bits

<latexit sha1_base64="17NBtnBjwiCq97mu5xz8s3iB9U8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPjf5tv1xxq+4cZJV4OalAjnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1buqeg+XlZqbx1GEEziFc/DgGmpwD3VoAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH+sbjYE=</latexit>

TB

<latexit sha1_base64="iBu4rq0pNIEP5y1UGtgsQcBm3fE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipaQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reddVr1ir1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3euM8A==</latexit>

t

1 Symbol
Rate R/(N*M)
N Frequency

Channels

<latexit sha1_base64="V6ZYKcUInp1lb9rDz7+NCz87Xnk=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FL16UCt220C4lm2bb0Gx2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvCARXBvH+UaFtfWNza3idmlnd2//oHx41NJxqijzaCxi1QmIZoJL5hluBOskipEoEKwdjG9nfvuJKc1j2TSThPkRGUoeckqMlbxm/+bhvl+uOFVnDrxK3JxUIEejX/7qDWKaRkwaKojWXddJjJ8RZTgVbFrqpZolhI7JkHUtlSRi2s/mx07xmVUGOIyVLWnwXP09kZFI60kU2M6ImJFe9mbif143NeG1n3GZpIZJulgUpgKbGM8+xwOuGDViYgmhittbMR0RRaix+ZRsCO7yy6ukdVF1L6vuY61Sr+VxFOEETuEcXLiCOtxBAzygwOEZXuENSfSC3tHHorWA8plj+AP0+QMjY440</latexit>

TBNM NM Bits in Frame

Output Bit Stream
Rate R



OFDM

I OFDM has many practical advantages

I The many different frequency channels are resistant to channel variations

I The much lower symbol rate makes timing and pulse shaping much easier

I The number of frequencies can be anywhere from 64 to 8k or more

I The constellation encoder may be anything from BPSK through
QAM-256

I That can be a lot of bits per symbol!

I OFDM is widely used

I Digital Satelite TV : DVB-T, and others

I WiFi : 802.11a/g/n and WiMAX

I Digital Radio : Digital Radio Modiale (DRM)

I ADSL



Next Couple of Classes

I Friday : Projects topics

I Next Week : Off

I Monday : Error correction, parity bits, CRC codes

I Wednesday : Spread spectrum, Radar, GPS, CDMA

I Friday : Work on projects


