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Digital Communications: Line Codes and Pulse Shaping

I Review

I Line codes

I Pulse width and polarity

I Power spectral density

I Intersymbol interference (ISI)

I Pulse shaping to reduce ISI

I Embracing ISI

Based on lecture notes from John Gill



Line Code Examples, from last time ...

1 1 1 0 0 1 0 1 1 0 1 0

t
On-Off (RZ)

t
Polar (RZ)

t
Bipolar/AMI (RZ)

t
On-Off (NRZ)

t
Polar (NRZ)

RZ = Return to Zero NRZ = Non-Return to Zero

Bits



Line Code Examples, from last time ...

Features we would like

I Minimum bandwidth (NRZ)

I Easy clock recovery (RZ)

I Frequently, no DC value (bipolar pulses)



PSD of Line Codes

I The PSD of a line code depends on the shapes of the pulses that
correspond to digital values. Assume the pulses p(t) are amplitude
modulated (PAM),

<latexit sha1_base64="W08TP9s+r5DOFkExebMn5Vexwxw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPBi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHMpruHFoFJ16+4cZJV4BalCgeag8tUfRixRXCOT1Nqe58bop9SgYJLPyv3E8piyCR3xXkY1Vdz66fzWGTnPlCEJI5OVRjJXf0+kVFk7VUHWqSiO7bKXi/95vQTDWz8VOk6Qa7ZYFCaSYETyx8lQGM5QTjNCmRHZrYSNqaEMs3jKWQje8surpH1Z967r3sNVteEWcZTgFM6gBh7cQAPuoQktYDCGZ3iFN0c5L86787FoXXOKmRP4A+fzB3Ifjcs=</latexit>

p(t)
<latexit sha1_base64="emzqdfvp2W6jnj5MV5dGAwnb8wo=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa8eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBtMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK/51xa9flateHkcBTuEMLsCHG6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDct4zs</latexit>

t

<latexit sha1_base64="emzqdfvp2W6jnj5MV5dGAwnb8wo=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa8eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBtMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK/51xa9flateHkcBTuEMLsCHG6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDct4zs</latexit>

t

<latexit sha1_base64="zNE3rkONsy9sRqVkopdxj3HXbbM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPBi8cK9gPaUDbbbbt0dxN2J0II/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKSw6Lrfztr6xubWdmmnvLu3f3BYOTpu2zA2jLdYKEPTDajlUmjeQoGSdyPDqQok7wTTu9zvPHFjRagfMYm4r+hYi5FgFHMpqeHFoFJ16+4cZJV4BalCgeag8tUfhixWXCOT1Nqe50bop9SgYJLPyv3Y8oiyKR3zXkY1Vdz66fzWGTnPlCEZhSYrjWSu/p5IqbI2UUHWqShO7LKXi/95vRhHt34qdBQj12yxaBRLgiHJHydDYThDmWSEMiOyWwmbUEMZZvGUsxC85ZdXSfuy7l3XvYerasMt4ijBKZxBDTy4gQbcQxNawGACz/AKb45yXpx352PRuuYUMyfwB87nD3/ejdQ=</latexit>

y(t)

<latexit sha1_base64="XidlyTw9qJLgRee8iCiVmju82j4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WtVrXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AdaeMqA==</latexit>

0
<latexit sha1_base64="QHabxhoyMN6rsF2x2HeyQPEQxVk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem4NgUK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh1Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/2MyyQ1KNlyUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Mp2RC81ZfXSfuq6tWq3sN1pe7mcRThDM7hEjy4gTrcQwNawGAEz/AKb45wXpx352PZWnDymVP4A+fzBxuqjaE=</latexit>

Tb

<latexit sha1_base64="HndxJWIdab2YWhjWehcfV9oKp2M=">AAAB83icbVBNS8NAEN34WetX1aOXxSLUgyURUY8FLx4r9AvaEDbbTbtks1l2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZeqAQ34Lrfztr6xubWdmmnvLu3f3BYOTrumDTTlLVpKlLdC4lhgkvWBg6C9ZRmJAkF64bx/czvPjFteCpbMFHMT8hI8ohTAlYakCBWNbiMW0F4EVSqbt2dA68SryBVVKAZVL4Gw5RmCZNABTGm77kK/Jxo4FSwaXmQGaYIjcmI9S2VJGHGz+c3T/G5VYY4SrUtCXiu/p7ISWLMJAltZ0JgbJa9mfif188guvNzLlUGTNLFoigTGFI8CwAPuWYUxMQSQjW3t2I6JppQsDGVbQje8surpHNV927q3uN1teEWcZTQKTpDNeShW9RAD6iJ2ogihZ7RK3pzMufFeXc+Fq1rTjFzgv7A+fwB/tuQ8w==</latexit>

akp(t � kTb)

I The transmitted signal is the sum of weighted, shifted pulses.

y(t) =
∞∑

k=−∞
akp(t− kTb)

where Tb is spacing between pulses.

I Pulse may be wider than Tb, which leads to inter-symbol interference
(ISI). We will look at this case shortly.



PSD of Line Codes (cont.)

I PSD depends on pulse shape, rate, and digital values {ak}.
I We can simplify analysis by representing y(t) as impulse train convolved

with p(t)

<latexit sha1_base64="W08TP9s+r5DOFkExebMn5Vexwxw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPBi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHMpruHFoFJ16+4cZJV4BalCgeag8tUfRixRXCOT1Nqe58bop9SgYJLPyv3E8piyCR3xXkY1Vdz66fzWGTnPlCEJI5OVRjJXf0+kVFk7VUHWqSiO7bKXi/95vQTDWz8VOk6Qa7ZYFCaSYETyx8lQGM5QTjNCmRHZrYSNqaEMs3jKWQje8surpH1Z967r3sNVteEWcZTgFM6gBh7cQAPuoQktYDCGZ3iFN0c5L86787FoXXOKmRP4A+fzB3Ifjcs=</latexit>

p(t)
<latexit sha1_base64="emzqdfvp2W6jnj5MV5dGAwnb8wo=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa8eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBtMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK/51xa9flateHkcBTuEMLsCHG6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDct4zs</latexit>

t
<latexit sha1_base64="XidlyTw9qJLgRee8iCiVmju82j4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WtVrXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AdaeMqA==</latexit>

0
<latexit sha1_base64="QHabxhoyMN6rsF2x2HeyQPEQxVk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem4NgUK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh1Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/2MyyQ1KNlyUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Mp2RC81ZfXSfuq6tWq3sN1pe7mcRThDM7hEjy4gTrcQwNawGAEz/AKb45wXpx352PZWnDymVP4A+fzBxuqjaE=</latexit>

Tb

<latexit sha1_base64="emzqdfvp2W6jnj5MV5dGAwnb8wo=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa8eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBtMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK/51xa9flateHkcBTuEMLsCHG6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDct4zs</latexit>

t

<latexit sha1_base64="zNE3rkONsy9sRqVkopdxj3HXbbM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPBi8cK9gPaUDbbbbt0dxN2J0II/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKSw6Lrfztr6xubWdmmnvLu3f3BYOTpu2zA2jLdYKEPTDajlUmjeQoGSdyPDqQok7wTTu9zvPHFjRagfMYm4r+hYi5FgFHMpqeHFoFJ16+4cZJV4BalCgeag8tUfhixWXCOT1Nqe50bop9SgYJLPyv3Y8oiyKR3zXkY1Vdz66fzWGTnPlCEZhSYrjWSu/p5IqbI2UUHWqShO7LKXi/95vRhHt34qdBQj12yxaBRLgiHJHydDYThDmWSEMiOyWwmbUEMZZvGUsxC85ZdXSfuy7l3XvYerasMt4ijBKZxBDTy4gQbcQxNawGACz/AKb45yXpx352PRuuYUMyfwB87nD3/ejdQ=</latexit>

y(t)

<latexit sha1_base64="HndxJWIdab2YWhjWehcfV9oKp2M=">AAAB83icbVBNS8NAEN34WetX1aOXxSLUgyURUY8FLx4r9AvaEDbbTbtks1l2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZeqAQ34Lrfztr6xubWdmmnvLu3f3BYOTrumDTTlLVpKlLdC4lhgkvWBg6C9ZRmJAkF64bx/czvPjFteCpbMFHMT8hI8ohTAlYakCBWNbiMW0F4EVSqbt2dA68SryBVVKAZVL4Gw5RmCZNABTGm77kK/Jxo4FSwaXmQGaYIjcmI9S2VJGHGz+c3T/G5VYY4SrUtCXiu/p7ISWLMJAltZ0JgbJa9mfif188guvNzLlUGTNLFoigTGFI8CwAPuWYUxMQSQjW3t2I6JppQsDGVbQje8surpHNV927q3uN1teEWcZTQKTpDNeShW9RAD6iJ2ogihZ7RK3pzMufFeXc+Fq1rTjFzgv7A+fwB/tuQ8w==</latexit>

akp(t � kTb)

<latexit sha1_base64="/sjeQxV9d9Cy2cs+d8eIDZobo7k=">AAAB+3icbVBNS8NAEN34WetXrEcvi0WoB0sioh4LXjxW6Be0IWw2m3bpZhN2J2IJ/StePCji1T/izX/jts1BWx8MPN6bYWZekAquwXG+rbX1jc2t7dJOeXdv/+DQPqp0dJIpyto0EYnqBUQzwSVrAwfBeqliJA4E6wbju5nffWRK80S2YJIyLyZDySNOCRjJtyvEH+NByASQGlyMW35w7ttVp+7MgVeJW5AqKtD07a9BmNAsZhKoIFr3XScFLycKOBVsWh5kmqWEjsmQ9Q2VJGbay+e3T/GZUUIcJcqUBDxXf0/kJNZ6EgemMyYw0sveTPzP62cQ3Xo5l2kGTNLFoigTGBI8CwKHXDEKYmIIoYqbWzEdEUUomLjKJgR3+eVV0rmsu9d19+Gq2nCKOEroBJ2iGnLRDWqge9REbUTRE3pGr+jNmlov1rv1sWhds4qZY/QH1ucPnNOTdg==</latexit>

ak�(t � kTb)<latexit sha1_base64="lxHqO5Lnv37KfkQr+kWx7wTvIEw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURUY8FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0U0w5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfOvav79ZaXu5XEU4QROoQo+XEMd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QN+V43T</latexit>

x(t)
<latexit sha1_base64="Yt+bze9GQhor+trpKFfjJRdz0OQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSKIh5KIaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxmW/VHYr7hxklXg5KUOOer/01RvELI1QGiao1l3PTYyfUWU4Ezgt9lKNCWVjOsSupZJGqP1sfuiUnFtlQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNW/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ66ri3VS8xnW5Vs3jKMApnMEFeHALNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fbveMqg==</latexit>⇤

<latexit sha1_base64="s1h1KcnoTfeWDnysQjH+rh6L3pk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9iIUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWP5YCYJ+hEdSh5yRo2VGrf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd13xGlflWjWPowCncAYX4MEN1OAe6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AIvDjL0=</latexit>=

<latexit sha1_base64="emzqdfvp2W6jnj5MV5dGAwnb8wo=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa8eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBtMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK/51xa9flateHkcBTuEMLsCHG6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDct4zs</latexit>

t

I Then Y (f) = P (f)X(f), and the PSD of y(t) is

Sy(f) = |P (f)|2Sx(f)

I P (f) depends only on the pulse, independent of digital values or rate.

I Sx(f) increases linearly with rate 1/Tb and depends on distribution of
values of {ak}. E.g., ak = 1 for all k has narrower PSD.



Power Spectral Density of Line Codes (review)

I In general, the PSD of a line code is

Sy(f) = |P (f)|2 Sx(f)

where

Sx(f) = F {Rx(t)} =
1

Tb

∞∑

n=−∞
Rne

−jn2πfTb

so

Sy(f) = |P (f)|2
(

1

Tb

∞∑

n=−∞
Rne

−jn2πfTb

)

In many cases, only R0 6= 0, or just a few terms are not equal to zero.

I We would like to limit the bandwidth of the transmitted signal

I Modify P (f)

I Modify x(t)



P (f) for RZ and NRZ Pulses

I NRZ (100% pulse)

p(t) = Π(t/Tb)

P (f) = Tb sinc(πTbf)

|P (f)|2 = T 2
b sinc2(πTbf)

I RZ half-width:

p(t) = Π(t/(Tb/2))

P (f) = 1
2Tb sinc(12πTbf)

|P (f)|2 = 1
4T

2
b sinc2(12πTbf)

<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t
<latexit sha1_base64="j8WzS3Tj38lmMQNK/RB2ENGzEX4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem4NgUK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh1Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJa37GZZIalGy5KEwFMTGZ/02GXCEzYmoJZYrbWwkbU0WZsemUbAje6svrpH1V9W6q3sN1pV7L4yjCGZzDJXhwC3W4hwa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDx4Sjak=</latexit>

Tb
<latexit sha1_base64="W19SpGTSLB1f+DTZ4z6zn8ZKeeA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyUR0R4LXjxW6Be0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8/83hNVmkWybeYx9QWeSBYygk0mXbVHwahac+tuDrROvILUoEBrVP0ajiOSCCoN4VjrgefGxk+xMoxwuqgME01jTGZ4QgeWSiyo9tP81gW6sMoYhZGyJQ3K1d8TKRZaz0VgOwU2U73qZeJ/3iAxYcNPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOule173buvd4U2s2ijjKcAbncAke3EETHqAFHSAwhWd4hTdHOC/Ou/OxbC05xcwp/IHz+QOHtY3g</latexit>�Tb

<latexit sha1_base64="29pj0N4NPyduSE5gIfof+pTn4FI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioj0WvHisYD+gDWWz3bRLN5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv8zhPXRsTqEacJ9yM6UiIUjGImJVW8HJQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+jOqUTDJ56V+anhC2YSOeM9SRSNu/Nni1jm5sMqQhLG2pZAs1N8TMxoZM40C2xlRHJtVLxP/83ophnV/JlSSIldsuShMJcGYZI+TodCcoZxaQpkW9lbCxlRThjaekg3BW315nbSvat5NzXu4rjTqeRxFOINzqIIHt9CAe2hCCxiM4Rle4c2JnBfn3flYthacfOYU/sD5/AF0h43T</latexit>

p(t)

<latexit sha1_base64="xsSHFSMOBXT42V7rWz083DR/dzc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeA+MsA==</latexit>

0

<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t
<latexit sha1_base64="j8WzS3Tj38lmMQNK/RB2ENGzEX4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem4NgUK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh1Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJa37GZZIalGy5KEwFMTGZ/02GXCEzYmoJZYrbWwkbU0WZsemUbAje6svrpH1V9W6q3sN1pV7L4yjCGZzDJXhwC3W4hwa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDx4Sjak=</latexit>

Tb
<latexit sha1_base64="W19SpGTSLB1f+DTZ4z6zn8ZKeeA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyUR0R4LXjxW6Be0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8/83hNVmkWybeYx9QWeSBYygk0mXbVHwahac+tuDrROvILUoEBrVP0ajiOSCCoN4VjrgefGxk+xMoxwuqgME01jTGZ4QgeWSiyo9tP81gW6sMoYhZGyJQ3K1d8TKRZaz0VgOwU2U73qZeJ/3iAxYcNPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOule173buvd4U2s2ijjKcAbncAke3EETHqAFHSAwhWd4hTdHOC/Ou/OxbC05xcwp/IHz+QOHtY3g</latexit>�Tb

<latexit sha1_base64="xsSHFSMOBXT42V7rWz083DR/dzc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeA+MsA==</latexit>

0

<latexit sha1_base64="29pj0N4NPyduSE5gIfof+pTn4FI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioj0WvHisYD+gDWWz3bRLN5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv8zhPXRsTqEacJ9yM6UiIUjGImJVW8HJQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+jOqUTDJ56V+anhC2YSOeM9SRSNu/Nni1jm5sMqQhLG2pZAs1N8TMxoZM40C2xlRHJtVLxP/83ophnV/JlSSIldsuShMJcGYZI+TodCcoZxaQpkW9lbCxlRThjaekg3BW315nbSvat5NzXu4rjTqeRxFOINzqIIHt9CAe2hCCxiM4Rle4c2JnBfn3flYthacfOYU/sD5/AF0h43T</latexit>

p(t)

NRZ

RZ

<latexit sha1_base64="xsSHFSMOBXT42V7rWz083DR/dzc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeA+MsA==</latexit>

0

<latexit sha1_base64="BiW31aDkWqO8VZyJfgBE5zBrE3I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioj0WvHiMYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkkl+PLofVmttwF0DrxCtIDQr4w+rXYBSTVFBpCMda9z03MUGGlWGE03llkGqaYDLFY9q3VGJBdZAtbp2jC6uMUBQrW9Kghfp7IsNC65kIbafAZqJXvVz8z+unJmoGGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FZfXiedq4Z30/AermutZhFHGc7gHOrgwS204B58aAOBCTzDK7w5wnlx3p2PZWvJKWZO4Q+czx8uYY2l</latexit>

P (f)

<latexit sha1_base64="zjgZq7ABjhGlvEOVKRXJjYi7m+4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+EgGJQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqlerevfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPzl+jbs=</latexit>

fb

<latexit sha1_base64="8cmGBHxt8I4OINh4em5jNz/U+ZI=">AAAB63icbVBNSwMxEJ34WetX1aOXYBG8WHZFtMeCF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXLqNBOKhUvZo3B14lfkGqUKA5qHz1hzFNJVOWCmJMz/cSG2REW04Fm5X7qWEJoRMyYj1HFZHMBNn81hk+d8oQR7F2pSyeq78nMiKNmcrQdUpix2bZy8X/vF5qo3qQcZWklim6WBSlAtsY54/jIdeMWjF1hFDN3a2Yjokm1Lp4yi4Ef/nlVdK+qvk3Nf/hutqoF3GU4BTO4AJ8uIUG3EMTWkBhDM/wCm9Iohf0jj4WrWuomDmBP0CfP6MhjfI=</latexit>�fb

<latexit sha1_base64="+O6CKSNDxVlQyac74s3Zvyx+8lA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpoj0WvHisYNpCG8pmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332ylsbG5t7xR3S3v7B4dH5eOTlkkyzbjPEpnoTkgNl0JxHwVK3kk1p3EoeTsc38399hPXRiTqEScpD2I6VCISjKKV/Kta1A/75YpbdRcg68TLSQVyNPvlr94gYVnMFTJJjel6borBlGoUTPJZqZcZnlI2pkPetVTRmJtgujh2Ri6sMiBRom0pJAv198SUxsZM4tB2xhRHZtWbi/953QyjejAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtGpV76bqPVxXGvU8jiKcwTlcgge30IB7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuEPnM8fFKWOLg==</latexit>�2fb

<latexit sha1_base64="u0Qseab3Glndfkz5xRo1oBLw+rg=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0i2mPBi8cK9gPapWTTbBuaZJckK5Slf8GLB0W8+oe8+W/MtnvQ1gcDj/dmmJkXJoIb63nfaGNza3tnt7RX3j84PDqunJx2TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nd7nffWLa8Fg92lnCAknGikecEptL9WgYDitVr+YtgNeJX5AqFGgNK1+DUUxTyZSlghjT973EBhnRllPB5uVBalhC6JSMWd9RRSQzQba4dY4vnTLCUaxdKYsX6u+JjEhjZjJ0nZLYiVn1cvE/r5/aqBFkXCWpZYouF0WpwDbG+eN4xDWjVswcIVRzdyumE6IJtS6esgvBX315nXTqNf+m5j9cV5uNIo4SnMMFXIEPt9CEe2hBGyhM4Ble4Q1J9ILe0ceydQMVM2fwB+jzB6rEjfc=</latexit>

2fb

<latexit sha1_base64="nX9nqSws43gdUo/mAO9U9tex2HU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyeeM5g==</latexit>

f

<latexit sha1_base64="xsSHFSMOBXT42V7rWz083DR/dzc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeA+MsA==</latexit>

0

<latexit sha1_base64="BiW31aDkWqO8VZyJfgBE5zBrE3I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioj0WvHiMYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkkl+PLofVmttwF0DrxCtIDQr4w+rXYBSTVFBpCMda9z03MUGGlWGE03llkGqaYDLFY9q3VGJBdZAtbp2jC6uMUBQrW9Kghfp7IsNC65kIbafAZqJXvVz8z+unJmoGGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FZfXiedq4Z30/AermutZhFHGc7gHOrgwS204B58aAOBCTzDK7w5wnlx3p2PZWvJKWZO4Q+czx8uYY2l</latexit>

P (f)

<latexit sha1_base64="zjgZq7ABjhGlvEOVKRXJjYi7m+4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+EgGJQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqlerevfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPzl+jbs=</latexit>

fb

<latexit sha1_base64="8cmGBHxt8I4OINh4em5jNz/U+ZI=">AAAB63icbVBNSwMxEJ34WetX1aOXYBG8WHZFtMeCF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXLqNBOKhUvZo3B14lfkGqUKA5qHz1hzFNJVOWCmJMz/cSG2REW04Fm5X7qWEJoRMyYj1HFZHMBNn81hk+d8oQR7F2pSyeq78nMiKNmcrQdUpix2bZy8X/vF5qo3qQcZWklim6WBSlAtsY54/jIdeMWjF1hFDN3a2Yjokm1Lp4yi4Ef/nlVdK+qvk3Nf/hutqoF3GU4BTO4AJ8uIUG3EMTWkBhDM/wCm9Iohf0jj4WrWuomDmBP0CfP6MhjfI=</latexit>�fb

<latexit sha1_base64="+O6CKSNDxVlQyac74s3Zvyx+8lA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpoj0WvHisYNpCG8pmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332ylsbG5t7xR3S3v7B4dH5eOTlkkyzbjPEpnoTkgNl0JxHwVK3kk1p3EoeTsc38399hPXRiTqEScpD2I6VCISjKKV/Kta1A/75YpbdRcg68TLSQVyNPvlr94gYVnMFTJJjel6borBlGoUTPJZqZcZnlI2pkPetVTRmJtgujh2Ri6sMiBRom0pJAv198SUxsZM4tB2xhRHZtWbi/953QyjejAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtGpV76bqPVxXGvU8jiKcwTlcgge30IB7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuEPnM8fFKWOLg==</latexit>�2fb
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Modifying x(t)

Polar signaling. Transmit 1 as +p(t), and 0 as −p(t),

t

<latexit sha1_base64="+8goXrXMfrvJe5E+xviAQFfM8p0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDa9frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWldpHHUYQTOIVz8OAGanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fdfeMpQ==</latexit>
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Only R0 6= 0, and

Sy(f) =
|P (f)|2
Tb

R0 =
|P (f)|2
Tb

The PSD of polar signaling depends only on the spectrum of p(t).



Modifying x(t), continued

Bipolar signaling. Transmit 1’s as alternating ±p(t), and 0’s as 0.

t
Bipolar/AMI (RZ)

t
Bipolar/AMI (NRZ)

1 1 1 0 0 1 0 1 1 0 1 0Bits

Bipolar signaling for full-width (NRZ) pulses.

Sy(f) =
|P (f)|2
Tb

sin2(πTbf) = Tb sinc2(πTbf) sin2(πTbf)

For half-width (RZ) pulses:

Sy(f) =
Tb
4

sinc2
(1

2
πfTb

)
sin2(πTbf)

The PSD depends on P (f), but decays more rapidly due to the sin2(·)
terms.



Modifying p(t)

Split phase, or Manchester encoding,

t

p(t)

t

1 0 1 1 1 0 1 10 1

The PSD is

Sy(f) = |P (f)|2
(

1

Tb

∞∑

n=−∞
Rne

−jn2πfTb

)

= |P (f)|2 1

Tb



Comparison of PSD’s

RZ Polar, NRZ Bipolar, and Split Phase
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fb =
1

Tb
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Bipolar

Split Phase
Polar

NRZ Bipolar would look like Split Phase.



PSD of Polar Signaling (Matlab Experiment)
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Pulse Shaping

I So far, we’ve assumed all of the pulses are square pulses, either 50% or
100% of the pulse spacing.

I We can use other pulses, all we care is that the waveform have the right
value at the samples!

t
Signal

1 1 1 0 0 1 0 1 1 0 1 0Bits 0 1

t
Sampler

t
Received

t

Lower
Bandwidth
Alternative

I How do we design the waveform so that it passes through the samples,
and has minimum bandwidth?

I This is a lot like the sampling reconstruction problem, except we only
care about the values at the sample points.



Reducing ISI: Pulse Shaping

I A time-limited pulse cannot be bandlimited

I Linear channel distortion results in spread out, overlapping pulses

I Nyquist introduced three criteria for dealing with ISI.

The first criterion was that each pulse is zero at the sampling time of
other pulses.

p(t) =

{
1 t = 0

0 t = ±kTb , k = ±1,±2, . . .
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<latexit sha1_base64="xsSHFSMOBXT42V7rWz083DR/dzc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeA+MsA==</latexit>

0

<latexit sha1_base64="29pj0N4NPyduSE5gIfof+pTn4FI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioj0WvHisYD+gDWWz3bRLN5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv8zhPXRsTqEacJ9yM6UiIUjGImJVW8HJQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+jOqUTDJ56V+anhC2YSOeM9SRSNu/Nni1jm5sMqQhLG2pZAs1N8TMxoZM40C2xlRHJtVLxP/83ophnV/JlSSIldsuShMJcGYZI+TodCcoZxaQpkW9lbCxlRThjaekg3BW315nbSvat5NzXu4rjTqeRxFOINzqIIHt9CAe2hCCxiM4Rle4c2JnBfn3flYthacfOYU/sD5/AF0h43T</latexit>

p(t)
<latexit sha1_base64="jFO+BYJbYbWzxfYeS5ht542AfOI=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiwbArojkGvHiMkBcmS5idTJIhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nbX1jc2t7dxOfndv/+CwcHTcNFGiGW+wSEa6HVDDpVC8gQIlb8ea0zCQvBWM72Z+64lrIyJVx0nM/ZAOlRgIRtFKj3EJL8ek3gsueoWiW3bnIKvEy0gRMtR6ha9uP2JJyBUySY3peG6Mfko1Cib5NN9NDI8pG9Mh71iqaMiNn84vnpJzq/TJINK2FJK5+nsipaExkzCwnSHFkVn2ZuJ/XifBQcVPhYoT5IotFg0SSTAis/dJX2jOUE4soUwLeythI6opQxtS3obgLb+8SppXZe+m7D1cF6uVLI4cnMIZlMCDW6jCPdSgAQwUPMMrvDnGeXHenY9F65qTzZzAHzifPxkaj9w=</latexit>

p(t � kTb)

Harry Nyquist, “Certain topics in telegraph transmission theory”, Trans. AIEE, Apr. 1928



Pulse Shaping: sinc Pulse

I Let fb = 1/Tb. The sinc pulse sinc(πfbt) satisfies Nyquist’s first crierion
for zero ISI:

sinc(πfbt) =

{
1 t = 0

0 t = ±kTb , k = ±1,±2, . . .

I This pulse is bandlimited. Its Fourier transform is

P (f) =
1

fb
Π
( f
fb

)

<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t
<latexit sha1_base64="j8WzS3Tj38lmMQNK/RB2ENGzEX4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem4NgUK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh1Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJa37GZZIalGy5KEwFMTGZ/02GXCEzYmoJZYrbWwkbU0WZsemUbAje6svrpH1V9W6q3sN1pV7L4yjCGZzDJXhwC3W4hwa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDx4Sjak=</latexit>

Tb
<latexit sha1_base64="3/c9v2ieJCfFS+6P4vkM96ivhAw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4rNG2hDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXR2nilCfxDxW/RBrypmkvmGG036iKBYhp71wdp/7vSeqNItlx8wTGgg8kSxiBJtcanRG4ahac+vuEmiTeAWpQYH2qPo1HMckFVQawrHWA89NTJBhZRjhdFEZppommMzwhA4slVhQHWTLWxfoyipjFMXKljRoqf6eyLDQei5C2ymwmep1Lxf/8wapiZpBxmSSGirJalGUcmRilD+OxkxRYvjcEkwUs7ciMsUKE2PjqdgQvPWXN0m3Ufdu697jTa3VLOIowwVcwjV4cActeIA2+EBgCs/wCm+OcF6cd+dj1Vpyiplz+APn8wePWI3l</latexit>

2Tb
<latexit sha1_base64="xsSHFSMOBXT42V7rWz083DR/dzc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeA+MsA==</latexit>

0
<latexit sha1_base64="W19SpGTSLB1f+DTZ4z6zn8ZKeeA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyUR0R4LXjxW6Be0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8/83hNVmkWybeYx9QWeSBYygk0mXbVHwahac+tuDrROvILUoEBrVP0ajiOSCCoN4VjrgefGxk+xMoxwuqgME01jTGZ4QgeWSiyo9tP81gW6sMoYhZGyJQ3K1d8TKRZaz0VgOwU2U73qZeJ/3iAxYcNPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOule173buvd4U2s2ijjKcAbncAke3EETHqAFHSAwhWd4hTdHOC/Ou/OxbC05xcwp/IHz+QOHtY3g</latexit>�Tb

<latexit sha1_base64="AgAHcr9pRndlFMOt8tokt56hU2A=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSRFtMeCF48VmrbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9djY2t7Z3dgt7xf2Dw6Pj0slpyySZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2O7+d++4lrIxLVxEnKg5gOlYgEo2gl/7ra7If9UtmtuAuQdeLlpAw5Gv3SV2+QsCzmCpmkxnQ9N8VgSjUKJvms2MsMTykb0yHvWqpozE0wXRw7I5dWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8boZRLZgKlWbIFVsuijJJMCHzz8lAaM5QTiyhTAt7K2EjqilDm0/RhuCtvrxOWtWKd1vxHm/K9VoeRwHO4QKuwIM7qMMDNMAHBgKe4RXeHOW8OO/Ox7J1w8lnzuAPnM8f+SqOHA==</latexit>�2Tb
<latexit sha1_base64="ZpytO0OQ8QS5cvvHBXVaEsuui8o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi3W3iPZY8OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1L4IB8FlbVCuuFU3A1olXk4qkKM5KH/1h5IkERWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LBY6o9tPs2hk6s8oQhVLZEgZl6u+JFEdaT6PAdkbYjPWyNxf/83qJCet+ykScGCrIYlGYcGQkmr+OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvOWXV0m7VvWuq979VaVRz+Mowgmcwjl4cAMNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx+C4Y5n</latexit>�fb/2

<latexit sha1_base64="3N+cGB8/iVoUbRFF805OMV9Hvt0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02KaI8FLx4rmLbQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnshHM0kxiOlQ8ogzaqzkR/3wqtYvV9yquwBZJ15OKpCj2S9/9QYJy2KUhgmqdddzUxNMqTKcCZyVepnGlLIxHWLXUklj1MF0ceyMXFhlQKJE2ZKGLNTfE1Maaz2JQ9sZUzPSq95c/M/rZiaqB1Mu08ygZMtFUSaIScj8czLgCpkRE0soU9zeStiIKsqMzadkQ/BWX14nrVrVu6l6D9eVRj2PowhncA6X4MEtNOAemuADAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHGOCOMA==</latexit>

fb/2

<latexit sha1_base64="S2ctTTijQ38qMJDNGwhQaEIvjf4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU01EtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ9y6iQTio1ty6uwD5S7yC1KBAa1D97A8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZObPKkESJtqWQLNSfEzmNjZnGoe2MKY7NqjcX//N6GUaNIBcqzZArtlwUZZJgQuafk6HQnKGcWkKZFvZWwsZUU4Y2n4oNwVt9+S9pX9a967p3f1VrNoo4ynACp3AOHtxAE+6gBT4wEPAEL/DqKOfZeXPel60lp5g5hl9wPr4BFjCOLw==</latexit>

1/fb

<latexit sha1_base64="nX9nqSws43gdUo/mAO9U9tex2HU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyeeM5g==</latexit>

f

<latexit sha1_base64="29pj0N4NPyduSE5gIfof+pTn4FI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioj0WvHisYD+gDWWz3bRLN5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv8zhPXRsTqEacJ9yM6UiIUjGImJVW8HJQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+jOqUTDJ56V+anhC2YSOeM9SRSNu/Nni1jm5sMqQhLG2pZAs1N8TMxoZM40C2xlRHJtVLxP/83ophnV/JlSSIldsuShMJcGYZI+TodCcoZxaQpkW9lbCxlRThjaekg3BW315nbSvat5NzXu4rjTqeRxFOINzqIIHt9CAe2hCCxiM4Rle4c2JnBfn3flYthacfOYU/sD5/AF0h43T</latexit>

p(t)
<latexit sha1_base64="BiW31aDkWqO8VZyJfgBE5zBrE3I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioj0WvHiMYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkkl+PLofVmttwF0DrxCtIDQr4w+rXYBSTVFBpCMda9z03MUGGlWGE03llkGqaYDLFY9q3VGJBdZAtbp2jC6uMUBQrW9Kghfp7IsNC65kIbafAZqJXvVz8z+unJmoGGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FZfXiedq4Z30/AermutZhFHGc7gHOrgwS204B58aAOBCTzDK7w5wnlx3p2PZWvJKWZO4Q+czx8uYY2l</latexit>

P (f)
<latexit sha1_base64="sKEVsJvHd/aSrs4sbDwbs9AGW84=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeZOMsQ==</latexit>

1

I Unfortunately, this pulse has infinite width and decays slowly.



Nyquist Pulse

Nyquist increased the width of the spectrum in order to make the pulse fall
off more rapidly.

The Nyquist pulse has spectrum width 1
2(1 + r)fb, where 0 < r < 1.

<latexit sha1_base64="ZpytO0OQ8QS5cvvHBXVaEsuui8o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi3W3iPZY8OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1L4IB8FlbVCuuFU3A1olXk4qkKM5KH/1h5IkERWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LBY6o9tPs2hk6s8oQhVLZEgZl6u+JFEdaT6PAdkbYjPWyNxf/83qJCet+ykScGCrIYlGYcGQkmr+OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvOWXV0m7VvWuq979VaVRz+Mowgmcwjl4cAMNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx+C4Y5n</latexit>�fb/2
<latexit sha1_base64="3N+cGB8/iVoUbRFF805OMV9Hvt0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02KaI8FLx4rmLbQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnshHM0kxiOlQ8ogzaqzkR/3wqtYvV9yquwBZJ15OKpCj2S9/9QYJy2KUhgmqdddzUxNMqTKcCZyVepnGlLIxHWLXUklj1MF0ceyMXFhlQKJE2ZKGLNTfE1Maaz2JQ9sZUzPSq95c/M/rZiaqB1Mu08ygZMtFUSaIScj8czLgCpkRE0soU9zeStiIKsqMzadkQ/BWX14nrVrVu6l6D9eVRj2PowhncA6X4MEtNOAemuADAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHGOCOMA==</latexit>

fb/2

<latexit sha1_base64="nX9nqSws43gdUo/mAO9U9tex2HU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyeeM5g==</latexit>

f

<latexit sha1_base64="BiW31aDkWqO8VZyJfgBE5zBrE3I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioj0WvHiMYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkkl+PLofVmttwF0DrxCtIDQr4w+rXYBSTVFBpCMda9z03MUGGlWGE03llkGqaYDLFY9q3VGJBdZAtbp2jC6uMUBQrW9Kghfp7IsNC65kIbafAZqJXvVz8z+unJmoGGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FZfXiedq4Z30/AermutZhFHGc7gHOrgwS204B58aAOBCTzDK7w5wnlx3p2PZWvJKWZO4Q+czx8uYY2l</latexit>

P (f)

<latexit sha1_base64="zjgZq7ABjhGlvEOVKRXJjYi7m+4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+EgGJQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqlerevfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPzl+jbs=</latexit>

fb

<latexit sha1_base64="8cmGBHxt8I4OINh4em5jNz/U+ZI=">AAAB63icbVBNSwMxEJ34WetX1aOXYBG8WHZFtMeCF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXLqNBOKhUvZo3B14lfkGqUKA5qHz1hzFNJVOWCmJMz/cSG2REW04Fm5X7qWEJoRMyYj1HFZHMBNn81hk+d8oQR7F2pSyeq78nMiKNmcrQdUpix2bZy8X/vF5qo3qQcZWklim6WBSlAtsY54/jIdeMWjF1hFDN3a2Yjokm1Lp4yi4Ef/nlVdK+qvk3Nf/hutqoF3GU4BTO4AJ8uIUG3EMTWkBhDM/wCm9Iohf0jj4WrWuomDmBP0CfP6MhjfI=</latexit>�fb

<latexit sha1_base64="xsSHFSMOBXT42V7rWz083DR/dzc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeA+MsA==</latexit>

0

<latexit sha1_base64="TKpwJ3L9YZwauH/+/shchQxYCak=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQEUqmFHVZcOOygn1AG8JkOmmHTiZhZiKEEH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hj/mTGnH+bZKG5tb2zvl3cre/sHhkX180lNRIgntkohHcuBjRTkTtKuZ5nQQS4pDn9O+P7ud+/1HKhWLxINOY+qGeCJYwAjWRvLs6iiQmGQoz5p5HV3Ki8DzPbvmNJwF4DpBBamBAh3P/hqNI5KEVGjCsVJD5MTazbDUjHCaV0aJojEmMzyhQ0MFDqlys8XxOTw3yhgGkTQlNFyovycyHCqVhr7pDLGeqlVvLv7nDRMd3LgZE3GiqSDLRUHCoY7gPAk4ZpISzVNDMJHM3ArJFJs0tMmrYkJAqy+vk16zga4a6L5Va7eKOMrgFJyBOkDgGrTBHeiALiAgBc/gFbxZT9aL9W59LFtLVjFTBX9gff4AcmmT8g==</latexit>

1

2
(1 + r)fb

We want to choose P (f), and hence p(t), so that

I p(t) = 0 for t = nTb, so there is no intersymbol interference.

I p(t) = 1 for t = 0

So that it basically functions like a sinc. Can we do this?



If we sample the pulse p(t) at rate fb = 1/Tb, then

p(t) = p(t) IIITb(t) = p(t)δ(t) = δ(t) .

since p(t) is zero at multiples of Tb, except at zero where it is 1.
The Fourier transform of the sampled signal is

P (f) =

∞∑

k=−∞
P (f − kfb) = 1

The first term is the Fourier transform of the sampled signal p(t) IIITb(t),
which equals the Fourier transform of δ(t), which is 1.

This is an interesting result!



Nyquist Pulse (cont.)

Since we are sampling below the Nyquist rate (1 + r)fb, the shifted
transforms overlap.

Nyquist’s criterion require the spectrum overlaps add to 1 for all f .

<latexit sha1_base64="nX9nqSws43gdUo/mAO9U9tex2HU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyeeM5g==</latexit>

f
<latexit sha1_base64="zjgZq7ABjhGlvEOVKRXJjYi7m+4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+EgGJQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqlerevfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPzl+jbs=</latexit>

fb
<latexit sha1_base64="xsSHFSMOBXT42V7rWz083DR/dzc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeA+MsA==</latexit>

0
<latexit sha1_base64="8cmGBHxt8I4OINh4em5jNz/U+ZI=">AAAB63icbVBNSwMxEJ34WetX1aOXYBG8WHZFtMeCF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXLqNBOKhUvZo3B14lfkGqUKA5qHz1hzFNJVOWCmJMz/cSG2REW04Fm5X7qWEJoRMyYj1HFZHMBNn81hk+d8oQR7F2pSyeq78nMiKNmcrQdUpix2bZy8X/vF5qo3qQcZWklim6WBSlAtsY54/jIdeMWjF1hFDN3a2Yjokm1Lp4yi4Ef/nlVdK+qvk3Nf/hutqoF3GU4BTO4AJ8uIUG3EMTWkBhDM/wCm9Iohf0jj4WrWuomDmBP0CfP6MhjfI=</latexit>�fb

<latexit sha1_base64="3N+cGB8/iVoUbRFF805OMV9Hvt0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02KaI8FLx4rmLbQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnshHM0kxiOlQ8ogzaqzkR/3wqtYvV9yquwBZJ15OKpCj2S9/9QYJy2KUhgmqdddzUxNMqTKcCZyVepnGlLIxHWLXUklj1MF0ceyMXFhlQKJE2ZKGLNTfE1Maaz2JQ9sZUzPSq95c/M/rZiaqB1Mu08ygZMtFUSaIScj8czLgCpkRE0soU9zeStiIKsqMzadkQ/BWX14nrVrVu6l6D9eVRj2PowhncA6X4MEtNOAemuADAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHGOCOMA==</latexit>

fb/2
<latexit sha1_base64="ZpytO0OQ8QS5cvvHBXVaEsuui8o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi3W3iPZY8OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1L4IB8FlbVCuuFU3A1olXk4qkKM5KH/1h5IkERWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LBY6o9tPs2hk6s8oQhVLZEgZl6u+JFEdaT6PAdkbYjPWyNxf/83qJCet+ykScGCrIYlGYcGQkmr+OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvOWXV0m7VvWuq979VaVRz+Mowgmcwjl4cAMNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx+C4Y5n</latexit>�fb/2

<latexit sha1_base64="kclyDUsEgQAKOFDxpHCSEWQiU0Y=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbRHMMePEYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjGNzP/4Ylqw5S8t5OEhgIPJYsZwdZJ7YsaivtRv1zxq/4caJUEOalAjma//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/m1U3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG9TBjMkktlWSxKE45sgrNXkcDpimxfOIIJpq5WxEZYY2JdQGVXAjB8surpF2rBlfV4O6y0qjncRThBE7hHAK4hgbcQhNaQOARnuEV3jzlvXjv3seiteDlM8fwB97nD2rQjlg=</latexit>�2fb

<latexit sha1_base64="wyUM+DVTIq8nZRewIDXjL+JxyeA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR7bHgxWMF0xbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ3dzvPHFtRKIecZryIKYjJSLBKFrJr5NoEA4qVbfmLkDWiVeQKhRoDSpf/WHCspgrZJIa0/PcFIOcahRM8lm5nxmeUjahI96zVNGYmyBfHDsjl1YZkijRthSShfp7IqexMdM4tJ0xxbFZ9ebif14vw6gR5EKlGXLFlouiTBJMyPxzMhSaM5RTSyjTwt5K2JhqytDmU7YheKsvr5N2vebd1LyH62qzUcRRgnO4gCvw4BaacA8t8IGBgGd4hTdHOS/Ou/OxbN1wipkz+APn8wcAz44h</latexit>

2fb

<latexit sha1_base64="29pj0N4NPyduSE5gIfof+pTn4FI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioj0WvHisYD+gDWWz3bRLN5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv8zhPXRsTqEacJ9yM6UiIUjGImJVW8HJQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+jOqUTDJ56V+anhC2YSOeM9SRSNu/Nni1jm5sMqQhLG2pZAs1N8TMxoZM40C2xlRHJtVLxP/83ophnV/JlSSIldsuShMJcGYZI+TodCcoZxaQpkW9lbCxlRThjaekg3BW315nbSvat5NzXu4rjTqeRxFOINzqIIHt9CAe2hCCxiM4Rle4c2JnBfn3flYthacfOYU/sD5/AF0h43T</latexit>

p(t)
<latexit sha1_base64="LV/21TXuhP7sM1LDSmx7MpLvApM=">AAAB/HicbVBNS8NAEN34WetXtEcvi0WoB0sioj0WvHisYD+gDWGz3bRLN5uwOxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7W2vrG5tV3aKe/u7R8c2kfHHR2nirI2jUWsegHRTHDJ2sBBsF6iGIkCwbrB5Hbmdx+Z0jyWD5AlzIvISPKQUwJG8u3KQKeRn0+mOKnBxQSHfnDu21Wn7syBV4lbkCoq0PLtr8EwpmnEJFBBtO67TgJeThRwKti0PEg1SwidkBHrGypJxLSXz4+f4jOjDHEYK1MS8Fz9PZGTSOssCkxnRGCsl72Z+J/XTyFseDmXSQpM0sWiMBUYYjxLAg+5YhREZgihiptbMR0TRSiYvMomBHf55VXSuay713X3/qrabBRxlNAJOkU15KIb1ER3qIXaiKIMPaNX9GY9WS/Wu/WxaF2zipkK+gPr8weXzpQM</latexit>X

k

p(t � kfb)

The result is the same as if we had used a sinc for p(t), and summed them
up. From the sampling perspective these do the same thing.

For parameter r with 0 < r < 1, the resulting pulse has bandwidth

Br = 1
2(fb + rfb)

The parameter r is called roll-off factor



Nyquist Pulse (cont.)

There are many pulse spectra satisfying this condition. e.g., trapezoid:

P (f) =





1 |f | < 1
2 (1− r)fb

1− |f |−(1−r)fb2fb
1
2 (1− r)fb < |f | < 1

2 (1 + r)fb

0 |f | > 1
2 (1− r)fb

A trapezoid is the difference of two triangles. Thus the pulse with
trapezoidal Fourier transform is the difference of two sinc2 pulses.

Example: for r = 1
2 ,

P (f) = 3
2Λ
(
f
3
2fb

)
− 1

2Λ
(
f
1
2fb

)

so the pulse is
p(t) = 9

4 sinc2(32fbt)− 1
4 sinc2(12fbt)

This pulse falls off as 1/t2.



Nyquist Pulse (cont.)

Nyquist chose a pulse with a “vestigial” raised cosine transform.

This transform is smoother than a trapezoid, so the pulse decays more
rapidly.

The Nyquist pulse is parametrized by r. Let fx = rfb/2.

<latexit sha1_base64="lAGurzIscpFL3Dxa/o7SlqUvH90=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WtVrXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Ax3+M3g==</latexit>

f
<latexit sha1_base64="sE6+oy6bvkcE2dztMIIIIX0uMsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ6CAfBoFpz624Oskq8gtSgQHNQ/eoPY5ZGKA0TVOue5ybGz6gynAmcVfqpxoSyCR1hz1JJI9R+lp86I2dWGZIwVrakIbn6eyKjkdbTKLCdETVjvezNxf+8XmrCGz/jMkkNSrZYFKaCmJjM/yZDrpAZMbWEMsXtrYSNqaLM2HQqNgRv+eVV0r6oe1d17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCCZ3iFN0c4L86787FoLTnFzDH8gfP5AzcWjbM=</latexit>

fb

<latexit sha1_base64="JHLhRT83gHh4sZ7MQxcUbJqNaE4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Vjw4rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8qB9e1vuVqltz5yCrxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg2yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW06jXvuuY9XFUbbhFHCU7hDC7AgxtowD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx8WeI4o</latexit>

fb/2

<latexit sha1_base64="HCftZLmj9E5eNl32MIEEMaqt49s=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vjw4rGCaQttKJvtpF262YTdjVhCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzvz2IyrNE/lgJikGMR1KHnFGjZX8Oon6T/1K1a25c5BV4hWkCgWa/cpXb5CwLEZpmKBadz03NUFOleFM4LTcyzSmlI3pELuWShqjDvL5sVNybpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnnZMAVMiMmllCmuL2VsBFVlBmbT9mG4C2/vEpa9Zp3VfPuL6sNt4ijBKdwBhfgwTU04A6a4AMDDs/wCm+OdF6cd+dj0brmFDMn8AfO5w8fv44v</latexit>

2fx<latexit sha1_base64="QHabxhoyMN6rsF2x2HeyQPEQxVk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem4NgUK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh1Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/2MyyQ1KNlyUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Mp2RC81ZfXSfuq6tWq3sN1pe7mcRThDM7hEjy4gTrcQwNawGAEz/AKb45wXpx352PZWnDymVP4A+fzBxuqjaE=</latexit>

Tb

<latexit sha1_base64="ln7Y7IdflXV2YLMhPKTCxilZi/4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02KqMeCF48VmrbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7H93O//cS1EYlq4iTlQUyHSkSCUbSS3+yHV7V+ueJW3QXIOvFyUoEcjX75qzdIWBZzhUxSY7qem2IwpRoFk3xW6mWGp5SN6ZB3LVU05iaYLo6dkQurDEiUaFsKyUL9PTGlsTGTOLSdMcWRWfXm4n9eN8PoLpgKlWbIFVsuijJJMCHzz8lAaM5QTiyhTAt7K2EjqilDm0/JhuCtvrxOWrWqd1P1Hq8rdTePowhncA6X4MEt1OEBGuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MH+tmOFg==</latexit>

Tb/2
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Nyquist Pulse (cont.)

Nyquist pulse spectrum is raised cosine pulse with flat porch.

P (f) =





1 |f | < 1
2fb − fx

1
2

(
1− sinπ

(
f − 1

2fb

2fx

))
|f | − 1

2fb| < fx

0 |f | > 1
2fb + fx

The transform P (f) is differentiable, so the pulse decays as 1/t2.

This shows r = 0, a sinc, r = 1/2, and r = 1, a raised cosine, which is a
well known window function. The sidelobes of p(t) decrease rapidly with r.



Controlled ISI (Partial Response Signaling)

The second Nyquist approach embraced ISI. The interference is known if we
know the adjacent bits! This allows us to achieve a lower bandwidth by
using an even wider pulse. The ISI can be canceled using knowledge of the
pulse shape.

In this case p(t) is equal to 1 for t = 0 and t = Tb.

The signal at time Tb is then depends on both x(0) and x(Tb).

I If both are 1, then the output y(t) = 2

I if one is 1, and the other is -1, the output is 0

I if both are -1, the output is -2.

Given a starting value for ak, where x(t) =
∑

k akδ(t− kTb) we can
subtract off the ISI term by term, and recover the bit sequence {ak}



Partial Response Signaling (cont.)

The ideal duobinary pulse is the sum two shifted sinc’s

p(t) =
sin(πfbt)

πfbt
+

sin(πfb(t− Tb))
πfb(t− Tb)t

=
sinπfbt

πfbt(1− fbt)
This makes sense, it will be 1 at 0 and Tb and zero elsewhere.
The Fourier transform of p(t) is

P (f) =
2

fb
cos
(πf
fb

)
Π
( f
fb

)
e−jπf/fb

The spectrum is confined to the theoretical minimum of fb/2.
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Zero-ISI, Duobinary, Modified Duobinary Pulses

Suppose pa(t) satisfies Nyquist’s first criterion (zero ISI).

Tb 2Tb�2Tb �Tb 0

pa(t)1

t

Then
pb(t) = pa(t) + pa(t− Tb)

is a duobinary pulse with controlled ISI.

Tb 2Tb�2Tb �Tb 0

pb(t) = pa(t) + pa(t � Tb)

t



By shift theorem,

Pb(f) = Pa(f)(1 + e−j2πTbf )

Since Pb(fb/2) = 0, most (or all) of the pulse energy is below fb/2.

We can eliminate unwanted DC component using modified duobinary,
where pc(−Tb) = 1, pc(Tb) = −1, and pc(nTB) = 0 for other integers n.

pc(t) = pa(t+ Tb)− pa(t− Tb) ⇒ Pc(f) = 2jPa(f) sin 2πTbf

The transform of pc(t) has nulls at 0 and ±fb/2.

Tb 2Tb�2Tb �Tb 0

pc(t) = pa(t + Tb) � pa(t � Tb)



Zero-ISI, Duobinary, Modified Duobinary Pulses (cont.)
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Zero-ISI, Duobinary, Modified Duobinary Pulses (cont.)
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Partial Response Signaling Detection

I Suppose that sequence 0010110 is transmitted (first bit is startup digit).

Digit xk 0 0 1 0 1 1 0
Bipolar amplitude -1 -1 1 -1 1 1 -1
Combined amplitude -2 0 0 0 2 0
Decode sequence 0 1 0 1 1 0

I Partial response signaling is susceptible to error propagation.

I If a nonzero value is misdetected, zeros will be misdetected until the
next nonzero value.

I Note that the signal now has multiple levels (-2, 0, 2). We could also do
that directly, as we will see next week.

I The need for partial response detection can be eliminated by differential
encoding (from two classes ago), where the input stream is preprocessed.
Then a receiver can directly read out the data bits.



Next Time

I Friday : APRS FSK Lab

I Monday : Eye Diagrams, M-ary encoding, digital carrier systems

I Wednesday : Error Correction, Parity, CRC codes

I Friday : Final project discussion


