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Signals and Systems: Frequency

Today:
I The Fourier transform in 2πf

I Some important Fourier transforms

I Some important Fourier transform theorems

I Hilbert transform and analytic signals

Next Time:
I Communication channels and equalization

I Amplitude modulation

I Modulators

Based on Notes from John Gill



Fourier Transform: EE 102A

I In EE 102A, the Fourier transform was

G(jω) =

∫ ∞

−∞
g(t)e−jωtdt

and the inverse transform was

g(t) =
1

2π

∫ ∞

−∞
G(jω)ejωtdω

I We used jω to make all of the transforms to be similar in form (Fourier,
Laplace, DTFT, z)



Fourier Transform Definition

I In this class we will use 2πf , instead of ω. If we replace ω with 2πf , the
Fourier transform is

G(f) =

∫ ∞

−∞
g(t)e−j2πft dt .

Noting that dω = 2π df , the inverse transform is then

g(t) =

∫ ∞

−∞
G(f)ej2πft df .

I Note that these are almost completely symmetric. Only the sign of the
complex exponential changes.

I This will simplify a lot of the transforms and theorems.



Fourier Transform Existence

If g(t) is absolutely integrable, i.e.,
∫ ∞

−∞
|g(t)| dt <∞

then G(f) exists for every frequency f and is continuous.

If g(t) has finite energy, i.e.,
∫ ∞

−∞
|g(t)|2 dt <∞

then G(f) exists for “most” frequencies f and has finite energy.

If g(t) is periodic and has a Fourier series, then

G(f) =

∞∑

n=−∞
G(nf0)δ(f − nf0)

is a weighted sum of impulses in frequency domain.



Fourier Transform Example in 2πf

One-sided exponential decay is defined by e−atu(t) with a > 0:

g(t) =

{
0 t < 0

e−at t > 0

The Fourier transform of one-sided decay is (simple calculus):

G(f) =

∫ ∞

0
e−j2πfte−at dt =

∫ ∞

0
e−(a+j2πf)t dt

=

[
e−(a+j2πf)t

−(a+ j2πf)

]t=∞

t=0

=
1

a+ j2πf

Compare this to the EE 102A transform

G(jω) =
1

a+ jω

Often you can easily just substitute 2πf for ω.



Fourier Transform Examples: Real Valued Signals

Many of the signals we will be dealing with are real, such as sound and
video.
In this case the Fourier transform is conjugate symmetric

G∗(f) =
(∫ ∞

−∞
g(t)e−j2πft dt

)∗
=

∫ ∞

−∞
g(t)∗(e−j2πft)∗ dt

=

∫ ∞

−∞
g(t)ej2πft dt =

∫ ∞

−∞
g(t)e−j2π(−f)t dt = G(−f)

This means that the real part of the signal is even and the imaginary part is
odd. This is called Hermitian symmetry.

This is important because we need only positive frequencies for real-valued
signals.

We will exploit this often!



Duality

Fourier inversion theorem: if g(t) has a Fourier transform G(f),

G(f) =

∫ ∞

−∞
g(t)e−j2πft dt

g(t) =

∫ ∞

−∞
G(f)ej2πft df

The inverse transform differs from the forward transform only in the sign of
the exponent.

If we consider G(f) to be a function of t instead of f , and apply the
Fourier Transform again

∫ ∞

−∞
G(t)e−j2πft dt =

∫ ∞

−∞
G(t)ej2π(−f)t dt = g(−f)

We can summarize this as

F{g(t)} = G(f) ⇒ F{G(t)} = g(−f)

This is the principle of duality. This is much easier to use with 2πf .



Important Fourier Transforms

The unit rectangle function Π(t) is defined by

Π(t) =

{
1 |t| < 1

2

0 |t| > 1
2

Its Fourier transform is

F {Π(t)} =

∫ ∞

−∞
e−i2πftΠ(t) dt =

∫ 1/2

−1/2
e−i2πft dt =

sinπf

πf
= sinc(πf)

0

1
sinc(⇡f)

1 2�1�2 f0

1

1�1

⇧(t)

t

Π(t)
 sinc(πf)

Fact: every finite width pulse has a transform with unbounded frequencies.



By duality, we can also find

sinc(πt)
 Π(f)

since Π(f) is even, so Π(f) = Π(−f).

0

1

1 2�1�2 0

1

1�1

sinc(⇡t)

t f

⇧(f)



Fourier Transform Time Scaling

If a > 0 and g(t) is a signal with Fourier transform G(f), then

F {g(at)} =

∫ ∞

−∞
g(at)e−j2πftdt =

∫ ∞

−∞
g(u)e−j2πfu/a(du/a) =

1

a
G
(f
a

)

If a < 0, change of variables requires reversing limits of integration:

F {g(at)} = −1

a
G
(f
a

)

Combining both cases:

F {g(at)} =
1

|a|G
(f
a

)

Special case: a = −1. The Fourier transform of g(−t) is G(−f).

Compressing in time corresponds to expansion in frequency (and reduction
in amplitude) and vice versa.

The sharper the pulse the wider the spectrum.



Fourier Transform Time Scaling Example

The transform of a narrow rectangular pulse of area 1 is

F
{1

τ
Π(t/τ)

}
= sinc(πτf)

In the limit, the pulse is the unit impulse, and its tranform is the constant 1.

We can find the Fourier transform directly:

F{δ(t)} =

∫ ∞

−∞
δ(t)e−j2πft dt = e−j2πft

∣∣∣
t=0

= 1

so
δ(t)
 1

The impulse is the mathematical abstraction of signal whose Fourier
transform has magnitude 1 and phase 0 for all frequencies.

By duality, F{1} = δ(f). All DC, no oscillation.

1
 δ(f)



Important Fourier Transforms (cont.)

I Shifted impulse δ(t− t0):

F{δ(t− t0)} =

∫ ∞

−∞
δ(t− t0)e−j2πft dt = e−j2πft0

This is a complex exponential in frequency.

δ(t− t0)
 e−j2πft0

Then by duality
ej2πf0t 
 δ(f − f0)

I Sinuoids:

F{cos 2πf0t} = F{12(ej2πf0t + e−j2πf0t)} = 1
2δ(f − f0) + 1

2δ(f + f0)

F{sin 2πf0t} = F{ 1
2i(e

j2πf0t + e−j2πf0t)} = 1
2iδ(f − f0)− 1

2iδ(f + f0)



Important Fourier Transforms (cont.)

I Laplacian pulse g(t) = e−a|t| where a > 0. Since

g(t) = e−atu(t) + eatu(−t) ,

we can use reversal and additivity:

G(f) =
1

a+ j2πf
+

1

a− j2πf =
2a

a2 + 4π2f2
.

This is twice the real part of the Fourier transform of e−atu(t)

I The signum function can be approximated as

sgn(t) = lim
a→0

(
e−atu(t)− eatu(−t)

)

0

1

1 2�1�2 t

sgn(t)

e�atu(t)



I This has the Fourier transform

F {sgn(t)} = lim
a→0

(
1

a+ j2πf
− 1

a− j2πf

)

=
1

jπf

I The unit step function is

u(t) =
1

2
+

1

2
sgn(t)

This has the Fourier transform

F{u(t)} = 1
2δ(f) +

1

j2πf



Hilbert Transform

An import filter has an impulse response

h(t) =
1

πt

By duality, using the sgn(t) transform we found above,

H(f) = −j sgn(f)

which looks like this

0

1

f-j

+j

To see why this is important, consider

cos(2πf0t) ∗
1

πt

What does this do?



Hilbert Transform
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sin(2⇡f0t)

It has turned a cosine into a sine! This will turn up frequently.



Analytic Signal

The dual of the unit step is also useful

H(f) =
1

2
(1 + sgn(f))

By duality this corresponds to the impulse response

h(t) =
1

2

(
δ(t) +

j

πt

)

Consider what happens when we take a real signal, and convolve it with h(t)

x(t) ∗ h(t)

What does this do?



Analytic Signal
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xa(t)

This is a signal that just has positive frequencies!

We will see this when we talk about signal sideband transmission.



Fourier Transform Properties

I Time delay causes linear phase shift.

F {g(t− t0)} =

∫ ∞

−∞
g(t− t0)e−j2πftdt =

∫ ∞

−∞
g(u)e−j2πf(u+t0)du

= e−j2πft0
∫ ∞

−∞
g(u)e−j2πfudu = e−j2πft0G(f)

So,
g(t− t0)
 e−j2πft0G(f)

I Then, by duality, we get frequency shifting (modulation):

ej2πfctg(t) 
 G(f − fc)

cos(2πfct)g(t) 
 1
2G(f + fc) + 1

2G(f − fc)



Fourier Transform Properties (cont.)

I Convolution in time. The convolution of two signals is

g1(t) ∗ g2(t) =

∫ ∞

−∞
g1(u)g2(t− u) du

I The Fourier transform of the convolution is the product of the
transforms.

g1(t) ∗ g2(t)
 G1(f)G2(f)

The Fourier transform reduces convolution to a simpler operation.



Fourier Transform Properties (cont.)

I Multiplication in time.

g1(t)g2(t)

∫ ∞

−∞
G1(λ)G2(f − λ) dλ

I There is no 1
2π factor, as there was in EE 102A.

I Convolution in one domain goes exactly to multiplication in the other
domain, and multiplication to convolution.

I The modulation theorem is a special case.

F {g(t) cos(2πfct)} = F {g(t))} ∗ F {cos(2πfct)}
= G(f) ∗

(
1
2δ(f + f0) + 1

2δ(f − f0)
)

= 1
2G(f + fc) + 1

2G(f − fc)



The triangle function ∆(t) and its Fourier transform

I The book defines the triangle function ∆(t) as

∆(t) =

{
1− 2|x| |x| ≤ 1

2

0 otherwise

This is another unfortunate choice, but not as bad as sinc(t)!

0

1

1�1 0

1

1�1t t

�(t)⇧(t)

I The triangle function can be written as twice the convolution of two
rectangle functions of width 1

2 .

∆(t) = 2 Π(2t) ∗Π(2t)

where the factor of 2 is needed to make the convolution 1 at t = 0.



I The Fourier transform is then

F {∆(t)} = F {2Π(2t) ∗Π(2t)}
= 2F {Π(2t)}2

= 2

(
1

2
sinc

(π
2
f
))2

=
1

2
sinc2

(π
2
f
)

Then

∆(t)

1

2
sinc2

(π
2
f
)



Modulation Theorem

Modulation of a baseband signal creates replicas at ± the modulation
frequency

m(t)

�m(t)

m(t)

t

t

,

,

<latexit sha1_base64="e9B0AvKnXI63zEdj45LtAr7Rgkg=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCuylJEXVZcOOygn1AE8JkOmmHTiZh5kaopfgrblwo4tb/cOffOG2z0NYDFw7n3Mu994Sp4Boc59sqrK1vbG4Vt0s7u3v7B/bhUVsnmaKsRRORqG5INBNcshZwEKybKkbiULBOOLqZ+Z0HpjRP5D2MU+bHZCB5xCkBIwX2SVyBqkcTXal7KcdR4GCoBnbZqTlz4FXi5qSMcjQD+8vrJzSLmQQqiNY910nBnxAFnAo2LXmZZimhIzJgPUMliZn2J/Prp/jcKH0cJcqUBDxXf09MSKz1OA5NZ0xgqJe9mfif18sguvYnXKYZMEkXi6JMYEjwLArc54pREGNDCFXc3IrpkChCwQRWMiG4yy+vkna95l7W3LuLcqOex1FEp+gMVZCLrlAD3aImaiGKHtEzekVv1pP1Yr1bH4vWgpXPHKM/sD5/AAlrk50=</latexit>

m(t) cos(2⇡f0t)

<latexit sha1_base64="PoehpR5HMjN9yJUZWmHF5BAcSMY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx4MWLUMF+QLuUbJptQ5PskmSFsvQvePGgiFf/kDf/jdl2D9r6YODx3gwz84KYM21c99spbGxube8Ud0t7+weHR+Xjk46OEkVom0Q8Ur0Aa8qZpG3DDKe9WFEsAk67wfQ287tPVGkWyUczi6kv8FiykBFsMum+Gl4OyxW35i6A1omXkwrkaA3LX4NRRBJBpSEca9333Nj4KVaGEU7npUGiaYzJFI9p31KJBdV+urh1ji6sMkJhpGxJgxbq74kUC61nIrCdApuJXvUy8T+vn5jwxk+ZjBNDJVkuChOOTISyx9GIKUoMn1mCiWL2VkQmWGFibDwlG4K3+vI66dRr3lXNe2hUmvU8jiKcwTlUwYNraMIdtKANBCbwDK/w5gjnxXl3PpatBSefOYU/cD5/ACf+jZw=</latexit>

M(f)

<latexit sha1_base64="XAmj+nJI5hn4EB+utfA388i7Vmk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reddVrXlXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyBmM4A==</latexit>

f

<latexit sha1_base64="XAmj+nJI5hn4EB+utfA388i7Vmk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reddVrXlXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyBmM4A==</latexit>

f
<latexit sha1_base64="TbB1P5bqF/jrIC5y8alhaetMqR8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+HAHZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qlevevdXlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+vZjYM=</latexit>

f0

<latexit sha1_base64="rSRiJrsYxYGuykg5O9fkw8D9zyU=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBC8GHaDqMeAF48RzAOSJcxOZpMh81hmZoWw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdop7+7tHxxWjo7bRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyl/udJ6oNU/LRThMaCjySLGYE21y6jAf+oFL1a/4caJUEBalCgeag8tUfKpIKKi3h2Jhe4Cc2zLC2jHA6K/dTQxNMJnhEe45KLKgJs/mtM3TulCGKlXYlLZqrvycyLIyZish1CmzHZtnLxf+8Xmrj2zBjMkktlWSxKE45sgrlj6Mh05RYPnUEE83crYiMscbEunjKLoRg+eVV0q7Xguta8HBVbdSLOEpwCmdwAQHcQAPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB1WLjbo=</latexit>�f0

<latexit sha1_base64="5EOIGoN+dJxzuTW4mZWmjxASPPQ=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16CRahHixJEfVY8OJFqGA/oA1hs920SzebsLsRQoh/xYsHRbz6Q7z5b9y2OWjrg4HHezPMzPNjRqWy7W+jtLa+sblV3q7s7O7tH5iHR10ZJQKTDo5YJPo+koRRTjqKKkb6sSAo9Bnp+dObmd97JELSiD+oNCZuiMacBhQjpSXPrA4DgXDm5Fkzv6sH54Fnn3lmzW7Yc1irxClIDQq0PfNrOIpwEhKuMENSDhw7Vm6GhKKYkbwyTCSJEZ6iMRloylFIpJvNj8+tU62MrCASuriy5urviQyFUqahrztDpCZy2ZuJ/3mDRAXXbkZ5nCjC8WJRkDBLRdYsCWtEBcGKpZogLKi+1cITpNNQOq+KDsFZfnmVdJsN57Lh3F/UWs0ijjIcwwnUwYEraMEttKEDGFJ4hld4M56MF+Pd+Fi0loxipgp/YHz+AEKpk9A=</latexit>

1

2
M(f � f0)

<latexit sha1_base64="fgNb8eo3S/BD2bx513p4zFxx0Do=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16CRahIpSkiHosePEiVLAf0Iaw2W7apZtN2N0IIcS/4sWDIl79Id78N27bHLT1wcDjvRlm5vkxo1LZ9rdRWlvf2Nwqb1d2dvf2D8zDo66MEoFJB0csEn0fScIoJx1FFSP9WBAU+oz0/OnNzO89EiFpxB9UGhM3RGNOA4qR0pJnVoeBQDhz8qyZ39WD88CzzzyzZjfsOaxV4hSkBgXanvk1HEU4CQlXmCEpB44dKzdDQlHMSF4ZJpLECE/RmAw05Sgk0s3mx+fWqVZGVhAJXVxZc/X3RIZCKdPQ150hUhO57M3E/7xBooJrN6M8ThTheLEoSJilImuWhDWigmDFUk0QFlTfauEJ0mkonVdFh+Asv7xKus2Gc9lw7i9qrWYRRxmO4QTq4MAVtOAW2tABDCk8wyu8GU/Gi/FufCxaS0YxU4U/MD5/AD+Zk84=</latexit>

1

2
M(f + f0)



Applications of Modulation

I For transmission by radio, antenna size is proportional to wavelength.

Low frequency signals (voice, music) must be converted to higher
frequency.

I To share bandwidth, signals are modulated by different carrier
frequencies.
I North America AM radio band: 535–1605 KHz (10 KHz bands)

I North America FM radio band: 88–108 MHz (200 KHz bands)

I North America TV bands: VHF 54–72, 76–88, 174–216, UHF 470–806,
806–890

Frequencies can be reused in different geographical areas.

With digital TV, channel numbers do not correspond to frequencies.

Rats laughing: http://www.youtube.com/watch?v=j-admRGFVNM



Bandpass Signals

Bandlimited signal: G(f) = 0 if |f | > B.

Every sinusoid sin(2πfct) has bandwidth fc.

If gc(t) and gs(t) are bandlimited, then

m(t) = gc(t) cos(2πfct) + gs(t) sin(2πfct)

is a bandpass signal. Its Fourier transform or spectrum is restricted to

fc −B < |f | < fc +B

The bandwidth is (fc +B)− (fc −B) = 2B.

Most signals of interest in communications will be either bandpass (RF), or
baseband (ethernet).



Next time
I Lab this Friday : Finding and decoding airband AM

I Next class Monday : 3.6 – 3.8 in Lathi and Ding. Signal distortion,
power spectral density, correlation and autocorrelation.

I Wednesday : Begin Chapter 4. Analog modulation schemes.

I Lab next Friday : Finding and decoding NBFM


