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Abstract

In an online decision problem, one makes a sequence of decisions without knowledge of the future. Each period,
one pays a cost based on the decision and observed state. We give a simple approach for doing nearly as well as th
best single decision, where the best is chosen with the benefit of hindsight. A natural idea is to follow the leader,
i.e. each period choose the decision which has done best so far. We show that by slightly perturbing the totals and
then choosing the best decision, the expected performance is nearly as good as the best decision in hindsight. Oul
approach, which is very much like Hannan'’s original game-theoretic approach from the 1950s, yields guarantees
competitive with the more modern exponential weighting algorithms like Weighted Majority.

More importantly, these follow-the-leader style algorithms extend naturally to a large class of structured online
problems for which the exponential algorithms are inefficient.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

In an online decision problem, one has to make a sequence of decisions without knowledge of the
future. One version of this problem is the case witixperts (corresponding to decisions). Each period,
we pick one expert and then observetbste [0, 1] for each expert. Our cost is that of the chosen expert.

* An extended abstract of this paper appeared at COLT 2003 [16].
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Our goal is to ensure that our total cost is not much larger than the minimum total cost of any expert.
This is a version of theredicting from expert advigeroblem! Exponential weighting schemes for this
problem have been discovered and rediscovered in many[afjaEven in learning, there are too many
results to mention (for a survey, sgg).

The following different approach can also be used. We add a random perturbation to the total cost so
far of each expert each period, and then choose the expert of minimal cost.

e Follow the perturbed leading expert: On each periedl, 2, .. .,
1. Foreachexperte {1, 2,...,n}, pick p;[e] >0 from exp. distribution/u(x) = ce™**.
2. Choose expert with minima}[e] — p;[e], wherec;[e] = total cost of experé so far.

The above algorithm is quite similar to Hannan’s original algorithf4] (which gave additive bounds).
Following the perturbed leader gives small regret relative to the best expert,

E[cost]< (14 ¢)(min cost in hindsight+ Q)

O (log n)

P
While the algorithm and guarantees are similar to randomized versions of Weighted Majority, the algorithm
can be efficiently generalized to a large class of problems. This problem is discussed in more detail in
Section2.

Next consider the more structured problemoafine shortest pathf28], where one has a directed
graph and a fixed pair of nodés ). Each period, one has to pick a path fretio t, and then the times
on all the edges are revealed. The per-period cost is the sum of the times on the edges of the chosen path

With bounded times, one can ignore the structure in this problem and view it as an expert problem
where each path is an independent expert. While the number of paths may be exponential in the size of
the graph, the above bound only depends logarithmically on the number of experts. However, the runtime
of an experts algorithm for this problem would be exponential in the size of the problem.

As is common for such problems with nice structure, a clever and efficient algorithm has been designed
for this problem[28]. Their approach was to mimic the distribution over paths that would be chosen by
the exponential algorithm, but with efficient implicit calculations. Similar algorithms have been designed
for several other probleni45,28,27,11,6]

Surprisingly, the natural generalization of following the perturbed leading expert can be applied to all
these problems and more, efficiently. In the case of shortest paths,

e Follow the perturbed leading path: On each periedl, 2, ...,
1. For each edge, pick p;[e] randomly from an exponential distribution. (See FPL* in the next
section for exact parameters.)
2. Use the shortest path in the graph with weights] + p;[e¢] on edgee, wherec,[e] = total time
on edges so far.

As a corollary of Theoren.1, with medges and nodes

0 I
E[time] < (1 + ¢)(best time in hindsight}- M_
&

1A small difference is that we are required to pick a single expert, rather than a weighting on experts.
2\We are grateful to Sergiu Hart for the pointer to Hannan’s algorithm.
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As is standard, “best time in hindsight” refers to the minimum total time spent, if one had to use the
same path each period, and we are assuming all edge times are between 0 and 1. This is similar to the
aforementioned bounds of Takimoto and Warm28j.

Before discussing further applications, we describe the general model and theorems that are proven.

1.1. Linear generalization and results

We consider a linear generalization in which we, the decision maker, must make a series of decisions
di,da, ..., each from a possibly infinite s c R". After thetth decisiornd, is made, we observe the
states; € S C R". There is a cost of - s for making decisiord in states, so our cost i _d; - s;.

The expert problem can be mapped into this setting as follavisthe number of experts, the state
each period is the observed vector of costs, and choosing éxgaresponds to the decision vectbr
with a 1 inpositioni and 0 everywhere else.

For the path problemrm is now the number of edges, the state each period is the vector of observed
costs (one per edge), and a decision to take a path corresponfly; ig-aector with 1's in the positions
of edges that are on the path.

Thus, our goal is to have a total cgst d; - s; not far from minep Y d - s;, the cost of the best offline
decision, if one had to choose a single decision in hindsight. (Itis impossible, in general, to be competitive
with the best dynamic strategy that may change decisions each period. Such a comparison leads to large
regret.) LetM be a function that computes the best single decision in hindsight, aggmhn d - s;.
Because costs are additive, it suffices to condidl@s a function of total state vectol, : R" — D,

M(s) =argmirnep d - s.

In the case of expertd) simply finds an expert of minimum cost given the total cost vectors so far. In the
case of pathdyl finds the shortest path in the graph with weights which are the total times on each edge.
(Note, for ease of analysis, we are not distinguishing between actual decisions, i.e. experts or paths, and
their representation iR".)

We will give several more examples that can be mapped into this linear model. On the surface, it
resembles a convex optimization problem, however, instead of req@rtode convex, we only assume
that the optimizeM can be computed efficientf.

Given such a linear problem of dimensionpand given a black-box algorithm for computiivy we
can give an online algorithm whose cost is near the minimum offline cost,

T
min-cost = [JniIr)] d-ss=M(s1+s2+---+57)-(s1+852+---+57).
€
1

The additive and multiplicative versions of Follow the Perturbed Leader (FPL) are as follows.

e FPL(¢): On each period,
1. Choosep, uniformly at random from the cub@®, 1]".
2. UseM(s1+ ...+ si—1+ pr).

3 This is not a restrictive assumption because efficigatz) online computation implies efficieqt +¢) offline approximation
of M by standard techniqu¢®1]. What we show is the converse: how to use efficient offline algorithms for the online problem.
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e FPL*(c): On each period,
1. Choose; at random according to the density(x) o e~#*I1, (Independently for each coordinate,
chooset(r/¢) for r from a standard exponential distribution.)
2. UseM(s1+...+s:—1+ pr).

Motivation for these algorithms can be seen in a simple two-expert example. Suppose the cost se-
quence was0, %) followed by alternating costs @f., 0) and(0, 1). Then, following the leader (without
perturbations) always incurs a cost of 1, while each expert incurs a cost ofrgBavert periods. With
n experts, the situation is even worserydeterministic algorithm can be forced to have a costaser
t periods (each time only the selected expert incurs a cost of 1) while the best expert has a cost of at most
t/n. By adding perturbations, the algorithm becomes less predictable, one the one hand. On the other
hand, it takes longer to adapt to a setting where one expert is clearly better than others. This tradeoff is
captured by the following theorem, stated in terms of the following paramétetste theL! norm of a
vectorx € R"is [x|1 = Y7 |xil.

(diameterD > |d — d'|1, foralld,d’ € D,

R>|d-s|, foralldeD,seS,
A >|s|1, forallseS.
Theorem 1.1. Letsq, s2, ..., s7 € S be a state sequenc@) Running FPL with parameter< 1 gives

D
Elcostof FPL(¢)|<min-costt + eRAT + —,
g

(b) For nonnegativeD, S C R, FPL* gives
4AD1+ In n)

&

Elcostof FPL x (¢/2A)]1< (14 ¢)ymin-costr +
Of course, it makes sense to state the bounds in terms of the minimizing valyessdbng ad or
min-cost are known in advance, giving

E[cost of FPL{/D/RAT)] < min-cos{ + 2~/ DRAT,
E[cost of FPL*¢1)] < min-cost + 4,/(min-cost)AD(1+ Inn) +4AD(1+ Inn),

wheree; = min(1/2A, /D(1+ Inn)/A(min-cost)). Even if they are not known in advance, simple
e-halving tricks can be used to get nearly the same guarantees.

1.2. Further applications and algorithms

For thetree update problenit seems complicated to efficiently implement the weighted majority style
algorithms, and no efficientl 4 ¢)-algorithms were known. This problem is a classic online problem
[26] introduced by Sleator and Tarjan with Splay Trees, around the same time as they introduced the
list update problenfi25]. In the tree update problem, one maintains a binary search tree @eens in

4 Note that the parameters need only hold for “reasonable” decisions that an optimal offline decision might actually make,
e.g.D>|M(s) — M(s")|1Vs, s’ would suffice (we do not need to consider the cost of paths that visit a node twice).
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the face of an unknown sequence of accesses to these items. For each access, i.e. lookup, the cost is tt
number of comparisons necessary to find the item, which is equal to its depth in the tree.

One could use FPL for this problem as well. This would maintain frequency counts for each item in
the tree, and then before each access it would find the best tree given these frequencies plus perturbation
(which can be computed i@ (r2) time using dynamic programming). But doing so much computation
and so many tree rotations, just to prepare for a lookup, would be taking the online analysis model to an
absurd extreme. Instead, we give a way to achieve the same effect with little computation and few updates
to the tree:

e Follow the lazy leading tred\):
1. For 1<i<n, lets; := 0 and choose; randomly from{1, 2, ..., N}.
2. Start with the best tree as if there wereaccesses to node
3. After each access, s&to be the accessed item, and:

(@) sq = s, + 1.
(b) If s, >v, then
i. vy :=v, +N.

ii. Change trees to the best tree as if there wer@ccesses to node

OverT accesses, fa¥ = /T /n, one gets the followingtatichounds’ as a corollary of Lemmé.2and
Theoreml.1,

E[cost of lazy treels< (cost of best tree} 2n+/nT.

Because any algorithm must pay at least 1 per acccess, the above additive regret bound is even stronge

than a multiplicativell + ¢)-competitive bound, i.€l” < (cost of best tree In contrast, Splay Trees have

a guarantee of 3 lgd x (cost of best tree) plus an additive term, but they have other desirable properties.

This algorithm has what Blum et. al. calirong static optimality6]. For the simplelist update problem

they presented both implicit exponential and follow the perturbed leader types of algorithms. Theirs was

the original motivation for our work, and they were also unaware of the similarity to Hannan'’s algorithm.
The key point here is that step (ii) is executed with probability at mpat, 5o one expects to update

only v/nT times overT accesses. Thus the computational costs and movement costs, which he have

thus far ignored, are small. Corresponding to FPL and FPL*, which call the black4orce each

period, we give general lazy algorithms Follow the Lazy Leader, FLL and FLL*, that have exactly the

same performance guarantees, but only call the black box with probabiliéach period, and thus are

extremely efficient. SinceT is typically O (+v/T) (ignoringn), this means that on a sequence of lenfth

we only need to da@ (+/T) updates. This is especially important if there imavement cogb change

trees® In our case, this cost becomes negligible. The slight disadvantage of the lazy algorithms is that

they only work against an adversary that is oblivious to their random choices.

Lemma 1.2. For any fixed sequence of statess», ..., F PL(¢) andF L L(¢) (also FPL* and FLL* have
identical expectations on each period t. Howevke probability of FLL(¢) (or FLL * (¢)) performing
an update is at mostA.

5We do not give dynamic guarantees and our results do not apply to the dynamic optimality corggjture
6 Similar issues have been addressed in the exponential algorithm literature, however without regard to efficiency.
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TheAdaptive Huffman codingroblem[19] is not normally considered as an online algorithm. But it fits
naturally into the framework. There, one wants to choose a prefix tree for each symbol in a message, “on
the fly” without knowledge of the sequence of symbols in advance. The cost is the length of the encoding
of the symbol, i.e. again its depth in the tree. Adaptive Huffman coding is exactly the follow-the-leader
algorithm applied to this problem. For a compression problem, however, it is natural to be concerned
about sequences of alternating Os and 1s. Adaptive Huffman coding does n¢t give guarantees. If
the encoder and decoder have a shared random (or pseudorandom) sequence, then they can apply FPL «
FLL as well. The details are similar to the tree update problem.

Efficient (1 + ¢) algorithms have been designed @mline pruningof decision trees, decision graphs,
and their variant§l5,27] Not surprisingly, FPL* and FLL* will apply.

1.2.1. Online approximation algorithms

Aninteresting case that does not fit our model is the set of problems where no known efficient algorithm
for offline optimality exists. In these cases, we cannot hope to get oiline) optimality, but it is natural
to hope that an efficient-approximation algorithm could be turned into an efficient onlihet &)a-
competitive algorithm. In general, all we can show i€la+ ¢)a! -competitive algorithm, which is only
interesting for close to 1 (which can be found for many problems such as Euclidean Traveling Salesman
Problem[1]).

A sample problem would be amline max-cuproblem: we have a multigraph and we must choose
a cut. The score of a cut is the number of edges crossing the cut (we refer to score instead of cost for
maximization problems). In the online version of this linear maximization probiemng edge is added
at a time. Without knowledge of the next edge, we must choose a cut, and receive a score of 1 if the edge
crosses the cut and 0 otherwise.

In Section5, we show that our algorithm can be used with approximation algorithms with a certain
property, which we calpointwise approximateéSome examples include the max-cut algorithnjlcH]
and the classification algorithm {f8].

A general conversion from offline approximation algorithms to online approximation algorithms would
be very interesting.

1.2.2. Online linear optimization

The focus of earlier workl6] was the general problem of online linear optimization. Independently,
Zinkevich has introduced an elegant deterministic algorithm for the more general online convex optimiza-
tion problem[31]. His algorithm is well-suited for convex problems but not for the discrete problems
which we focus on here. A natural extension of FPL to a convesDsebuld be Follow the Expected
Leader (FEL):

e FEL (¢, m): On each period,
1. Choosep?, p?, ..., p* independently and uniformly at random from the cibel]".
2. Usel > M(sp+-+s—-1+ pl).

7 To view max-cut as a linear optimization problem, consider a coordinate for each pair of vestiegs The objective
vectorc at each coordinate is the number of edges betweamdv, and a cut is represented by{@ 1} vector with 1s in the
coordinates whera andv are on different sides.
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For this algorithm, we are assuming that the set of possible decisions is convex so that we may take the
average of several decisions. In this case, the expected guarantees can be converted into high-probability
guarantees. Formulated another way, FEL applies to the following problem.

Online linear optimizationGiven a feasible convex sé&t c R", and a sequence of objective vectors
s1, 82, ... € R", choose a sequence of poidis do, ... € D that minimizesZtT:1 d; - s;. When choosing
d;, only s1, so, ...s;_1 are known.

A typical example of such a problem would be a factory that is able to produce a variety of objects
(such as chairs and tables), with a convex set of feasible production vectors. Each period, we must decide
on how many of each object to produce, and afterwards we are informed of the profit vector. Our goal is
to have profit nearly as large as the profit of the best single production vector, if we had to use the same
production vector each period.

By linearity of expectation, the expected performance of FEL is equal to the expected performance of
FPL. However, asn gets larger, the algorithm becomes more and more deterministic, and the expected
guarantees can be converted to high-probability guarantees that hold with larger and larger probabilities.

We refer the reader §d.6,31]for a more in-depth study of this problem.

2. Experts problem

We would like to apply our algorithm to the predicting from expert advice problem, where one has to
choose a particular expert each period. Here, it would seenxizatl andA = n. This is unfortunate
because we needl = 1 to get the standard bounds. For the multiplicative case, we can fix this problem
by observing that the worst case for our algorithm (and in fact most algorithms) is when each period
only one expert incurs cost. Thus we may as well imagine that = 1, and we get the standard
(14 &) x (best expert} O (logn/e) bounds of Weighted Majority.

To get slightly better bounds, and more importantly, better intuition, one can use the following analysis
approach. Thisis an alternative analysis that applies to many problems, but does not have the full generality
of the approach used in the remainder of the paper. First, imagine the algorithm with no perturbations,
i.e. p1 = p2» = --- = 0. We can bound its performance in terms of the cost of the best expert, i.e. the
leader at the end, and the number of times the leader (so far) changed during the execution:

cost of following the leadet cost of final leade#- # times leader changed (2)

To see this, note that each time the leader does not change, that means that the cost we incur is the
same as the amount min-cost increases by. Each time the leader does change, our cost can increase by
most 1.

Let us now return to the case with perturbations. Without loss of generality, we assume that the
perturbations from period to period are the samephe= p» = - - - = p,. From linearity of expectation,
this will not change our expected performance. Equivalently, we pretend that rather than perturbations,
we have a period 0 with cost vecterp;. Now, when we refer to the leader, we are including the pretend

8 magine comparing two scenarios, one with one pesipd= (a, b) and the second with two periods = (a, 0) and
s2 = (0, b) It is not difficult to see that our cost in the second scenario is larger, because we have more weight on the second
expert after the first period. Nevertheless, the cost of the best expert in both scenarios is the same.
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period O perturbations. We argue that the leader changes infrequently. In particular,
E ,, [# changes of leadpt ¢E , [cost of FPL. 3)

To see this, fix a particular period. Expérs the leader if and only if the perturbatign[i] of experti is
sufficiently large. In particulai,is the leader iffp1[i]> v for some values, which depends on the total
cost of the experts and the perturbations of the other experts. Whaigyare can bound the probability
thati remains leader. ifincurs cost, theni certainly remains leader jf1[i] > v+ ¢, because this means
i was already a leader by more than

The exponential density from whighy[/] is chosen, namelye—*, has the following property:

o8] —ex

fv+c e dx
o0

[, ee~#dx

&ec

Plpilil > v+c | palil>v] =

=e_
>1-— ¢c.

In other words, given that experis leader, the probability it does not remail leader is at naosOn
the other hand, given that expéiis leader, the cost is. Therefore, the probability of changing leader
is at most: times the expected cost. Summing over periods establiShespplying (2) to the modified
sequence, and using)(gives:

E[cost of FPl < cost of final leade#- ¢(cost of FPL).

However, the cost of the final leader is not exactly the same as the cost of the best expert, because we
have added perturbations. This makes sense, because there must be a cost to adding perturbations. S
the truly best expert was expdrtLike any fixed expert, it has expected perturbatitifp1[b]] = 1/s.

Say the final leader is expgrtThen

cost of final leadeg min-costy + p1[j] — p1[b].

In other wordsp1[j] — p1[b] is an upper-bound on how much we could have deceived ourselves. But
E[p1[j11< E [max p1[i]] <(1+ Inn)/e. In a moment, we will argue this last inequality. But, taking it
for granted, this gives a final bound of

. In
E[cost of FPI(1 — ¢) <min-cost + —n.
&

These bounds are comparable, and in the worst case, only slightly larger by a constant in frent of In
term than the bounds for randomized weighted majority.

More importantly, the analysis also offers one explanation of the source of the tradeoff between the
(1+ ¢) and V¢ terms. The more initial randomness, the less likely any sequence is to make us switch
(less predictable). However, the more randomness we add, the more we are deceiving ourselves.

Another interesting point that comes from this analysis is the use of fresh randomness each period. In
terms of expectation, for any fixed cost sequence, it does not matter whether we use fresh randomness
or not. However, if we did not use fresh randomess,ji;e= p» = - - -, anadaptiveadversary that can
choose cost vectors based on our previous decisions (but not on our private coin flips) could figure out
what our perturbationg; were and give us large regret. Rerandomizing each period makes our algorithm
have low regret against adaptive adversaries as well.
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Finally, it remains to show that the expected maximum perturbation is at ¢hastogn)/c. To see
this, note by scaling that it is/Z times the expected maximum ofstandard exponential distributions
with mean 1. Note that the expectation of a nonnegative random vaKable[ X ] = fgo PriX>x]dx.
Considerxy, x2, ..., x,, each drawn independently from the standard exponential distribeittorThe
expected maximum is

o0

00 Inn
/ Pimax(xqy, ..., x,)>x]dx < / Prmax(xi, ..., x,)>x]dx + / ne “dx.
0 0 Inn

<In(n) + 1.

This implies that for scaled exponential distributions, the expected maximum is atinpsh n) /..

3. Additive analysis

We first analyze FPL, proving Theorehl (a). Hindsight gives us an analysis that is vastly simpler
than Hannan'’s. For succinctness, we use the notational shortcut

S1r = Ss1+ 52+ + 5.

We will now bound the expected cost of FPL on any particular sequence of states.

The idea is to first analyze a version of the algorithm where weMiég.,) on periodt (instead of
M (s1.4—1)). Of course, this is only a hypothetical algorithm since we do not ksaw advance. But, as
we show, this “be the leader” algorithm has no regret. The point of adding randomness is that it makes
following the leader not that different than being the leader. The more randomness we add, the closer
they are (and the smaller tR& AT term). However, there is a cost to adding randomness. Namely, a
large amount of randomness may make a worse choice seem better. This account®ferténen. The
analysis is relatively straightforward.

First, we see by induction ohthat usingM (s1.;) on dayt gives O regret,

T
Y M(s1i) s <M(sir) - 517 4)
=1
ForT =1, itis trivial. For the induction step fromto 7 + 1,

T+1
Z M(s1y) - s < M(syr) - sur + M(s1r41) - ST41
=1

< M(s1r+1) - Sur + M(s1741) - ST41
= M(s1.741) - SL.T+1.

Eq. @) shows that if one useM (s1.;) on periodt, one would have no regret. Essentially, this means
that the hypothetical “be the leader” algorithm would have no regret. Now consider adding perturbations.
We first show that perturbations do not hurt too much.
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Lemma 3.1. Forany state sequengg, s», ...,anyT > 0,andanyvectorgg = 0, p1, p2, ..., pr € R",
T T
D Mty + po) - si<M(sir) st + D Y |p— protloo
t=1 =1

Proof. Pretend the cost vecteron periodt was actually; + p; — p;—1. Then the cumulative;.; would
actually bes1., + p;, by telescoping. Making these substitutions4hdgives

T
> M(svi+ po) - (50 + pi — pi-1) < M(sir + pr) - (1.7 + p1)
- < M(svr) - (sur + pr)
T
= M(srr) - str+ ) M(sur) - (pr — pi-1).
, t;l
D M(syy+p) s < Msir) -sur+ Y (M(sir) — M(sw + i)
=1 t=1

. (Pz — Pi-1)

Recall thatD > |d — d’|1 for any decision vectorg, d’. Also note thais - v<|u|1|v|o0. O

Proof of Theorem 1.1. (a) In terms of expected performance, it wouldn't matter whether we chose
a new p, each day or whethep, = p4 for all + > 1. Applying Lemma3.1 to the latter scenario
gives,

T

D
D Msi+p1) s < Mlser) - sur+ Dipiloo < Msur) - sar + — 5)
=1

Thus, it just remains to show that the expected difference between M&ing 1 + p;) instead of
M (s1; + py) on each periodlis at mostAR.

Key idea:we notice that theistributionsoversy.,_1+ p; ands1., + p; are similar. In particular, they are
both distributions over cubes. If the cubes were identicalsi.e.1 = s1.;, thenE[M (s1.,—1+ ps) - 5;] =
E[M((s1; + p;) - s¢]. If they overlap on a fractiohof their volume, then we could say,

E[M(s1.i—1+ pr) - st ISE[M (s + pr) -si1+ (1 — )R

This is because on the fraction that they overlap, the expectation is identical, and on the fraction that
they do not overlap, one can only Bdarger, by the definition oR. By Lemma3.2following this proof,
1- f<elsihi<eA. O

Lemma 3.2. For anyv € R", the cubeg0, ]" andv + [0, 1]" overlap in at least a1 — ¢|v|1) fraction.
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Proof. Take a random point € [0, 2]". If x ¢ v+ [0, 1]", then for somé, x; ¢ v; + [0, 1], which
happens with probability at mositw; | for any particulaii. By the union bound, we are donel]

If we know T in advance, it makes sense to use a settingwatiich minimizes the guarantees from
Theoreml.l As mentioned, we can get bounds nearly as good, without such knowledge, by standard
halving techniques. Alternatively, we can follow Hannan’s lead and use gradually increasing perturbations:

e Hannan(d): On each period,
1. Choosep; uniformly at random from the cub[eo, %]n
2. UseM (s1.1—1+ p1).

Using a similar argument, it is straightforward to show:

Theorem 3.3. For any state sequenag, s», . . ., after any number of periods > 0,

DT
Elcostof Hannan(6)]< M (s1.T) - s1.T7 + 26RANT + Tf

Proof. WLOG we may choose; = (/1) p1 because% is identically distributed, for all, and we are
only bounding the expectation. Applying Lemr84d.to this scenario gives,

T T
> M(sy +Vip) - s <M(sir) - sir + Dlpilos Y (Vi =1 —=1).

=1 =1

The last term is at mogd(1/5)+/T .

Now, M (s1.,—1 + p:) andM (s1., + p;) are distributions over cubes of sigé /J. By Lemma3.2, they
overlap in a fraction that is at least4 |s;|15/+/1 >1 — Ad/+/t. On this fraction, their expectation is
identical so,

ORA
E[(M(s11-1+ pr) — M(s1t + pr)) - St ] <——.

NG

Thus we have shown,

d T
DT SRA
E E M(s1i—1+ pi)-si | <M(spr) - sp7 + ——— + E : .
=1 0 =1 \/;

)ﬂ

Finally, straightforward induction shows,,_, \iﬁ <2JT. O

3.1. Follow the lazy leader
Here, we introduce an algorithm called Follow the Lazy Leader or FLL, with the following properties:
e FLL is equivalent to FPL in terms of expected cost.

e FLL rarely calls the oracl#.
e FLL rarely changes decision from one period to the next.
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.................................................................................................

................................................................................................

Fig. 1. The perturbed point.,_1 + p; is uniformly random over a cube of sidg:lwith vertex ats1.,_1. One way to do this
is to choose a random grid of spacing: &nd take the unique grid point in this cube. By using the same grid each period, the
selected point moves rarely (for sufficiently large)l

If calling the oracle is a computationally expensive operation or if there is a cost to switching between
different decisions, then this is a desirable property. For example, to find the best binary search tree in
hindsight om items takes time (n2), and it would be ridiculous to do this between every access to the
tree.

The trick is to take advantage of the fact that we can correlate our perturbations from one period to the
next—this will not change the expected totals. We will choose the perturbations sa.that+ p, =
514 + pi+1 as often as possible, as shown in Flg.When this is the case, we do not need to call
M (s1; + pr1+1) as we will get the same result.

e FLL (¢):
1. Once, at the beginning, chooges [O, %]" uniformly, determining a grid; = {p + %zlz e 7"}.
2. On periodt, useM (g;—1), whereg,_1 is the unique point irG N (s1.,—1 + [0, %)") (Clearly if
g = g1, then there is no need to re-evaludMég,) = M(g,—1).)

Itis not difficult to see that the poigt_1 is uniformly distributed ovess.,_1 + [0, %)”, like FPL. Thus,
in expectation, FPLf and FLL{) behave identically on any single period, for any fixed sequence of
states. Furthermore, since oftgn 1 = g, rarely does a decision need to be changed or even computed.
To be more formal:

Proof of Lemma 1.2 (FLL case). FLL¢) chooses a uniformly random grid of spacing:.1There will
be exactly one grid point insidg_1 + [O, %)" and by symmetry, it is uniformly distributed over
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that set. Thus we see that the grid pogat1 will be distributed exactly like FPLJ, uniform over
st-1+[0, 1]

Now, g;_1 # g, iff the grid pointinsy.;_1 + [0, %]" which we know is uniform over this set, is not in
s1: + [0, %]" By Lemma3.2, we know this happens with probability at mes;|;. O

4. Competitive analysis

The competitive theorems are similar. The restriction we make is that decision and state vectors are
non-negative, i.€D, S C R'|.

Proof of Theorem 1.1. (b) WLOG, we may assumg; = p1 forall > 1, because this does not change
the expectation. As before, by Lemr&d,

T

Z M(s1; + p1) - si <M (s11) - 5117 + DI piloo-
t=1

At the end of Sectior, it was shown that the expected maximumnagxponential distributions with
meane is at most(1 + In n) /¢, i.e.|p1lco < (1 + Inn)/e. Furthermore, we claim that

E[M(s11—1+ p1) - s:1<e E[M(s1; + p1) - 5:]. (6)

To see this, again notice that the distributions oygr 1 + p1 andsy.; + p1 are similar. In particular,

E[M(s1.1-1+ p1) - 5] =f M (s1—1+x) - s dp(x)

xeR"?

=/ M(s1 +y) - sedu(y + s¢)
yeR"

- / L, Mz +y) - 50) 0TI dp(y). (7)
yeRr"

Finally, —e(|y + s:]1 — |y|1) <els;|]1<eA by the triangle inequality. This establishes.(For ¢<1/A,
e*4 <1+ 2¢A. Finally, combining the above gives,

E[cost of FPE ()] < (1 + 2:A) (min—cos;r n M) ‘

&

Evaluating FPE(c/2A) and using the fact that< 1 gives the theorem.

Remark 1. The careful reader will have observed that we did not require any positive perturbations. Since
s; is always nonnegative, for Eqr); the theorem would hold if we choose only negative perturbations.
The reason we use a symmetric distribution is only out of convenience—to be compatible with our FLL*
algorithm, for which we do not know how to design an asymmetric version.

Remark 2. A small technical difficulty arises in that for these multiplicative algorithms, 1 + p; may
have negative components, especially for sm&lbr some problems, like the online path problem, this can
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cause difficulty because there may be negative cyclesinthe graph. (Coincidentally, Takimoto and Warmuth
make the assumption that the graph has no cycles what4@8y9A less-restrictive approach to solving
this problem in general is to add large fixed pretend costs at the beginning, &M, M, ..., M). For
a sufficiently largeM, with high probability all of the components ef,_1 + p; will be non-negative.
Furthermore, one can show that these costs do not have too large an effect. A more elegant solution for
the path problem is given by Awerbuch and Mansi@}r

A lazy version of the multiplicative algorithm can be defined as well:

o FLL* (¢):
1. Choosep; at random according to the density(x) oc e ~#¥I1,
2. On each periotl useM (s1.:—1 + pr).

3. Update
(@) With probability min<1, %) Setp1 = pr — 51 (SO thatsyy + prat = S1r—1 + pr).
(b) Otherwise, sep; 11 := —p;.

In expectation, this algorithm is equivalent to FPL*.
Proof of Lemma 1.2(FLL* case). We first argue by induction émhat the distribution o, for FLL*(¢)

has the same densiti(x) o« e~¢*11, (In fact, this holds for any center-symmetig.) Forr = 1 this is
trivial. Fort 4 1, the density ax is

: du(x) , dp(—x — s;) })
d min{l, ——— du(—x)(1—minyl, —— 1 ). 8
e+ spymin {1, SO g (1 minf2, S ®)
This is because we can reaph,1 = x by either being ap; = x + s, or p, = —x. Observing that

du(—x) = du(x),

. du(x) o
du(x + s;) min {1, m} =min{du(x + s;), du(x)}
(. du(—x —
=du(—x) min {1, %} .

Thus, @) is equal tod u(x).
Finally, the probability of switching is at most

1 du(pi +s0) _ 1 — g—elpitsili=Ipily)

du(p)
<1-— etlsihh
<elsel1
< EA. O

Again, the above shows that the oracle need be called very rarely—onlyswhen+ p, changes.

5. Approximation algorithms

We have seen that the online version of linear optimization can be solved using an optimal offline
algorithm. In particular, when the offline optimization problem can be solved exactly in polynomial-time,
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so can the online version. In this section, we consider the situation when the algorithm for the offline
optimization problem is only guaranteed to findagproximateoptimum.

We could apply our online algorithms here, with the change that instead of calling an exact optimization
oracleM, we have access to an approximation algorithiWe say thaf achieves am-approximation if,
on any input, the cost of the solution it finds is at mpsmes the minimum solution for a minimization
problem.

The difficulty in the analysis is Eg4J. In the case of an approximation, we can only say

T

> Alsw) - se<o M(sir) - sur.
=1

For problems with a FPTAS (s¢29]), we can use say/4 instead ok in FPL* and anx = (1 + &7)

approximation, because the result would(be- 5)(1 + %)T <1+ ¢ competitive.
For approximation algorithms with larger another type which can be used is the following:

Definition 1. An approximation algorithnA for a linear minimization problem on variables, .. ., x”,
is said to achieve am point-wise approximation ta/, if on any input instance, the solution it finds,
A(x), has the property thaf[A(x)'] < aM (x)* for all i.

The definition for maximization problems is analogous. Several algorithms have point-wise guarantees,
e.g. the max-cut algorithm ¢13], the metric labeling algorithm ¢f.8], etc.
For any sequence of states, s, ..., sy, it is easy to see that

T T
Z A(sy) - st < Z M(s;) - 54
t=1 =1

Thus following the perturbed leader with a pointwise approximation algorithm costs atrtiosts as
much as the (inefficient) exact online version, i.e. the competitive ratio goes up by a fagtor of

Other examples of approximation algorithms with pointwise guarantees include the randomized vertex
ordering algorithms ¢f20,10,24,9]

6. Conclusions and open problems

For many problems, exponential weighting schemes such as the weighted majority provide inefficient
online algorithms that perform almost as well as the offline analogs. Hannan’s approach can be generalized
to get efficient algorithms for linear problems whose offline optimization can be done efficiently.

This separation of the online optimization problem into its online and offline components seems helpful.
In many cases, the guarantees of this approach may be slightly worse than custom-designed algorithms
for problems (the additive term may be slightly larger). However, we believe that this separation at least
highlights where the difficulty of a problem enters. For example, an online shortest-path alg@&hm
must be sophisticated enough at least to solve the offline shortest path problem.

Furthermore, the simplicity of the “follow the leader” approach sheds some light on the static online
framework. The worst-case framework makes it problematic to simply follow the leader, which is a
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natural, justifiable approach that works in other models. Adding randomness simply makes the analysis
work, and is necessary only in the worst case kind of sequence where the leader changes often. (Such ¢
sequence may be plausible in some scenarios, such as compressing the sequence 0101....)

As one can see, there are several ways to extend the algorithm. Recently, Awerbuch and K]&]nberg
and Blum et al[23] have extended the algorithm to thanditcase of the generalization, where only
the cost of the chosen decision is revealed. Surprisingly, given only this limited feedback, they can still
guarantee asymptotically low regret. Their challenge is to nicely deal with the exploration/exploitation
tradeoff.

Other variations include tracking (following the best decision that may change a few times). We have
also considered using tlie norm rather than thé1 norm[16]. It is not clear to us how to generalize to
other loss functions than the one used here.

Finally, while these algorithms are fairly general, there are of course many problems for which they
cannot be used. It would be great to generalize FPL to nonlinear problems such as portfolio prediction
[8]. For this kind of problem, it is not sufficient to maintain additive summary statistics.
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