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Task Control

Unified Motion/Force Control

motion contactF F F= +
contactF

motionF

Unified Motion/Force Control

( )0 0 0( ) , ( ) contactox x p x F Fϑ µ ϑΛ + + + =�

•Generalized Selection Matrix

•Dynamic Model (Homogeneity)

Task Description

Task Specification

motion forceF F F+ Σ= Σ

1 0 0

0 1 0 ;

0 0 0

I

⎛ ⎞
⎜ ⎟Σ = Σ = − Σ⎜ ⎟
⎜ ⎟
⎝ ⎠

Selection matrix

Generalized Selection Matrix

Σ → Ω
fS

fRSelection in
0( ) ( )fR f Rf S f=

fRfΣ

0RSelection in

f

T
f RS fΣ

0R
T
f fS S fΣ
Ω
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⎜ ⎟⎜ ⎟
⎝ ⎠

3F FIΣ = − Σ

Generalized Selection Matrix
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Generalized Selection Matrix

Basic Dynamic Model

( )X J q q=� �

Operational 
force

?

≡
Forces &
Moments

( )TJ q FΓ =

Forces & Moments

0 ( )
v

J q q
ω
⎛ ⎞

=⎜ ⎟
⎝ ⎠

� v
X E

ω
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

�
0( )J E Xq qJ=� �

0 ;
f

F
m

⎛ ⎞
⎜ ⎟
⎝ ⎠

�
Tf

E F
m

⎛ ⎞
=⎜ ⎟

⎝ ⎠

0
T T TJ J FEF =

Basic Dynamic Model

0
TE EΛ = Λ

( , ) ( )x x x p x FµΛ + + =�� �

0 0 0 0( , ) ( )x p x Fϑ µ ϑΛ + + =�

TE

ˆ
v

ϑ
ω
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

with

r rx E ω=�

Orientation Representation

rx

rdx
r r rdx x xδ = −

r rx Eδ δφ=

Instantaneous Angular Error
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r rx E ω=�

r rx Eδ δφ=

r rE xδφ δ+=

δφ

Instantaneous Angular Error

( ) p pd
d

r rd

x x
x x

x x

−⎛ ⎞
− = ⎜ ⎟−⎝ ⎠

r rx E ω=�

r rx Eδ δφ=

( )( )r r r d rx x x Eδ δφ= − =

( )( )r r r dE x xδφ += −

Control – Position Errors

p pdx x

δφ
−⎛ ⎞

⎜ ⎟
⎝ ⎠

Error
Vector

Goal Position pd
d

rd

x
x

x

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

( )*
p p pd v pf k x x k x= − − − �

*
p vm k kδφ ω= − −

with ( )( )r r r rdE x x xδφ += −

Closed loop

( ). 0p v p p p pdI x k x k x x+ + − =�� �
0v pI k kω ω δφ+ + =�

Direction Cosines

1

2
T

r rE E+ =

( )1 2 3

TT T T
r S S S=x

( )1 2 3

TT T T
rd d d dS S S=x

where ( )1 2 3
ˆ ˆ ˆ( )T T T T

r rE S S S= − − −x

since

1 1 2 2 3 3
ˆ ˆ ˆ( ) 0T

r r rE S S S S S S= + + =x x

1
( )( )

2 r r r rdEδ +Φ = −x x x

The angular rotation error

( )1 1 2 2 3 3

1 ˆ ˆ ˆ
2 d d dS S S S S Sδ Φ = − + +

1 1 1 1

2 2 2 2

3 3 1 3

d d

r d d

d d

S S S S

X S S S S

S S S S

δ
−⎡ ⎤ ⎡ ⎤ ⎡ ⎤

⎢ ⎥ ⎢ ⎥ ⎢ ⎥= − = −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦

Euler Parameters
The end-effector orientation

( )0 1 2 3

T

r λ λ λ λ λ= =x

The desired orientation
( )0 1 2 3

T

d d d d dλ λ λ λ λ=

The orientation error vector

dδλ λ λ= −
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The left inverse

( ) 2
T

r rE λ
∨

+ =x

where
1 0 3 2

2 3 0 1

3 2 1 0

T
λ λ λ λ

λ λ λ λ λ
λ λ λ λ

∨
− −⎛ ⎞

⎜ ⎟= − −⎜ ⎟
⎜ ⎟− −⎝ ⎠

Noting that

0
T

λ λ
∨

=

The angular rotation error

2
T

dδ λ λ
∨

Φ = −

Angular Acceleration

r rEX ω=�

r r rEX Eω ω= + ����

rr r rXE E Eω ω+ +−= �� ��

Acceleration Direction Cosines

The orientation is described by

( )1 2 3

TT T T
r S S S=x

( 1) ( 1) ( 1)1 ; 2 ; 3 ;n n nS x S y S z+ + += = =

0R
1nR +

10n+

The second time derivatives

( )
2

( 1)
( 1) ( 1)2

n
n n

d

dt
ω ω ω+

+ += − × + × ×
x

x x�

( )
2

( 1)
( 1) ( 1)2

n
n n

d

dt
ω ω ω+

+ += − × + × ×
y

y y�

( )
2

( 1)
( 1) ( 1)2

n
n n

d

dt
ω ω ω+

+ += − × + × ×
z

z z�

However
( ) ( )T T× × = −u v w u v w v w u

( ) , ) ( )( T
r r r rE Rω ω ω ω ω= −+x x x x�� �

This yields

where ( )
( )
( )

1 3

2 3

3 3

, )(
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T
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S I

S I

S I
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ω

ω ω
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⎛ ⎞
⎜ ⎟
⎜ ⎟=
⎜ ⎟
⎜ ⎟
⎝ ⎠
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1 1
, )

2 2
(T T

d rd r rdE x R xxω ω= +� �� �

Acceleration Direction Cosines Euler Parameters
The acceleration associated with
Euler parameters

1 1
( )

4 2
Tλ λ ω ω ω λ

∨
= −�� �

since 0
T

λ λ
∨

=

The angular acceleration vector

4
T

ω λ λ
∨

= ���

The desired angular acceleration

4
T

d d dω λ λ
∨

= ���

Euler Parameters Motion Tracking ( ), ,pd pd pdx x x� ��

( ) ( )*
pd p p pd v p pdF x k x x k x x= − − − −�� � �

Closed loop

. 0x v x p xI k kε ε ε+ + =�� �

px p pdx xε = −
with

( )*
d p v dm k kω δφ ω ω= − − −�

with ( )r r rdE x xδφ += −

( )d r rd rdE x xω += �

( ) ( ) ( )d r rd rd r rd rd dE x x E x E xω ω+ += − �� ��
and

Motion Tracking ( ), ,pd pd pdx x x� ��

( ) ( )*
pd p p pd v p pdf x k x x k x x= − − − −�� � �

Closed loop

( ) ( ) ( ) 0p pd v p pd p p pdx x k x x k x x− + − + − =�� �� � �

( ) ( ) 0d v d pk kω ω ω ω δφ− + − + =� �
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A Mass Spring System
System

smz k z f+ =��

s sf k z=

1
s s

s

m f f f
k

+ =��

Control

( )
fs f s d v sf f m k f f k f⎡ ⎤= − − +⎣ ⎦
�

s compf f m f= + i

Control-loop System

( ) 0
fs s v s s f s df k k f k k f f+ + − =�� �

Static Equilibrium

s df f=

1
s s

s

m f f f
k

+ =��System

End-Effector/Sensor System

0 0 0 0( , ) ( ) contactFx p x Fϑ µ ϑΛ + + + =�

0 motion forceF F F= +

Unified Control

*
0 0 0

ˆ ˆˆmotionmotion F PF µ= Λ Ω + +

*
0

ˆ
forceforc sensore F FF = Λ Ω +

End-Effector/Sensor System

0 0 0 0( , ) ( ) contactFx p x Fϑ µ ϑΛ + + + =�

0 motion forceF F F= +

Unified Control

*
0 0 0

ˆ ˆˆmotionmotion F PF µ= Λ Ω + +

*
0

ˆ
forf ce desorce iredF FF = Λ Ω + Ω

Unified Motion & Force Control

Two decoupled 
Subsystems

*
motionFϑΩ = Ω�
*
forceFϑΩ = Ω�


