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Redundancy

Equations of Motion
A(Q)G+b(q,0)+g(q) =T
AX) X+ u(x, %)+ p(x)=F

r
(AG+b+g)
(AG+b)

F
(AX+ u+p)
(AX+ 1)

-4 = 4

=J
=J
=J

Non Redundancy

AG+b+g =T

h T
J—T

‘A)’(’+‘;z+ p:F‘

Redundancy

AG+b+g =T

projection T
jT

AX+pu+p=F|

where
J=A"TA s AT=JAYT

J . dynamically consistent generalized inverse




Redundancy

nullspace

Redundancy

ox=J0oq
5q=J"x+[1-3"3 |0,

r=J'F
F o Tis (J7F)
r F

F=J'T?

Gravity Example

r=J'F
F=2
However
J* (J = J#J)
would lead
Gravity Example

-
A NG




Redundancy

5q = 3% 5x+(1-3%3) &g,

Virtual Displacement

o5q = 3% ox+(1-3%3) oq,
Virtual Work SW = FT 5q

OW = O0W, + oW,

(J#TF)Téx [(I—J#J)TFTSqO

[

F=JT(J#T1“)+(I—JTJ#T)F

Decomposition

r=J [J#ﬂ + [l—JTJﬂ r

Task Space ” Joint Torques
Forces acting in the
F null space

r= JTFJ{I —JTJ#T}FO

Dynamic Constraints

A@ d+b(q.d) +g(@) =T
r=3TF+[1-373" |,

AG+(b+g)=J3"F+[1-3707 T,

G+A"(b+g)= ANTF+AT 123737 |1,
J U

Ji+IA (b+g)=IANTF+IAT 1-3737 |1,
Jj =x-Jg U

x’+[JA’1(b+g)—JqJ:(JA*JT)F+JA’1[I—JTJ#TJFO

T

|
AL X =0

n

Dynamic Consistency
r ——— JA'T

r=JF+(1-973")r,
JA‘l(I—JTJ#T)FO =0

IAT=(JANT) I
A\(JAlJT ) aat=0"




Dynamic Consistency

J(Q) is the Dynamically Consistent
Generalized Inverse

Theorem (Consistency)
J isuniqueand J = A1JTA

Non-redundant
J=J1

Velocity Force Duality

Velocity Force

NonRed: 54 = J15x r=J'F

Redundant

5q=Jox+[1-31]8q, | T=3"F+[1-373"]r,

Task dynamics

A(@)X + p(a,4) + p(a) = F
A=(3A13T)"

#(0,4) = J"b(q,d) ~ A(a)J (a)g

p(a)=J"g(q)




Redundant Robot Control

Task Space:  J' B
Null Space:  NT where N=1-JJ

Robot Control
F=J'F+N'T,

rl/ \r2
N/

Stability

rt 1<0: for =0
s “ ST

[, =-k,J"x=-k,J"Jq

4'D(@)4<0; q=0

D(q) =k, (377)

J"J:is anxnmatrix of rank M,
it is Positive Semi-definite

4'D(q)g=0

Asymptotic Stability
L.d<0; for =0
1—‘dis :_kv‘]T‘]q_kqu
U
D(q) =k, 373 +k, 1,

4'D(q)G<0  for G=0

Kinematic Singularities
y

Joint Space Formulation

Pseudo Inverse Solution
Aq,

I, +1,
70 Yq

12(1,+1,)




Kinematic Singularities

mobility

Singularities
S(q) = det[J(a)]=S,(a).S,(a)---S,, (a)

Singular direction
S,=0; ¢

Kinematic Singularities

S(a) =$,(0)-S,(a)-S;(a)---S,, (a)

Singularity S, ‘
Dsi :{q | |Si (CI)|S Soi}

\s,\ssol

y
‘ In Dy, the robot is

/O\(\ treated as redundant
X | w.r.t. motions in the

‘W subspace L to the

singular direction

Control in Null Space T’

1
Control in sub-O-Space F

sub—os

null —space

Types of Singularities

: 5
——— 1 — J'r | //,_j(:\';\\,j
(O == (ﬁd \F
Type 1 Type 2

Types of Singularities

Control Strategy
Type 1

= Motion along/about ¢; ji
Control S,
Type 2

= Only changes of ¢; '\M//

Control ¢,




where

Nsub

Singularity Control

r=J;

sub

F,+N.,T

sub™ s

=1-Jdgy ad Ty ==VV(S)

sub ™ sub

Control S,(q) toreach S, =0

Control S, from zero to the desired
Velocity at the singularity boundary

,,,,,,,




