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Representations

X
x
x

P

R

=
L
NM
O
QP

•Cartesian
•Spherical
•Cylindrical
•….
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Spatial Mechanisms
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( ).x J= θ θ

x v : linear velocity
ω : angular velocity

Propagation of velocities
Revolute Joint i i iZ qΩ =

i i iV Z q=Prismatic Joint

jV
Ωi

The Jacobian (EXPLICIT FORM)

The Jacobian (EXPLICIT FORM)
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Linear Vel: jV
Angular Vel:
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Prismatic

none

Effector Linear Velocity

Effector Angular Velocity
1
[ ( )]

n

i i i i in
i

v V P
=

= ∈ + ∈ Ω ×∑

ω = ∈
=
∑ i i
i

n

Ω
1

Effector

i i iV Z q=

i i iZ qΩ =

v

ω
The Jacobian (EXPLICIT FORM)

Revolute

Ωi

jV

Linear Vel: jV
Angular Vel:

jV

i inPΩ ×

inP

i inPΩ ×

Ωi

Ωi

Prismatic

none

Effector Linear Velocity

Effector Angular Velocity
1
[ ( )]

n

i i i i in i
i

v Z Z P q
=

= ∈ + ∈ ×∑

1
( )

n

i i i
i

Z qω
=

= ∈∑

Effector

i i iV Z q=

i i iZ qΩ =

v

ω

1 1 1 1 1 1

1 1 1 1 ( 1) 1

[ ( )]
[ ( )]

n

n n n n n n n n n n

v Z Z P q
Z Z P q Z q− − − − − −

= ∈ + ∈ × +

+ ∈ + ∈ × +∈

[ ]
1

2
1 1 1 1 1 2 2 2 2 2( ) ( )n n

n

q
q

v Z Z P Z Z P

q

⎡ ⎤
⎢ ⎥
⎢ ⎥= ∈ +∈ × ∈ +∈ ×
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦vv J q=

1 1 1 2 2 2 n n nZ q Z q Z qω =∈ +∈ + +∈

[ ]
1

2
1 1 2 2 n n

n

q
q

Z Z Z

q

ω

⎡ ⎤
⎢ ⎥
⎢ ⎥= ∈ ∈ ∈
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦J qωω =

The Jacobian

v
x
y
z

x
x
q

q
x
q

q
x
q

qP
P P P

n
n=

F

H
GG
I

K
JJ = = + + +. . .

∂
∂

∂
∂

∂
∂1

1
2

2

1 2

P P P
v

n

x x xJ
q q q

∂ ∂ ∂
∂ ∂ ∂

⎛ ⎞
=⎜ ⎟

⎝ ⎠

v

w

JJ
J

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
Matrix      (direct differentiation)vJ



6

Jacobian in a Frame
Vector Representation
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Stanford Scheinman Arm
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I

K
JJ

1 13Z P× 2 23Z P× 3Z

2Z1Z 4Z 5Z 6Z

0 0 0

0

Z6

Z0 X6

X0

d3d2

Y6
Y0

i αi-1 ai-1 di θi
1 0 0 0 θ12 -90 0 d2 θ23 90 0 d3 0
4 0 0 0 θ45 -90 0 0 θ56 90 0 0 θ6

Z6

Z2

Z3 Z4

Z5

Z1
Z0
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X3 X4
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{0}
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1 0 0 0 θ12 -90 0 d2 θ23 90 0 d3 0
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T =i - 1

1

cθi -sθi 0 ai-1
sθi cαi-1 cθi cαi-1 -sαi-1 -sα i-1 di
sθi sαi-1 cθi sαi-1 cαi-1 cαi-1 di

0 0 0 1

T  = T T  ... T0

N
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1
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2

N-1

N
Forward Kinematics:
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⎝ ⎠

c d s s d c c d c s
s d c s d s c d s s

s d c
s c s c c s s c c c c s s s s c s c

c s s s c s c c s c c s c s s s s c
c s s s c s c c

− −
− +

−
− − − − +

− + + +
− +

L

N

MMMMMMM

O

Q

P1 2 1 2 3 1 2 3 1 2

1 2 1 2 3 1 2 3 1 2

2 3 2

1 1 2 1 2 4 1 4 1 2 4 5 1 4 5 1 2 5

1 1 2 1 2 4 1 4 1 2 4 5 1 4 5 1 2 5

2 2 4 2 4 5 5 2

0 0 0
0 0 0

0 0 0 0
0 0
0 0
1 0 0

PPPPPP

Stanford Scheinman Arm Jacobian
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Kinematic Singularity

( )1 2= nJ J J J

The Effector Locality loses the ability
to move in a direction or to rotate about
a direction - singular direction

( )det 0=J

( ) ( )det det=i jJ J

det[ ] det[ ]B AJ J≡

Kinematic Singularity

0
0

B
B AA

B
A

R
J J

R
⎛ ⎞

=⎜ ⎟
⎝ ⎠

( ) ( )det det=i jJ J

Singular Configurations

det[ ( )] 0J q =

⇒ Singular Configurations

1 2det[ ( )] ( ) ( )... ( ) 0sJ q S q S q S q= =

1

2

( ) 0
( ) 0

( ) 0s

S q
S q

S q

=
=

=

( )1 2 2

1 2 2

1 12 12

1 12 12

l S l S l S
J

l C l C l C

⎛ ⎞− + −
⎜ ⎟=
⎜ ⎟+⎝ ⎠
( ) 1 2det 2=J l l S

Example (Kinematic Singularities)

1 21 12= +x l C l C

1 21 12= +y l S l S

Singularity at 2 =q kπ

l1

l2

θ1

y
{0}

{1}

θ2

(x,y)

At Singularity

2 21

1 2 2

2 21 1
2 21 1

l S l SC S
J

l l C l CS C
− −⎛ ⎞−⎛ ⎞

= ⎜ ⎟⎜ ⎟ +⎝ ⎠⎝ ⎠

1 1 0
0J R J=

1

1 2 2

0 0
J

l l l
⎛ ⎞

= ⎜ ⎟+⎝ ⎠

l1

l2

θ1

y
{0}

{1}

θ2

(x,y)

Example (Kinematic Singularities)

1

1
1 2 1 2 2

0δ

δ δθ δθ

x

y l l l

=

= + +( )

L

N
MMM

(x,y)

1 2 11
(1)

1 2

1 2 2 1

1 1

1

l l
J

l l
l l l

θ

θ

−

⎛ ⎞
⎜ ⎟
⎜ ⎟≅ ⎜ ⎟+

− −⎜ ⎟⎜ ⎟
⎝ ⎠

small 2θ

1−Δ = Δq J X

Small Displacements ,q XΔ Δ
Δ⎛ ⎞

Δ = ⎜ ⎟Δ⎝ ⎠

x
X

y

1q1Δq

{1} 2Δq
2q
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(1) (1)
1

1 2 1

1Δ Δ
Δ = ⋅ +

x y
q

l lθ
( )1 2 (1) (1)

2
1 2 2 1

1+ Δ Δ
Δ = ⋅ +

l l x y
q

l l lθ

Small Displacements ,q XΔ Δ
Δ⎛ ⎞

Δ = ⎜ ⎟Δ⎝ ⎠

x
X

y

1q1Δq

{1} 2Δq
2q

(1)

1

Δy
l

1Δq

2θ
(1)

(1)

Δ
−

Δ

x
y

•

(1)

1

Δ
−

y
l

2Δq

2θ

1 2 (1)

2 (1)

( )+ Δ
−

Δ

l l x
l y

•

1q1Δq

{1} 2Δq
2q

( )1 2 2

1 2 2

1 12 12

1 12 12

l S l S l S
J

l C l C l C

⎛ ⎞− + −
⎜ ⎟=
⎜ ⎟+⎝ ⎠

( ) 1 2det 2=J l l S

Kinematic Singularities (reduced matrix)

Singularity at 2 =q kπ

l1

l2

θ1

y
{0}

{1}

θ2

(x,y) ( )1 2 2

1 2 2

1 12 12

1 12 12

0 0
0 0
1 1

l S l S l S

l C l C l C
J

⎛ ⎞− + −
⎜ ⎟
⎜ ⎟+
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

l1

l2

l3

E

0

1 1 2 12 3 123 2 12 3 123 3 123

1 1 2 12 3 123 2 12 3 123 3 123

0 0 0
0 0 0
0 0 0
1 1 1

J

l s l s l s l s l s l s
l c l c l c l c l c l c

E =

− − − − − −
+ + +

L

N

MMMMMMM

O

Q

PPPPPPP

1 1 2 12 3 123 2 12 3 123 3 123
0

1 1 2 12 3 123 2 12 3 123 3 123

1 1 1
E

l s l s l s l s l s l s
J l c l c l c l c l c l c

− − − − − −⎛ ⎞
⎜ ⎟= + + +⎜ ⎟
⎜ ⎟
⎝ ⎠

0

1 1 2 12 3 123 2 12 3 123 3 123

1 1 2 12 3 123 2 12 3 123 3 123

0 0 0
0 0 0
0 0 0
1 1 1

J

l s l s l s l s l s l s
l c l c l c l c l c l c

E =

− − − − − −
+ + +

L

N

MMMMMMM

O

Q

PPPPPPP

Stanford Scheinman Arm
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d2
d3

x0

z0
y0

θ1

{0}

θ2

x6 y6
z6

θ4 θ5

θ6

i αi-1 ai-1 di θi
1 0 0 0 θ12 -90 0 d2 θ23 90 0 d3 0
4 0 0 0 θ45 -90 0 0 θ56 90 0 0 θ6

T =i - 1

1

cθi -sθi 0 ai-1
sθi cαi-1 cθi cαi-1 -sαi-1 -sα i-1 di
sθi sαi-1 cθi sαi-1 cαi-1 cαi-1 di

0 0 0 1

T  = T T  ... T0

N

0

1

1

2

N-1

N
Forward Kinematics:

0 0 0

0
1 2 3

0 0 0 0 0
1 2 4 5 6

0 0 0

0

P P Px x x
J q q q

Z Z Z Z Z

∂ ∂ ∂
∂ ∂ ∂

⎛ ⎞
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

c d s s d c c d c s
s d c s d s c d s s

s d c
s c s c c s s c c c c s s s s c s c

c s s s c s c c s c c s c s s s s c
c s s s c s c c

− −
− +

−
− − − − +

− + + +
− +

L

N

MMMMMMM

O

Q

P1 2 1 2 3 1 2 3 1 2

1 2 1 2 3 1 2 3 1 2

2 3 2

1 1 2 1 2 4 1 4 1 2 4 5 1 4 5 1 2 5

1 1 2 1 2 4 1 4 1 2 4 5 1 4 5 1 2 5

2 2 4 2 4 5 5 2

0 0 0
0 0 0

0 0 0 0
0 0
0 0
1 0 0

PPPPPP

Stanford Scheinman Arm Jacobian

5 kθ π=

1 2 1 2 3 1 2 3 1 2

1 2 1 2 3 1 2 3 1 2

2 3 2

1 1 2 1 2 4 1 4 1 2

1 1 2 1 2 4 1 4 1 2

2 2 4 2

0 0 0
0 0 0

0 0 0 0
0 0
0 0
1 0 0

cd s s d cc d c s
s d c s d sc d s s

s d c
J

s c s cc s s c c s
c s s sc s cc s s

c s s c

− −⎡ ⎤
⎢ ⎥− +⎢ ⎥
⎢ ⎥−

= ⎢ ⎥− − −⎢ ⎥
⎢ ⎥− +
⎢ ⎥
⎢ ⎥⎣ ⎦

Stanford Scheinman Arm Jacobian Jacobian at the End-Effector

Pne{n}

{e}
ωn

vn

ωe

ve

v v Pe n n ne= + ×ω

v v Pe n ne n

e n

= − ×

=
RST

ω
ω ω

v ve

e

n

nω ω
F
HG
I
KJ =
F
HG
I
KJ
F
HG
I
KJ

−PneΙ
ΙΟ

J Je n= FHG
I
KJ

−Pne

Ι
Ι
Ο

v v Pe n ne n

e n

= − ×

=
RST

ω
ω ω

J q J qe n=
F
HG
I
KJ

−PneΙ
Ο Ι

0
0

0

0
J I P

I
Je

ne
n=

−F
HG

I
KJ

Cross Product Operator (in diff. frames)

0 0 0P R P R Pn
n

n
n= ≠( . ) .

0 0 0P R Pn
n n× = ×ω ω.( )

0 0 0 0 0 0. .( . ) .( . . )P R P R P Rn
n n

n
n

n
Tω ω ω= =

0 0 0ˆ ˆn T
n nP R P R=

0 0ˆ ˆ ;n
nP R P≠

Pne{n}

{e}
ωn
vn

ωe
ve

ˆn P
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0 0 0
0

0

ˆ

0

n T
nn n ne n

e n
n

R R P RJ J
R

⎛ ⎞−
= ⎜ ⎟⎜ ⎟

⎝ ⎠

i j
i

j
i

jJ
R

R
J=

F
HG

I
KJ

0
0 l1

l2

l3 W

E Wrist Point
x l c l c
y l s l s

= +

= +
1 1 2 12

1 1 2 12

End-Effector Point
x l c l c l c
y l s l s l s

= + +

= + +
1 1 2 12 3 123

1 1 2 12 3 123

l1

l2

l3 W

E Wrist Point
x l c l c
y l s l s

= +

= +
1 1 2 12

1 1 2 12

End-Effector Point
x l c l c l c
y l s l s l s

= + +

= + +
1 1 2 12 3 123

1 1 2 12 3 123Jacobian (W)

J

l s l s l s
l c l c l c

W =

− − −
+

L

N

MMMMMMM

O

Q

PPPPPPP

1 1 2 12 2 12

1 1 2 12 2 12

0
0

0 0 0
0 0 0
0 0 0
1 1 1

0
0

0

0
J I P

I
JE

WE
W=

−F
HG

I
KJ;

l1

l2

l3 W

E Wrist Point
x l c l c
y l s l s

= +

= +
1 1 2 12

1 1 2 12

End-Effector Point
x l c l c l c
y l s l s l s

= + +

= + +
1 1 2 12 3 123

1 1 2 12 3 123

J

l s l s l s
l c l c l c

W =

− − −
+

L

N

MMMMMMM

O

Q

PPPPPPP

1 1 2 12 2 12

1 1 2 12 2 12

0
0

0 0 0
0 0 0
0 0 0
1 1 1

0

1 1 2 12 3 123 2 12 3 123 3 123

1 1 2 12 3 123 2 12 3 123 3 123

0 0 0
0 0 0
0 0 0
1 1 1

J

l s l s l s l s l s l s
l c l c l c l c l c l c

E =

− − − − − −
+ + +

L

N

MMMMMMM

O

Q

PPPPPPP

l1

l2

l3 W

E Wrist Point
x l c l c
y l s l s

= +

= +
1 1 2 12

1 1 2 12

End-Effector Point
x l c l c l c
y l s l s l s

= + +

= + +
1 1 2 12 3 123

1 1 2 12 3 123

J

l s l s l s
l c l c l c

W =

− − −
+

L

N

MMMMMMM

O

Q

PPPPPPP

1 1 2 12 2 12

1 1 2 12 2 12

0
0

0 0 0
0 0 0
0 0 0
1 1 1

0
0

0

0
J I P

I
JE

WE
W=

−F
HG

I
KJ

0
3 123

3 123
0

3 123

3 123

3 123 3 1230

0 0
0 0

0
P

l c
l s P

l s
l c

l s l c
WE WE=
L

N
MMM

O

Q
PPP
⇒ = −

−

F

H
GG

I

K
JJ

Resolved Motion Rate Control (Whitney 72)

δ θ δθx J= ( )
Outside singularities

δθ θ δ= −J x1( )
Arm at Configuration θ

x f= ( )θ
δx x xd= −

δθ δ= −J x1

θ θ δθ+ = +
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Resolved Motion Rate Control

δx
J -1

δq q

Control

Control

Control

Joint n

Joint 2

Joint 1
δq1

δqn

δq2 q2

qn

q1

Forward
Kinematics

xd

x

• Linear & Angular Motion
• Velocity Propagation

J a c o b i a n
• Differential Motion

• Explicit Form
• Static Forces

v pω= ×

F

Angular/Linear – Velocities/Forces

ω
τ

v
p Fτ = ×

p

v

p

ω F

p

τ

v pω= ×

ˆv p ω= −

p Fτ = ×
p̂ Fτ =

Angular/Linear – Velocities/Forces

x
y

z

x
y

z

( ) x
y x

y

F
p p

F
τ

⎛ ⎞
= − ⎜ ⎟

⎝ ⎠
x y

y x

v p
v p

θ
−⎛ ⎞ ⎛ ⎞

=⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

v J θ= T FJτ =

ˆ( )Tp Fτ = −

Jx θ=

Velocity/Force Duality

T FJτ =

n f

τ1

τ2

τ3
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Propagation
Elimination of 
Internal forces

Energy Analysis
Virtual Work

Static Equilibriumτ1

n f

τ2

τ3

n f

τ1

τ2

τ3

n f

-f -n
link 3n3 f3

-n1

-f1

-f2

-n2

n1

f1

link 1

-n3

f2

n2 link 2
-f3

Link i

Pi+1

ni fi

-fi+1 -ni+1

Σ forces = 0
Σ moments / a point = 0

About origin {i}
f f
n n P f

i i

i i i i

+ − =

+ − + × − =
+

+ + +

( )
( ) ( )

1

1 1 1

0
0

f f
n n P f

i i

i i i i

=

= + ×
+

+ + +

1

1 1 1

Static EquilibriumLink i

Pi+1

ni fi

-fi+1 -ni+1

τi zi

fi

τi zi

ni

Prismatic Joint Revolute Joint
τ i i

T
if Z= τ i i

T
in Z=

Algorithm n
n

n

n
n

n n
n

n

i
i i

i i
i

i
i i

i i
i

i
i

i
i

f f

n n P f

f R f

n R n P f

=

= + ×

=

= + ×

+

+
+

+

+
+

+ +

1

1
1

1

1
1

1 1

.

.

Virtual Work Principaln f

τ1

τ2

τ3

F
f
n

= FHG
I
KJ

T Tq F xτ δ δ= x J qδ δ=

T TF Jτ =

Static Equilibrium:
If the virtual work done by applied 
forces is zero in displacements 
consistent with constraints

Internal
forces are
workless

i i
i

w f xδ δ= ∑
applied
forces

virtual
displacements

( ) 0TF xδ− =

using

TJ Fτ =

1

2

3

τ
ττ
τ

⎛ ⎞
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

T qτ δ +
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Jx θ=

Velocity/Force Duality

T FJτ =

( )1 2 2

1 2 2

1 12 12

1 12 12

l S l S l S
J

l C l C l C

⎛ ⎞− + −
⎜ ⎟=
⎜ ⎟+⎝ ⎠

Example (Static Forces)

l1

l2

θ1

y
{0}

{1}

θ2

(x,y)

( )1 2 1 2

2 2

1 12 1 12

12 12
T

l S l S l C l C
J

l S l C

⎛ ⎞− + +
⎜ ⎟=
⎜ ⎟−⎝ ⎠

TJ Fτ =

( ) 1 21 2 1 2

22 2

1 121 12 1 12 0
1 1212 12

l C l Cl S l S l C l C
l Cl S l C

τ
⎛ ⎞ +− + + ⎡ ⎤⎡ ⎤⎜ ⎟= = − =⎢ ⎥⎢ ⎥⎜ ⎟ −− ⎢ ⎥⎣ ⎦ ⎣ ⎦⎝ ⎠

1N

1 2 1 21; 0; 60l l θ θ= = = =
3/ 2
1/ 2

⎡ ⎤
− ⎢ ⎥

⎣ ⎦

Example (Static Forces)

l1

l2

θ1

y
{0}

{1}

θ2

(x,y)

TJ Fτ =

( ) 1 21 2 1 2

22 2

1 121 12 1 12 0
( 1 )

1 1212 12

l C l Cl S l S l C l C
K

K l Cl S l C
τ

⎛ ⎞ +− + + ⎡ ⎤⎡ ⎤⎜ ⎟= = − =⎢ ⎥⎢ ⎥⎜ ⎟ −− ⎢ ⎥⎣ ⎦ ⎣ ⎦⎝ ⎠

1000N

1 2 1 21; 90; 0l l θ θ= = = =

0
0

⎡ ⎤
⎢ ⎥
⎣ ⎦

l2

y
{1}

(x,y)

1000N


