Instantaneous
Kinematics

Differential Motion {{ﬂZi

Forward Kinematics
0 — X

Instantaneous Kinematics
0+ 00 — X+ 06X

Relationship:
—Linear Velocity

“Angular Velocity

Joint Coordinates

6, revolute
d, prismatic

Joint coordinate-i:

~ { 0 revolute
=1

coordinate —1i :{

with & i .
1 prismatic

i
and &

Joint Coordinate Vector: |q = (0,d,....q,,)"

—-&

Jacobians: Direct Differentiation
X f.(q)
x=f(q); | % |_| 2@

Xy fa (@)

Jacobian
5X(m><1) = ‘](mxn) (a) 5q(nx1)
Ximay = ‘](mxn)(q) i)

o
aq,

]

Jij (a)= fi (a)

. a a, Vi &
‘>X1 :7()q1+"'+ éqn e s I

a, A, ay, A,

X=| : : Do

a a An . G "

5Xm :Eéql+"'+ d:ln éqn d:ll d:]n
O Xty = I (men) (a) 0 Qna)
Example

|2 (xy) x=lc, +1l,c,
| y=1s, +1,s,
ox =—(l;s, +1,5,)00, —1,5,,00,
oy = (l,c, +1,¢,,)06, +1,c,,00,

[51 {—y —l,s,, }(&glj
OX = =
oy x e, 86,

12, S
ox=J (6)59 0, 0 {_y 1,8,
. J= ! 2=
x=J(0)0 FA N x b
a9, 40,

|




: 0“\—1 ai—l di 0\

1 0 0 0 91
2 -90 0 d2 62
3 90 0 d3 0

4 0 0 0 94
5 -90 0 0 65
6 90 0 0 96

Stanford Scheinman Arm

Position c,s,d; —s,d,
X, =|8S,d; +¢,d,

c,d .

2¥3 q1

. 4,

X .

%, =y|= ga

2 -

Js

ds

s Xo@a) = ‘]xp(3x6) (@) sy

Linear Velocity V

C,S,d; - S,d,
$,8,d; +Cyd,
C,d,
%o C,[C,(C.CsCy —8,5¢) — 5,5:C,]1- 5,(S,C:C; + C,S;)
r S$1[C,(C4CsC = 8,S¢) = 8,8,C¢ ]+ C,(S,CsCs + C,S;)
=5,(C4CsC; = 8,8;) - C,8:C
X=| I, |= | C[-C,(C.CiS, +5.Cy) +5,8,5,1- S,(~S.C.S, + C,Cy)
$,[-C,(C,C,S, + $,Cy) + 5,88, 1+ C,(=8,C. S, + C,Cy)
I S,(C,CsS, +5,C;) + C,S,S,
CL(C.C8, +5,C.)-5,5,5,
5,(C,C.5 +5,C) + C,8, 5,
-S,C,S. + C,C
Orientation: Direction Cosines r.(q)

. . Xg = 1,(0)
Xg = Jx, (a)d r,(q)

XA .

rl ﬁh me gl

] | &, a, G,

Xz =| I === — .

¢ 1 6
3/ | oy o, de Jiexe
-8 ... 8 6x1
1 6 /(9x6)

CLlC,(CaCyC,y — 5.5¢) = 5,5,Ce] - 5,(S.C.C, + C.,)
S[C,(C.C.Cq ~ 5,5) — 8,5,C,1+ C,(S,C.Cq + C,Sy)

=5,(C,CsCq - 5,5) - C,5,C,

C,[-C,(C,CsS; +S,C4) + 5,858, 1- 8, (~S,CS; + C,Cy)

X = |S,[-C,(C,CsS; +S,C;) + 5,851+ C, (~S,C.S; + C,C;)
R S,(C,C.S, +5,Cy) + C,S,S,
C,(C,C.S, +5,C,) - $.5.5,
$,(C,C.S; +5,C5) + C,S, S,

-5,C,S, + C,C;

AN .
r, 0’{]1 ét]e ql
. a, a, q,
Xp=|1, = E E .
. 1 6
Iy (9x1) o, & A, o

d:]l d]e (9x6)




Representations

«Cartesian
*Spherical
«Cylindrical
X = Xp
X R *Euler Angles

«Direction Cosines
«Euler Parameters

Jacobian for X
XP = ‘pr (q)q [XP) (pr (q)J
R q
K= do@a  e) (9,

Cartesian & Direction Cosines

X(12x1) = Jx (q)(12x6)q(6xl)

The Jacobian is dependent on the representation

Basic Jacobian

linear velocity

I
JW o angular velocity

Y
= Jo(9) 6xn) G(mt)
() ™

Xp = Ep(Xp)V
Xg = Ep(Xg)@

Examples
_sa.cf ca.cf
“ sp sp
*x Xg=| B [Er(Xz) = Ca Sa 0
s _ta
g 5
X 1 00
*x Xp=|Y[Ep(X:)=|0 1 0
z 0 01

Jacobian for X

X
p
Given a representation X = }
X
R

X=J,(a)q
J,(@) = E(x) J,(a)

V .
Basic Jacobian (WJ =Jo(@) g

Jacobian and Basic Jacobian

\
(2)-n@a
v J) .
[o)-[o:}
V=1,
{w:‘]m.q
Xp = Ep.v= X, = (Ep.J,)
Xg = Ep.0 = Xz = (Eg.J, )4

Jy, =Ep.J,
‘]>(R = ER"](u




J@ = E(X) Jy(9)

Y
( j = Jo(@) 4
W

Cartesian Coordinates

E.=1,; J,=J,; E—IO
P13 Yxp =Yy _0 ER

Position Representations

(X, y,2)
EP(X) = |3

(p0,0,2)
Using(x y 2)' =(pcosd psind z)'

cosé@ sin@ 0

E.(X)=|-sin 9 o
»(X) sm/ocos/po
0 0 1

(0,0,9)
Using
(x y 2)" =(pcosfsing psindsing pcosd)’

cosésing sin@sing cos ¢

E.(X)= _Sin%psingé) cos%psin¢)
cosécos ¢ sin@cos¢ _sing
iz Y

Euler Angles
_sacp cacp

a sp sp
Xg =| B [ Er(XR) = o sa 0

y sa Ca

sp sp

O

0

P =Kr

Jacobian for X

X
p
Given a representation X = }
X
R

X=J,(a)q
J,(@) = E(x) J,(a)

V .
Basic Jacobian (WJ =Jo(@) g

Basic Jacobian
{0} Y linear velocity
)7,7 M@‘angular velocity

\'
=J (q) Xn qnx
2. - o




Spatial Mechanisms
{2}
{1}

{0}

Propagation of velocities

.~V linear velocity
X .
o : angular velocity

x=J(0).0

The Jacobian ExpLICIT FORM)

The Jacobian (ExpLICIT FORM)

Qif
ey Q
’4 v
ffector Prismatic Revolute o v
77/ Linear Vel: v
Angular Vel: none Q
Effector Linear Velocity
V:Z[ei\/i"'éi (€ xP,)] V. =7
i-1
Effector Angnular‘ Velocity
o= ZE Q; Q :Zi qi
-1
v=[g Z,+& (Z,xB)l¢, +--
+ [en—l Zn—1+ én—l (Zn—l X P(n—l)n)]qn—1+ en ann q1
_ _ q
V:[el 2,+&(2,xR,) € Z,+&,(Z,%xF,) ] :2
V= qu qn

0= L4+€ 2,0, + -+, 2, Oy

w=[e 2, &1z, € Z,] qf

Qii)
AT
<\
AATTTTTTN
Revolute Joint €2, = Z,(;
Prismatic Joint Vi = Zi qi
The Jacobian ExpLICIT FORM)
Qii)
ey Q
v
ffector Prismatic Revolute 0 v
777577 Linear Vel: \
Angular Vel: rone Q;
Effector Linear Velocity
V:Z[ei Zi+& (Z;xP)lq Vi=2¢
i=1
Effector Angular Velocity
a):Z(EiZi)qi Q=7
i=1
The Jacobian J
J=| v
JW
Matrix Jv (direct differentiation)
X
V= y =X _ﬁ q +% q +...+0’XP q
)T e A A
; :(ﬁxp M é’X)
v
a aq,




Jacobian in a Frame

Vector Representation

Ko Kp Hp.
J: 7@1 M2 7d]n
.4 &§.7, &-Z,
In {0}
Ax, X, X,
el A, A, A,
€4, §.°4 & Z

J in Frame {0}
07 =°R
R

o3| 2 %)
<.(R2)

0
'Z; '2,=2=|0

1
%(c’xp) ﬁn(f’xp)
5.(R2) - E.R2)

NP

o

DD OB D| D

o

J=|ZRiZxRy Z 1 0 | 0 | 0
z 2z 0 7 z' 4%
ilo, a, d 0.
1l o 0o 0 o
2/ -0 0 d, 6,
3/ 9 0 d; O
41 o 0 0 o
5/ 90 0o 0 6
6 9 0 0 6
co, -s6, 0 a,
i-1_|_= s0.ca, o, ca, sa, -sa.d
1 sO,sa O, sa, co, ca, , d,
0 0 0 1
Forward Kinematics: ;JT = 7 T .M
1 2 N




¢, -s, 00
o7 s, ¢ 00
0 0 10
0 0 01
c, -s, 0 0
0 0 1d
T - :
-s, ¢, 0 O
0 0 0 1
10 0 O
00 -1 —d
- :
01 0 O
00 0 1
¢, -5, [(0]0
o7 _ s, ¢ |0]0
0 0 |1f0
0 0 1
cCc, -GS, |-s,| —s,d,
07 _ s.C, —S5, | ¢ | cd,
2 -, —¢, |0 0
0 0 0 1
c,c, -s, [CS,] c,dss, —s,d,
o1 SC, C |[S;S,| s,ds8, +c,d,
* l-s, 0 |og d,c,
0 0 0 1

o7

X X coos-8S8 4688 ods-sd] g
XX sees 46384856 sdsed T

TIX X
00

SLSHEG
0
XF
h
X=|r,
r3

de
1

= | c.[-C,(C,CsS, +5,Cs
8,[-C, (C4CyS, + S,Cy)

C,S,d, - S,d
$,S,d, +C,d
C,d

C4[C,(C.CsCy —S,8¢) — 5,5:C41- 5,(S,C:C; +C, )
S$1[C,(C4CsCq = S,Sg) = S,5:C¢ ]+ C4(S,C:Cq + C,S;)

=5,(C4CsC — 8,5) — C,S:Ce
S,5.5,1- S,(~S,CsS, + C,Cy)
$,8,8,1+ C,(~S,C.S; + C,C,)
S,(C,C,S, +5,C4) + C,5,5,
C,(C,C,S, +5,Cs) — 5,5,Ss
5,(C,C,S, +5,C.) + C;S,S,

-5,C,S, +C,C,

)

c, -s, 00
a s, ¢ 00
¢ 0 0 10
0 0 01
c, -s; 00
. 0 0 10
T=
5
-s. ¢, 0 0
0 0 01
cgc —S¢ 0 O
c 0 0 -10
ol =
Ss C, 0 O
0 O 1
GG, =88, —CGS, —SC, [ CS, | oS, 8 d,
op _| SCL+CSs S8 +OG, | S8, | 8058, +Gd,
T =
=56 5,5 G dacz
0 0 0 1
X X [-cc,s, —5s,¢,] c,d,s, —s,d,
o1 _ X X |-s,C,8, +C,C,| S,d,5, +c,d,
T =
X X S,S, dsc,
0 O 0 1
X X [C[,C,S; —S,5,5; +C;5,5:] ¢C,d,s, —s,d,
o1 _ X X |[8,€,C,Ss +C;S,Ss +5,5,C-| s,d,8, +c,d,
¢ X X —$,C,4S; +CsC, d.c,
0 0 0 1
0 0 0
OXp O Xp O Xp 0 0 o0
07 _
J=| Jq, Jg, 2,
0 0 0 0 0
z °z, o0 °z, z, °z,
[—c,d, -s;s,d, cc,dy ¢cs, O 0 0
-s,d, +¢,8,d, sc,d; s, 0 0 0
0 -s,d, ¢, 0 0 0
0 -s, 0 «¢s, —CcC,S,—5S,.C, C,C,C,S5—5,S,S;+C;S,Cq
0 C, 0 s, -5,C,S,+C,C, 8,C,C,S +C;S,Sg +85,5,C
1 0 0 ¢ S,S, —$,C,S; +CyC,




Kinematic Singularity

singular direction
J=(3,3,--3,)
det(J)=0

det('J)=det('J)

Kinematic Singularity

BJ: ,ER O AJ
0 PR

det[®J] = det[*J]

det('J)=det(’J)

Singular Configurations

det[J(q)]=0
—> Singular Configurations
det[J (a)]=S,(a)S,(0)...5,(q) =0

Sl(q) =0

I:> $,(q)=0

S.(@)=0

Example (Kinematic Singularities)
(xy)
x=1,C1+1,C12
bofe, .

y=1,51+1,512

N

e ((|131+|2312) |2312J
I,C1+1,C12  1,C12

det(3)=1,1,52

q, =km

Example (Kinematic Singularities)

(x.y) 17 _1p 0
e J=R°J

l,/0., .
o 2>‘2;J_c1 _s1)( 1,82 1,82
v | “lst oc1 {1 +1,c2 1,2
N
0 0
lJ:
L+1, 1,
' =0

oy = (I, +1,)50, +1,50,

0,




Agy

AYq

Ag,

6,

_(i+lo) Axy
I, Ay(l)

0,
_ Ny
I,
. . . . . . . E
Kinematic Singularities (reduced matrix) |
3
xy) ~(1,81+1,812) 1,512
b, 1,C1+1,C12  1,C12 | !
{0} - " 0 0 o/l/
{y% 0 0 __Ilsl =18, =Sy 1581, — 15815 _|35123_
13A0 1 1
' Ilcl + IZCIZ + |3C123 IZC].Z + |3C123 |30123
0 0 0
—(1,81+1,812) 1,812 g, =
det(J)=1,1,52 = 0 0 0
I,C1+1,C12  1,C12 0 0 0
g, =kz i 1 1 1 ]
__Ilsl - Izslz - |35123 _Izslz - |33123 _|35123_
Ilcl + |2012 + |3C123 |2C12 + |30123 |3C123
. 0 0 0
Je =
0 0 0
0 0 0
I 1 1 1|

_Ilsl - IZS].Z - I35123 _Izslz - I33123 _I35123
O‘JE = |1C1 + |2C12 + |3C123 |2C12 + |30123 |3C123
1 1 1




0 0 0
OXp O Xp OX
P P P
. 0 0 O©
J=| o, 24, g,
0 0 0 0 0
z °z, o0 °z, 2, °z,
[-c,d, —s;5,d, cc,d, ¢s, O 0 0
-s,d, +¢;8,d, sc,d; ss, 0 0 0
0 -s,d, ¢, 0 0 0
0 -s, 0 ¢S, -CC,S,—SC, C,C,CuS;—5,5,S5+C;S,Cq
0 C, 0 s, -5,S,+CC, 8,C,C,S; +C;S,S; +8,5,Cq
1 0 0 ¢ S,S, —8,C,Sg +CsC,

a, a, d 6
0 0 0 6
-0 0 d, 6
9 0 d, O
0 0o 0 8,
90 0 0
% 0 0
co, -s6, 0 a,
i-1_|_= s, ca, ch,ca sa, sa,, d,
1 s6,sa, €O, sa ca, ca, , d
0 0 0 1
Forward Kinematics: ST = iT iT N';T
6, =k
[6d,—ss,0; 660y ¢, 0 0 0]
_Sldz +Clszds Slczds 58S, 0 0 0
0 -sd, ¢ O 0 0

0 5 0 s, G6S,-SC GS,
0 ¢ 0 S5 -SCS+CC SS
1 0 0 ¢ 85 g

Jacobian at the End-Effector
e,

Cross Product Operator (in diff. frames)

We

>

{e v, | _0
®n ) 0\] = ne 0\]
{n /\//D//Ene’ i e O I n
0 0 I’:‘) 6\ 0/n\ 0 f\
P+ R"P; "P=(,R"P)%#,R."P

"Px°w="R.("Px" )
°P.ow="R.("P." 0)="R.("P.°R".° ®)

0|5 _ oR n|5 ORT




E Wrist Point
x=1lc, +1,c,

|3
W y= I1S1+|2512
I End-Effector Point
X =1c, +1,¢, +1,C,5

y= llsl + Izslz + |35123

|
o Jacobian (W)

_I151 - |2512

lic, +1,¢p,
0

0
0
1

0
Je _ n . ne n an
0 °R
E Wrist Point
R
iy x=lc, +1,c,

W y= |151 + Izslz

End-Effector Point
x=lc, +1,¢,, +15C,5

y =18, + 1,8, + 135,

_|2512 0

IZCIZ 0

0 0 o) =[| —°PWE]0J
0 0 0 |

0 o0

1 1

E Wrist Point
x=1lc, +1,c,

|
3
W y= Ilsl +|2312

I End-Effector Point
x=1,c; +1,¢, +15C,5,

y =18, + 1,5, + 135,

’Ilsl - |2512 ’|2512 0 ’|151 - |2512 - Iasm ’|2512 - |3s]23 ’Iasm
I, + 1y, Le, 0 liCy +1,¢, + 156,55 15, + 15655 13125
0 0 0 0 0 0
Jy = °Je =
0 0 0 0 0 0
0 0 0 0 0 0
1 1 1 1 1 1

7'151 - IZSIZ
I1C1 + |2c12
0

0
0
1

°p

WE =

Wrist Point
x =1lc, +1,c,

y=1s, +1s;,

End-Effector Point
X =lc, +1,¢, +15C,5

y= |151 + lzslz + |35123

7'2512 0
l,e, 0
0 0 03 :[I 70|3WEJOJ
0 0 Elo | w
0 0
1 1
15C1z R 0 0 13815
58125 =’ WE = 0 0 —3Cpps
0 ’Issus |30123 0

Resolved Motion Rate Control (Whitney 72)
& = J(0)50

Outside singularities
50 = J7H(0)x

Arm at Configuration €

x = 1(0)
X=Xy —X
00 =37
6" =0+066

11



Resolved Motion Rate Control

X X
S

Forward
Kinematics

Jacobian

« Differential Motion

* Linear & Angular Motion
* Velocity Propagation

- Explicit Form

- Static Forces <::

Angular/Linear — Velocities/Forces

Angular/Linear — Velocities/Forces

0] v/\v T \F
,—’F’) z /'p o
V=mxp L
v=-bo  r=(p
Gk o
Yy Py
v=J0 r=J'F

Velocity/Force Duality

x=J6
r=J'F

12



Propagation

Elimination of
T3 Internal forces

T Energy Analysis
o Virtual Work
Static Equilibrium
|7

“Niyq

Prismatic Joint Revolute Joint

r, = f'Z, 7, =n"Z

Algorithm ~ "f,="f
"n,="n+"P,,, x"f
ifi:miR-Mfm

'n=,R"n_+P, x'f

i+1 i+1 i

n\ ' N
(_f22 link 2
fy f N N7
(f\-nz
N1 Jink 1
Nisq

Static Equilibrium
> forces=0

2 moments / a point =0
N About origin {i}

fi + (_ fi+1) =0
ni + (_ni+l) + Pi+l X (_ fi+l) =0
fi = fi+1

ni = ni+1 + I:)i+1 X fi+l

Internal oW = f. OX
J forces are Z ! !

n f Virtual Work Principal

i
workless applied” virtual

forces displacements
Static Equilibrium:

If the virtual work done by applied
forces is zero in displacements
consistent with constraints

7'6q+ (-F) 6x=0

7'6q=F"6x using oXx=Jd&q

= ' =FJ=|r=J"F

13



Velocity/Force Duality

x=J6
r=J'F

[—(|151+|2512) |101+|2c12][ o} {|1c1+|2c12} [3,2
T= =— =

Example (Static Forces)

- -(1,81+1,812) 1,812
,C1+1,C12  1,C12

1,512 ,C12

r=J'F

-1,512 1,C12 -1 1,C12 1/2

o} .-
> JT:[—(|131+|251z) |1c1+|2c12J
N

)

Example (Static Forces)

(x.y)

1000N

o, o
y
{1}\@6{

r=J'F

—-(1,51+1,812) 1,C1+1,C12 {o
L as12 I,cl2 J-IK

H

,C1+1,C12]
1,C12

)
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